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Abstract

We consider the geodesic of the directed last passage percolation with iid exponential weights. We
find the explicit one-point distribution of the geodesic location joint with the last passage times, and its
limit as the parameters go to infinity under the KPZ scaling.

1 Introduction

In recent twenty years, there has been a huge progress towards to understanding a universal class of random
growth models, the so-called Kardar-Parisi-Zhang (KPZ) universality class [BDJ99, Joh00, Joh03, BFPS07,
TWO08, TW09, BC14, MQR17, DOV18, JR19, Liul9]. Very recently, studies about the geodesics of these
models started to appear [BSS17, Ham20, HS20, BHS18, BGH21, BGH19, BF20, DSV20, CHHM?21, DV21].
However, the explicit distributions of the geodesic are still not well understood. As far as we know, the only
known related results are the distribution of the geodesic endpoint location [MFQR13, Sch12, BLS12].

This is the first paper of an ongoing project to investigate the limiting distributions of the geodesics in
one representative model, the directed last passage percolation with exponential weights, using the methods
in integrable probability. We obtain the finite time one-point distribution of the geodesic location joint with
the last passage times, see Theorem 1.1. We are also able to find the large time limit of this distribution
function, see Theorem 1.3. We remark that our results are for the point-to-point geodesic. In the follow-up
papers, we will consider the point-to-point and point-to-line geodesics using a different approach, and the
multi-point distributions of the point-to-point geodesic.

The limiting distributions obtained in this paper are expected to be universal for all models in the KPZ
universality class. See [DV21] for more discussions related to the geodesics.

Below we introduce the main results of the paper. We start from a short description of the model.

The directed last passage percolation is defined on the lattice set Z2. We assign to each integer site
p € Z? an i.i.d. exponential random variable w(p) with mean 1. Assume that p and q are two lattice points
satisfying q — p € Z2>07 i.e., the point q lies in the upper right direction of p. The last passage time from p
to q is

Lp(q) := mngw(r), (1.1)

where the maximum is over all possible up/right lattice paths from p to q.

Since the random variables w(r)’s are continuous, the last passage time Lp(q) in (1.1) is almost surely
obtained at a unique up/right lattice path, which we call the geodesic from p to q and denote Gp(q).

Note that the two neighboring sites r and r; with ry —r € {(0,1),(1,0)} are on the geodesic Gp(q), if
and only if the sites p,r,ry,q satisfy r — p,q — ry € Z2, and the last passage times Ly(r) and Ly, (q)
satisfy

LX) + L, (a) = Lp(q). (1.2)

Throughout this paper, we always use ry to denote the lattice point following r in the geodesic.



1.1 Finite time joint probabilities of geodesic location and last passage times

The first main result of this paper is about the joint probability that a fixed pair of neighboring sites r and
r’ are on the geodesic G, (q), and the two last passage times Lp(r), Ly/(q) lie in some intervals.

Theorem 1.1. Set p = (1,1), q = (M, N). Suppose r = (m,n) and v’ = (m + 1,n), with m,n satisfying
1<m<M-—1andl<n<N. Assume that t1,ts,€1, €2 are all positive real numbers. We have

t1+e€1 tatea
]P)(I',I'/ Egp(q)7Lp(r) € [tlvtl +61]7Lr’(q) € [t27t2+62]) = / / p(81,82;m7n,M,N)d82d817
t1 to

(1.3)
where the function p(s1, s2;m,n, M, N) is defined in (1.7). Similarly, if v = (m,n) and v’ = (m,n+1), with
m,n satisfying 1 <m < M and 1 <n < N — 1, the formula (1.3) holds with p(s1, s2;m,n, M, N) replaced
byp(81782;n7m5N7M)'

Remark 1.2. By setting t1 = t2 = 0 and €1 = €3 = 00, one can derive a formula for the probability of
r,v’ € G,(q) without the double integral with respect to the last passage times. See (1.11). However, we are
not able to directly perform the asymptotics analysis of this formula since the summand (1.12) diverges when
the parameters go to infinity under the KPZ scaling, the scaling of most interests to us. Moreover, it is not
very surprising that the geodesic information is intertwisted with the last passage times. In fact, it has been
proved that the geodesic Gp(q) becomes more rigid (or localized) around its expected location when the last
passage time Ly (q) becomes very large [BG19, Liu21]. On the other hand, it is not concentrated around any
deterministic curve when the last passage time becomes very small [BGS19].

The proof of Theorem 1.1 is given in Section 2.

1.2 The probability density function p(si, sq;m,n, M, N)

We first introduce three notations. Suppose W = (wy,--- ,wy) € CF is a vector, we denote
AW):= J[ (wj—w). (1.4)
1<i<j<k
It W = (w, - ,wg) € C¥ and W' = (wf,--- ,w),) € C* are two vectors, we denote

E K
AW; W) =[] [] (wi = wi). (1.5)

i=14¢=1

Finally, if f : C — C is a function and W = (wy,--- ,wy) € CF is a vector, or W = {wy,--- ,w} with each
element w; € C, we write

k
FW) =TT flws). (1.6)
=1

Throughout this paper, we allow the empty product and define it to be 1.

We need to introduce six contours. Suppose Xr, out, 21, and X, in are three nested contours, from outside
to inside, enclosing —1 but not 0. Similarly, ¥ out, 2r and Xg i, are three nested contours, from outside
to inside, enclosing 0 but not —1. We further assume that the contours enclosing —1 are disjoint from
those enclosing 0. In other words, the two outermost contours Xy, oyt and Xg out do not intersect. All the
closed contours throughout this paper are counterclockwise oriented. See Figure 1 for an illustration of these
contours.

We also introduce the notation of an integral along a small loop around a point 2y in the complex plane

72 F(2)dz = /_ f(2)dz,
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Figure 1: Illustration of the contours: The three contours around —1 from outside to inside are X, oy, 21,
and Xp, i, respectively, and the three contours around 0 from outside to inside are ¥g out, 2r and Xgin
respectively.

where f(z) is an arbitrary meromorphic function defined in a neighborhood of zy and € is a sufficiently small
constant.

The probability density function p(si, se;m,n, M, N) is defined to be

dz 1
p(s1, s2;m,n, M, N) ::%m Z WTkl’kz(Z;Sl,SQ;m,n, M,N) (1.7)
0 E1ka>1

with
Tk, k2 (z; 81, 82;m,n, M, N)

H / du) 4 / dul!) 1 / v / dv M
B spw 27 1=z Jg 2w l—zJs,, 20 1—z)g, . 2ni

7,11

do® k 1). 2).
H / / duyy) (1 _Z) (o 1 1 ' fl(U( )751)f2(U( ),82) ~H(U(1),U(2);V(1),V(2)) (1.8)
o 27r1 2mi z F1(V;s1) f2(V2);59)

ig=1 R

H AU (AVON? AUD, VAV D, UD)
- U(f);w)))? AU UD)AVD, V@)’

where the vectors U®) = (u(le),~-- ,uff;)) and V() = ('ng),"' (Z ) for £ € {1,2}, the functions fi, fo are
defined by

fo(w; s) = (w + 1)~ MFmyN=nesw, (1.9)
and the function H is defined by
HUW, u®, v y@)
LR 0 _ 0y N= () () SR = S
=3 (- B - ) (11 ) (1.10)

L RS e 2 L XS (@2 1 1
+2<_Z(<un> —@2)+ Y (@) - @ ))(1—11 (1)H <z)>

i1=1 do=1 ih=1U i1 d2= 1V

We remark that the formula (1.7) has a very similar structure with the two-point distribution formula of
TASEP in [Liul9] (with step initial condition), except that we have different z factors in the integral, and



that we have an extra factor H(UM, U®); V1) V(2)), See equations (2.1) and (2.14) in [Liul9]. It is not
hard to prove that T, x, becomes zero when k; or ke becomes large, hence the formula (1.7) only involves

finite many nonzero terms in the summation and is well defined. !

oo fo(UP);s,) _ fu(U950)
Fvsgdse = {iomgy

< 0 due to the locations of the contours, we obtain

Flnally, by exchanging the integral and summations, and using the identity f

since Re(vi(f) (Z))

(2) wt®
S @O D)

P(r,r' € Gp(q / / p(s1, s2;m,n, M, N)ds1dss
—7{7 S e zm,n, M, N), ()
- k1,k2
o 2mi(1 — z)? o (k1'k2!)?

where
7761,/62 (Z; m,n, Ma N)

o ﬁ 1 dul(»ll) z duz(-ll) 1 dvg) z dvg)
o l—z ), 2r  1—2z)y . 27 1=z )y, 27 1—z)g, . 27

1=

i oo . N L OD;0)f(U2:0) 1 (1.12)
H/ 2 /ER omi (177 (1_z> AVO0) V0 T, S @ -0

ip=1 ig

HU®, U@,y ye) ﬁ U“))) (AV©Y)? AU, VAV, Te)
7 7 7 = AUW®; V(é)))2 AUD URHYA(VD; V(2)

1.3 Limiting joint distribution of geodesic location and last passage times
For any two lattice points p = (p1,p2) and q = (q1, q2) satisfying p; < q; and p2 < g2, we define
2
d(p,q) == (Va1 —p1 + Va2 —p2) " (1.13)

We say a geodesic Gp(q) exits a set A at a point r, if and only if the geodesic intersects A and r is the
last point of the intersection, i.e., r € Go(q) N A and r € Gp(q) \ A.

Theorem 1.3. Suppose o > 0, v € (0,1) are fized constants. Assume x1,x2,x], 25 are four real numbers
satisfying x1 > ) and o < xh. Let

= [aN],
= [yaN + xlozz/g(l ++a)
= [YN + 2207 3(1 + a)?3N?/3), (1.14)
= )
=

(
~yaN + x1a2/3(1 +Va)Y3NY?

Mn fact, we can view the integrand of (1.8) as a function of V() and V| which equals to the product of the following three
terms: A(VID)A(V (), a Cauchy-type factor C(V(D; V) = A(VINAWVP)/AWVD); V() (see the definition in (2.47)), and
(0)

some function which is meromorphic for each v, with a possible pole at 0 but the degree of this pole is at most max{n, N—n+1}.

Note that expanding the first term A(V(l))A(V(2>) gives a sum of terms [, <5, (v 1(71()21))1617[1 IThi<eo<ho (117(3()@2))’“2*Z2 over
permutations o € Sy, and m € Sj,, here Sj denotes the permutation group of {1,2,---,k}. If k1 is large enough (the case
1)

when ko is large is similar), for example if k1 > N, the integrand is analytic for Vo (1) at 0 by checking the degrees. So when we

the only possible nontrivial contribution is from the residues o (>1) = v(2) if v§. ) lies inside the contour of ’Ug_()l)

(2)

(1)
integrate v (1)’

due to the Cauchy-type factor. However, if we further integrate v;" we find each residue contribution is also zero by checking

the degree of v](. ) which is ki—1—-n—(N—-n+1) =k — N > 0. We remark that the proof does not rely on the explicit

formula of H or the variable z, and it is similar to the argument for the two-point distribution formula of TASEP (see Remark
2.8 of [Liul9]) where they do not have the factor H.



where [z] denotes the largest integer which is smaller than or equal to x. Suppose 7 is an up/left lattice path
from (m,n) to (m/,n"). Then
Ga,1)(M, N) intersects T,
lim P and L(l,l)(p) 2 d((la 1)7p) + t1 : a71/6(1 + \/5)4/3]\[1/3;
N-o0 and Ly, (M,N) > d(ps, (M,N)) +t2 - a=Y/5(1 + \/a)*/3N/3,
where p denotes the exit point of G 1y(M,N) on 7

(1.15)

exists and is independent of the choice of w. The limit equals to

/ / / p(s1,892,x;7y)dseds; dx, (1.16)
To—IT1 t1 to

where the joint probability density function p(s1,se,x;7) is defined in (1.22).

Figure 2: The thick path denotes the geodesic G 1)(M, N). The spring-shaped lattice path denotes w. The
star-shaped point is the exit point of G, 1)(M, N) on 7, and the square-shaped point is the next point on
G1,1)(M, N) after the exit point.

See Figure 2 for an illustration. The proof of Theorem 1.3 is provided in Section 3.

We expect that the geodesic is around a straight line from (1,1) to (M, N). The line is of slope a1 ~
N/M. Then xs —x1 and z}, — 2} can be viewed as (after appropriate scaling) the shifts of moving (m,n) and
(m/,n’) to the line. Similarly, in the density function p(si,s2,x;7v), x can be viewed as the shift of moving
the exit point p to the line. See Figure 4 at the beginning of Section 3 for an illustration.

It might look surprising at a first glance that the limiting distribution is independent of 7, but only
depends on the locations of the endpoints. Here we provide an intuitive explanation. Suppose we have a
different up/left lattice path ' from (m,n) to (m’,n’). For any point q € 7, we can find a unique point
q € 7 such that q — q' € {(ay,y) : y € R}. Note that the distance between q and q’ is at most of
order O(N?/3) < o(N). By the uniform slow decorrelation of the directed last passage percolation [CFP12,
CLW16], N=3(L(; 1y(q) — d((1,1),q)) = N~Y3(L.1)(d') — d((1,1),q’)) converges to 0 in probability as
N — oo. Moreover, with appropriate scaling, the limiting process of the last passage times from (1,1) (and
from (M, N) similarly) to the points of 7 has the same law as that to the points of 7/. Therefore we expect
the limit of (1.15) is independent of w. This probabilistic argument is heuristic but it might be possible to
make it rigorous. In this paper, we will use an analytical way to show this independence instead. See the
argument after Proposition 3.1 in Section 3.

Note that the geodesic G(1,1)(M, N) intersects a rectangle with vertices (m, n), (m,n’), (m’,n") and (m’, n)
if and only if G(1 1)(M, N) intersects a lattice path from (m,n) to (m’,n’). Thus by setting t1,ty — —oo we
immediately have

lim P (G(1,1)(M, N) intersects the rectangle with vertices (m,n), (m,n’), (m’,n’) and (m’,n))
—00

N
R Y i (1.17)
= / / / p(s1,82,x;y)dsads dx.
To2—T1 — 00 — 00



Now we discuss an application of Theorem 1.3.

Corollary 1.4. Let AW and A be two independent Airys processes. Denote the parabolic Airys processes
AO(x) = AV (x) —x%, £ = 1,2. Suppose vy € (0,1) is a fived constant. Denote

— /3 0 [ X RS V5 I C) N
T argmaxx<7 A (272/3>+(1 v) A <2(17)2/3>>.

Then p(s1,82,%;7) is the joint probability density function of v/3AM) (2;5/3) (1 — )13 AR) (W)
and T .
Proof. Denote 7 the line {(z,y) : * + y = 2yN}. It is known [Joh03] that the processes of the last passage

times from (1,1) (or (N, N)) to the points on 7 after appropriate scaling converge to two independent
parabolic Airys processes as N — oco. More explicitly, for any constant K,

Laay(YN = 27V3xN?3 AN + 27 V3xN?3) —agN 000 [ x
94/3 N1/3 =y /"A 2772/3 , [xI<K (1.18)
and
Ly a-1sunass g a1 ssverny (V. N) = 4(1 = 9)N : ;
(yN—271/3xN2/3 yN42-1/3xN2/3) \ "V RNV 3105 N .
94/3 N'1/3 = (1=7)7"A 20— 27 ) x| <K (1.19)

as N — co. Both processes are tight in the space of continuous functions on [—K, K| (see [FO18, Theorem
2.3] for example). Note that the geodesic passes through a point q on the line 7 if and only if L 1y(q) +
Lg(N, N) reaches the maximum. And the probability that this intersection point q lies outside of {(yN —
271/3xN?/3 AN + 271/3xN?/3) . |x| < K} decays exponentially as N — oo and K becomes large (see
[BL16, Proposition 2.1] for example). Also note that the argmax 7 is unique since it represents the geodesic
location in the limiting directed landscape and the geodesic is unique (see [DV21]). Using the above facts,
we conclude that the location of the intersection of G(;1)(N, N) and m, the argmax of the left hand side
of (1.18)+(1.19), converges to 7. Now we apply Theorem 1.3 with o = 1 and use the facts that

X2

diy (YN = 27 NP AN + 27PN = 44N + 22/37N1/3 +o(1)
and 2
- -swers vz sssarsy (Vo N) = 4(1 = DN + gt N < o(1),
Corollary 1.4 follows immediately. -

The explicit distribution of 7 was an interesting open problem in the community before, see [DOV1S,
Problem 14.4(a)] for example. Our result above resolves this problem. It is also possible to apply this
result and the formula of p(si,ss,x;7) to obtain some properties of the directed landscape, the limiting
four-parameter random field of the directed last passage percolation. For example, in a follow-up paper
[Liu21] we proved that when the height of the directed landscape at a point is sufficiently large, the geodesic
to this point is rigid and the location has a Gaussian distribution under appropriate scaling.

We remark that the density function p(si,s2,x;7) can be related to the well-known GUE Tracy-Widom

distribution. Note that the max of 41/3 A" <2v§/3) +(1—y)/3A® (W) satisfies

1/3 (1) X RSV 3710 N . _
P(glgg{v A (272/3)+(1 v) /P A (2(1_7)2/3>}§S>—FGUE(S)7

where Fgug(s) is the GUE Tracy-Widom distribution. See [BL14, BL13] for more details. By applying the
Corollary 1.4 and noting A (x) = A (x) — x?, we have

X2 X2
dx// dsids p(s + —,s +,x;7>:FGUEs. 1.20
/]R s1+s2<s e ! 47 2 4(1 - ’Y) ( ) ( )
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Figure 3: Illustration of the contours: The three contours in the left half plane from left to right are I', jn, I'r,
and I't, oys Tespectively, and the three contours in the right half plane from left to right are I'r ous, I'r and
I'Rr,in respectively.

One might be able to obtain the tail estimates for the geodesic using the formula (1.3). After a preliminary
calculation, we have the following conjecture.

Conjecture 1.5. Let M, N and m,n be numbers satisfying the scaling (3.1) in Theorem 1.3, then

1

e EAN

lim P (G 1) (M, N) lies above (m,n)) = e~ o) yith ¢ =
N—o0

when x = xy — x1 becomes large.

It also might be possible to obtain a more accurate estimate from this formula. We leave it as a future
project.

1.4 The limiting density function p(sy, s, x;7)

The limiting density function p(si,ss,x;7) has a similar structure as the finite time probability density
function p(s1,s2;m,n, M, N). Before we write down the formula, we introduce some contours. Suppose
I'L,in, I't, and I't, oyt are three disjoint contours on the left half plane each of which starts from e~ 2m/355 and
ends to €2™/300. Here I'y, in is the leftmost contour and I'y, oyt is the rightmost contour. The index “in” and
“out” refer to the relative location compared with —oo. Similarly, suppose I'r in, I'r and I'g oyt are three
disjoint contours on the right half plane each of which starts from e~ "/300 and ends to e™/3c0. Here the
index “in” and “out” refer to the relative location compared with 400, hence I'g i, is the rightmost contour
and I'r oyt is the leftmost contour. See Figure 3 for an illustration of these contours.

The probability density function p(sy, se,x;7) is defined to be
dz 1
p(s1,82,%;77) := f 27i(1 — 2)2 > WTkl,kz (781,82, %;7) (1.22)
0 e k2 >1
with

Ty ko (23 51,52,%;77)

_ l’i[ 1 / ) g / g\ (1 / i) 4 / ;)
C ! 11—z Jp, . 27 1=z Jp, ., 27 1 =2 Jrq,, 27 1 =2 Jry o 27

lk_[ / gl o dn?
r, 2mi 2mi

in=1 I'r

k1 (1). ).
1 f1(§7;51)f2(€7;82)
1=k (1=-2) . CH(ED (M. @ p2)y  (1.23)
= < Z) f1(nM;81)f2(n®);s2) (&, e, m™)

13[ (A(fm))z (A(W(z)))2 . A(S(l);n@))A(n(l);gﬂ))
P (A@(f);n(@))? AEW; D) AmD;n@)’



where the vectors £ = (f@, - ,§Z-(f)) and n = (77§Z)7~-~ ,nl(f)) for ¢ € {1,2}, the functions fi,f; are
defined by

X2
ﬁm@:amﬁg@—}€+G—h>Q,

R , (1.24)
—7) 3 2 X
£(C:8) = _u=7 Z __r*
2(<1b) eXp( 3 C +2X< + (S 4(1_7))<> 5
and the function H is defined by
1 1 1
H(EW,nM;€®, n®) = ES% + ng — 35155 (1.25)
with
W .6 @y XS (DY () S (@ (@)
Se=Se€M M e® @) = 3 (&) = (V) )= ((€2) - () ). 26
ir=1 in=1

Remark 1.6. It can be directly verified that T is symmetric on x, i.e., it satisfies T, k,(2;81,82,%;7) =
T, ks (2;81,82, —x;7v). In fact, one can see it clearly by changing variables fi(f) = —ﬁgf) and 771(5) = —éi(f) for
1<ip<kpandf=1,2.

One can prove that the summation is absolutely convergent in (1.22) due to the super-exponential decay
of f; along the integral contours. The proof is similar to that of Lemma 3.3 so we omit it.
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2 Finite time formulas and proof of Theorem 1.1

2.1 Outline of the proof

Theorem 1.1 states two formulas for different locations of r’. The equation (1.3) holds when ' = (m +1,n),
i.e., when r’ is at the same row as r. The case when r’ is at the same column as r follows by switching the
rows and columns of the model. Thus it is sufficient to show the equation (1.3) with r' = (m + 1,n).

The proof involves a few computations and identities. We would like to split the proof into three steps,
each of which ends with an identity about the probability density function p(si,se;m,n, M, N). We will
outline the steps and state these main identities in this subsection and leave their proofs in subsequent
subsections.

In the first step, we obtain a formula for p(s1, s2;m,n, M, N). The main idea is to convert the desired
probability to a sum of the product of two transition probabilities, and evaluate the sum explicitly. There
are two types of transition probabilities for the exponential directed last passage percolation. One is the
transition probability by viewing its equivalent model, the so-called TASEP, as a Markov process with respect
to time [Sch97]. The second one is the transition probability by viewing the model as a Markov chain along
one dimension on the space [Joh10]. It turns out that only the later one can be used to find an exact formula
for p(s1, s2;m,n, M, N). If one uses the transition probabilities of TASEP instead, there will be an O(1)
error on the finite time formulas but the resulting limit probability densities p(sy, s2,x;) is the same. We
will consider this approach in a follow-up paper.

Using the transition probability formula of [Joh10] and an summation identity for the product of two
eigenfunctions, we obtain the following proposition.



Proposition 2.1. We have the following formula for p(s1, sa;m,n, M, N)

p(81782;mvn7M7 N)

_ (pNvne w5 w; M )
B (N1)2 %;27r1z” H/<1>| R 27r1 H/(z) — Ry 27; A(Wl)A<W2)

n (1)
o ()

f (Wu))f (W@)) 3 (—1yhte

det [C, (w0 + D. (0, 02)] Ly

09,05=1 (wg))w1 ewé? Ny
(2.1)
Here the radii of the contours satisfy Ry > Ry > 1. The vectors W) and W2 are defined by
WO = @0, uld), WO = @l ufd)
Recall our conventions A(W) and f(W) as in (1.4) and (1.6). The functions fi and fo are defined by
filw) =w N (w+1)"",  fo(w) = (w4 1)~ Mtmelsts)w, (2.2)
The functions C and D appearing in the determinant are defined by
n—1_sjw; n+l_sjwy
C,(wy,ws) = w, i we Z%—lzslw _w11+ we Ziz-;—lzslwz J (2.3)
and
D, (w1, wq) := é - L wielnm (2.4)

—w1+wy wy Wy — wy wh elsrte)we’

The proof of Proposition 2.1 is provided in the next subsection 2.2.

It seems that the formula (2.1) is not suitable for asymptotic analysis by the following two reasons. The
first reason is that this formula involves some unneeded information. Note that the two terms in D, (wy, w2)
have factors (w; /ws)! and (w;/we)"Y whose exponents 1 and N indeed represent the bounds of the possible
locations of the geodesic. However, we expect that the geodesic only fluctuates of order N2/3 around its
expected location. In other words, changing the far endpoints 1 and N will not affect the asymptotics.
Therefore, D, (w1, ws) should not appear in the limit and we need to reformulate (2.1) and remove the term
D, (wy,w3). The second reason is that the formula (2.1) contains some determinants of size O(N), such as
the Vandermonde determinants A (W(l)) and A (W(Q)), and the determinant det(C, + D,). It is typically
hard to find the asymptotics of these determinants when the size N — co. We will need to rewrite it to a
formula which is more suitable for asymptotic analysis.

In the second step, we take the term D,(w;,ws) away at the cost of changing the integral contours, and
then evaluate the summation over 1, f5. We obtain

Proposition 2.2. The equation (2.1) is equivalent to

_ (1)
1 { (1 —2)N"2dz N -z dw, 1 dw!!
sm,n, M, N) = ‘L Zl
p(s1,82;m,n, M, N) (ND)Z [, iz H 1_ g /Eout i + 1= Lin

21:1

auf?
H/ 27
12= 1
: : (A (D))" (A (w®))* [ . o iy .
o) o ) OIS (3 (e o flem i )




where the contours Youy, 2, and Xi, are three nested closed contours, from outside to inside, all of which
enclose both 0 and —1. The vectors W) := (wgl), e ,wg\})) and W) = (w?), e ,wg\?)). The functions

fi(w) == (w+ 1) mw N Tresw fo(w) = (w+ 1)~ MMy 2w, (2.6)

and

v (S Tt ) -3 (S0t Ty 27

,L'/
for any vectors W = (- jw;,-++) and W' = (- Jwl,,---) of finite sizes.

We remark that the idea of changing the integral contours is constructive. It results in a compact formula
which effectively removes the terms including the information of the geodesic bounds. Formulas from similar
summations (for product of two eigenfunctions in TASEP as we did in the proof of Proposition 2.1) without
including the information of the summation bounds were also obtained in the periodic version of the directed
last passage percolation [BL18, BL19, BL21] and its large period limit [Liul9]. Heuristically, in the periodic
model it turned out that the upper bound (in the previous period) cancels out the lower bound (in the
current period) in the summation. While in this paper, we construct contours i, and ..t which play
similar roles as different periods: integral of the terms involving the upper bound along one contour cancels
that involving the lower bound along the other contour.

The proof of Proposition 2.2 is provided in subsection 2.3.

In the last step, we rewrite the formula (2.5) in the form with a structure similar to a Fredholm deter-
minant expansion, which is the formula (1.7).

Proposition 2.3. The formula (2.5) is equivalent to (1.7).

The proof of Proposition 2.3 is provided in subsection 2.4. It involves an extension of a Cauchy-type
summation formula in [Liul9]. We first convert the integral into discrete summations over a so-called Bethe
roots, then reformulate the summation as a Fredholm-determinant-like expansion, and finally convert the
discrete summation back into integrals. It would be nice to see a more direct proof for Proposition 2.3 but
it seems quite complicated considering the differences between the two formulas.

2.2 Proof of Proposition 2.1

As we mentioned in the previous subsection, we need a transition probability formula by viewing the directed
last passage percolation as a Markov chain. Such a formula was obtained in [Joh10] for the geometric directed
last passage percolation, which is a discrete version of the model we are considering in this paper. We will
introduce the model below. Then we will show how to compute an analogous probability for the geodesic in
the geometric model, and take the limit to get the results for exponential directed last passage percolation.

The geometric last passage percolation model is defined as follows. We assign to each site p € Z? an
ii.d. geometric random variables w(p) with parameter ¢ € (0,1)

P(a(p) =i)=(1-q)¢', i=0,1,2-- (2.8)

for each integer site p. Note that if we take ¢ = 1 — € and let ¢ — 0, ew(p) converges to an exponential
random variable.

Similar to (1.1), if a lattice point g lies in the upper right direction of another lattice point p, we define
the last passage time from p to q as

Gp(q) == mgxz w(r), (2.9)

where the maximum is over all possible up/right lattice paths from p to q. We remark that the maximal
path is not necessary unique in this model. We call these maximal paths the geodesics from p to q.
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We consider the following event

G,1(m,n) + Gmyrn) (M, N) = G 1y (M, N),
A=< Gu(m,n) =, . (2.10)
G(m+1,n)(Mv N) =Y.

Here = and y are nonnegative integers. As we mentioned before, there may be more than one geodesic. The
event A means that there is one geodesic that passes through the two points (m,n) and (m+1,n), and these
two points split the last passage time G(1,1)(M, N) into two parts G(1,1y(m,n) = x and G (41, (M, N) = y.
Later we will show

Lemma 2.4. We have

P(A)
(1) N

_ \MN dw®
_woven2(1—9) f / / ia (1) 2)
(=1) (N1)2 2mizn H M|=r 271'1 il_:[1 lw®|=R, 27 A (W ) A (W )

s : (5 1) (i)
A (W) By (w<2>)61;r1<—1>fl+fz ) (wé))nl ot [Gotwn i) 4 Duti w2 g,

2 (2.11)

where the radii Ry and Ry are distinct and both larger than 1. The functions Fl and FQ are defined by
Fiw):=(w+ D" w ™ Nw+1-q¢™, EFw):=(w+1)*TVTM=m@y 41— g Mtm, (2.12)
5 i1V
Recall the conventions Fy (W®)) and A (W) = ILis; (wy) - wj(-e)> = det [(wy)) } as introduced

ij=1
n (1.4) and (1.6). Finally, the functions C, and D, are given by

n—1 x+1 n+1 T

Z w wy + 1 1 w wy + 1
Cz(wl,wg) = 1n g 1 ) . n}‘rl ( 1 )_1 (213)

wy —wa  wy (wg + 1) —w1 tws wy(we + 1)

" (ws + 1) Nwy 4 1)

Z wy(wg +1 1 wy (wy +1)*7Y

D, , = . + . . 2.14
(wl w2) —wW1 + W2 Wo w1 — Wa wév(wg + 1)w+y ( )

We postpone the proof of this lemma later in this subsection. Assuming Lemma 2.4, we are ready to
prove Proposition 2.1. Below we write A as A(x,y) in (2.10) to emphasize the parameters x and y. As we
mentioned before, if we take ¢ = 1 — € and let € — 0, the geometric directed last passage percolation becomes
an exponential one. More explicitly, ew(p) converges to an exponential random variable in distribution as
€ — 0. Moreover, for any fixed interval Iy = [t1,%1 + €1] and I = [to, ta + €3], we have

(U Ua(ez)

s1€11 s2€12

6G(171)(m,n) € Il, (215)

) G,y (m,n) + Gangrn) (M, N) = G 1y (M, N),
P
6G(m+1,n)(M7 N) €.

converges as € — 0 to the analogous probability that in the exponential directed last passage percolation,
the geodesic G(1,1)(M, N) passes through two points (m,n) and (m + 1,n), and the analogous last passage
times satisfy L 1)(m,n) € I1 and L(y,41,0) (M, N) € I5. In other words, the limit of (2.15) is the left hand
side of (1.3). We remark that although it is possible that there are more than one geodesics in the geometric
last passage percolation, after taking the small € limit the chance of getting more geodesics becomes zero.

11



Now we evaluate the limit of (2.15). The left hand side of (2.15) is

> e = [ [ 5P (a(0 %)) dunlsdnten), (216)

ie€ly,je€ly

where dpic(s) = €dsez. We will prove

lg% IP’( (s1/€,82/€)) = p(s1, s2;m,n, M, N) (2.17)
uniformly on I x I2, with p(s1, so;m,n, M, N) defined in (2.1). Then by using the continuity of the function
p(s1, 82; m,n, M, N) we immediately obtain that the limit of (2.15) equals to fh f12 p(81, 82;m,n, M, N)dsads;.
Hence we prove Proposition 2.1.

Now we prove (2.17). We insert ¢ = 1 — €, © = s1/¢, and y = s3/e in (2.11). Note that all other
parameters are fixed, and s1 € I1,sy € Iy are nonnegative. We observe that the exponents of (w, (1) +1)
for each 1 < ¢; < N in the integrand are at least m — 1 + min{z,1} > m — 1 > 0, and the exponents of

((2)+1)foreachl<22<Nareatleastac+y—|—M m—max{z+ 1,z +y} > M —m —1 > 0. Therefore

the integrand is analytic at —1 for each w ) and w . There are possible poles at 0 and ¢ — 1 = —e both
of which are close to 0 as € — 0. We hence can deform the contours sufficiently close to the origin. More

precisely, we replace Ry and Rs by 6R1 and 6R2 where R1 R2 are distinct constants and both larger than 1,

and change variables w( ) = ew(l) and w;) 2) ew(2) Then

A (Wu)) A (W@)) NIN=1) A (Wu)) A (W@)) ’

Fi(w) = e M@ M@ +1)7" + 0(e) = € N (fi(@) + O(e)),
Fy(w) = M*’”(( + 1) 7ML 4 O(e)) = M (fo(d) + O(e)),

(w4 1)* w™ = (e + O(e)), (w+ 1w ' =" 1" e + O(e)),
~n—1_s1 ~an+1_sii
zZ wy T efvr 1 wy T et
Co(wy,wg) = ————~ - — . — + O(1) = e YT, (ar, 02) + Ole)),
(w1, ws) (g — ) Wy ez e(—wy 4 ) whTesiie M) (Calib, ) ©)
z o 1 W els1ts2)in _1 S
D, (w1, = - — = - — - _ o) = D, (), O(e)).
(wi,2) e(—wy +we) Wy  €(y —w2) Wi elsits2)bz +O@) = e (Dy (i, 2) + O(e))
(2.18)
We remind that dw = edw. Therefore by inserting these leading terms, we heuristically obtain that
1
lim —P(A(s1/€,s2/€)) = the right hand side of (2.1). (2.19)

e—0 €

On the other hand, since all other parameters are fixed and the contours |1Z)z(11)| = Ry and |1I)l(§)| = Ry are of
finite size, if we insert the above estimates (2.18) with the error terms into (2.11), all the terms involving O(e)
are uniformly bounded by Ce for some constant C', and there are only finitely many such terms. Therefore
the equation (2.19) holds uniformly. This proves (2.17).

The remaining part of this subsection is to prove Lemma 2.4.
Denote

G(m) = (G(l,l)(ma D), Gan(m, N)) (2.20)

the vector of the last passage times from the site (1,1) to (m,i), 1 <i < N.
Our starting point is the following remarkable formula for the distribution of G(m).

12



Theorem 2.5. [Joh10, Theorem 2.1] Suppose X = (x1,--- ,xN) € Zgo satisfies 11 < x9 < --- < xp, then
N
dw

2ri(w+1—q)™ |
7,7=1

P(G(m)

)

X) = det [(1 — q)m/l |:R(w 4 1)Ij+m*1wj*i

where R > 1 is any constant.

Note that the contour is of radius R > 1 in the above theorem. This restriction will be kept throughout
the proof of Lemma 2.4 and finally lead to the requirements Ry > 1 and Ry > 1.

The original theorem of [Joh10, Theorem 2.1] considered the finite-step transition probabilities from any
column to another, and for any z; < --- < xny without assuming z; > 0. For our purpose we only need
this simpler version. The assumption that x; > 0 comes from the fact that all random variables w(p) are
nonnegative. Moreover, we use the contour integral formula in the above determinant for later computations.
This formula is equivalent to the original version by combining the equations (9) and (25) in [Joh10].

Denote ~

Gm+1) = (Gung1,1)(M,N), -+ ,Gmy1,n) (M, N)) .

Note that, by flipping the sites (4, j) — (—i, —j) and shifting the site (=M, —N) to (1,1), G(m + 1) has the
same distribution as

(Gay(M —m,N),Gay(M —m,N —1),--+ G 1) (M —m,1)).

Therefore, by applying Theorem 2.5 we have

dw
2mi(w 4+ 1 — g)M—m

P (é(m +1) = Y) = det [(1 - q)M_m/| ‘ (w4 1)yn+1-s M =m=1y,j—i
w|=R

ij=1

for any Y = (y1,--- ,yn) € Z" satisfying y1 > y2 > --- > yn > 0.

Note that G(M) and G(m+1) are independent since they are defined on the lattices Z<,, xZ and Zs 11 X
7Z respectively. Also note the event A is equivalent to the event that Gy 1)(m,n) = z, Gni1,n)m,n) = Y,
and Gq1,1y(m, 1) + G (1, (M, N) < G(1,1)(M, N) = 2 +y for all other i’s. Thus by combining Theorem 2.5
and the above formula for G(m + 1), we obtain

P(A) = 3" P(G(m) = X)P (é(m 1) = Y)

N
=(1— )MV det / w4 1)E Ty i =iy 41 — -m &0
(=3 det | o) wei-0 5| o
d N
- det [/ (w + 1)yN+1fj+M—m—1wj—i(w 11— q)_M+m111.] ’
lw=F 2mi et
where the summation is running over all possible X = (z1,---,zy) € ZY¥ and Y = (y1,---,yn) € ZV
satisfying
OleSSxN, ylZZyNZO,
rity <x+y, foralli=1,--- N, (2.22)

and z, =z, y, = V.

We will consider the above summation in two steps. First, we fix X satisfying 0 <z <---<zy <zx+y
and x,, = x, and take the sum over Y satisfying (2.22). Note that only the last determinant in (2.21) contains
Y. We formulate such a summation in the following lemma.
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Lemma 2.6. Suppose 0 < 21 < ---<zny <z+vy, 2, =2 and y, = y. Assume that F(w) is a function
which is analytic on |w| > R and satisfies |F(w)| — 0 uniformly as |w| — co. Then

z+y—xN THY—TN-1 THY—Tp+1 THY—Tn—1 T+y—x1

N
Ui gyt ) T

yn=0 y~N-1=Yn Yn+1=Ynt2 Yn—1=Y Y1=y2 i,j=1

N

L d

= det / (w+1)m+y*l’j+1j¢nw*]+l*1j¢nF(w)7w'
|lw|=R 27 it

Proof of Lemma 2.6. Due to the linearity of determinant, we can take the summation of the columns inside

the determinant. For each j =1,--- ,n—1,n+1,--- N — 1, we have
rt+y—x; dw
O R e (O
yi=ys41 7 1 m
s VIR dw _ 14 dw
= (w + 1)7 Ty Ty == B () — — (w + 1)%+1 ™I I P () —
lw|=R 2mi lw|=R 2mi

where the second term matches the corresponding entry in the (j 4+ 1)-th column. Therefore we can remove
this term without changing the determinant. For the summation over yy, we have a similar identity where
the second term becomes

. d
/ w’N’H’F(w)—w_ -0
|lw|=R 2mi
by deforming the contour to infinity. We complete the proof by combining the above summations. O

Now we come back to (2.21). We reorder the rows and columns in the second determinant by replacing
i—+N+1—-iandj— N+1—j, and apply Lemma 2.6 with F(w) = (w+ 1)M =" (w+1 - ¢)"M+™ We
have

N
. d
P(A) = qQMN Zdet / (w+ 1)% M=y = (w41 — q)_m2—u{

lw|=R m ij=1

N
. det / (w + 1)—:vj+w+y+M—m—lj=Nw—j—1+i+1j=n (w 41— q)—M-Q—mdiw

lw|=R 2mi|

i,j=1
(2.23)

where the summation isover all 0 < 1 <--- <y <z +y with x,, = x.

In the next step, we consider the sum over X in (2.23). We first apply the following Cauchy-Binet/Andreief’s
formula in (2.23)

N

don | [ 1G] =g [ [y de oy e dpten)

We also relabel the variables to avoid confusions. Recall the functions F} and F defined in (2.12). We have

N
lw=R 2mi it
I S v (0 0) ()] ()]
o 1= 27“ l ' ij=1 ' ij=1
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and

N
det / (w + 1)—xj+:c+y+M—m—1j:Nw—j—1+i+lj:n (w4+1— q)—M+md7w.
|w|=R 2mi i,j=1

w1 n —i+1=n N
N,H Lo 5 B (W) o [ (1) ()]
|=R,

ij=1

e <2>)j‘T

ij=1

Thus we write

MN N (1) (2)
_ o wv-n2(—49) / dw; / dw; & @)
]P)(A) ( 1) (NI)Z H ‘ (1)‘ Ry 1 \w(?)I:Rz (W ) (W )

2l 2mi

(2.24)
N (Wu)) A <W<2>) .S (W(l)’ W(2)) ’
where W) = (wgl), e wg\})) W@ = (w?), - ,wﬁ)). We also rewrote det [(wgz))j_l] N =A (W(Z))
for both ¢ = 1, 2. Finally, the function we
S(wm,w® d +1) (w®Y Yy @ 4 1) (@) ]
() = e | (w +1)” ()] aer | (1) T ()]
(2.25)

where the summation is over all 0 < z7 < -+ < zny < x + y with fixed z,, = x.

Note that the summation over X only appears in the function S (W®; W®). Our goal in this step is to
evaluate this summation explicitly. We remark that this summation without the extra 1;_,, in the exponents
can be simplified to a compact formula if all the coordinates of W satisfy a so-called Bethe equation, see
[BL19, Proposition 5.2]. However, here we do not have the Bethe roots structure for the coordinates and
the resulting formulas are more complicated.

To proceed, we need an identity to expand the determinants in (2.25). By using the Laplace expansion of
the determinant along the n-th column and the Cauchy-Binet formula for the cofactors, we have the identity

det[4; N . =S (=1)*"A,, —D#ED det [4;.5] 4 det[4; ;] ,
[Aijli =1 Zg:( ) Ay, 1 > (1) [ ,J]lgjeSI;H [ ,]]n+1€§Ij2SN
1Uly= {1 N}\{f}
|11|—TL 1|12| N—

where
#(I1,I5) := the number of pairs (i1,i2) € I1 X Iy such that i; > 4. (2.26)

We apply the above identity in (2.25) and change the order of summations. This leads to

S (W(l); W(2))

(1) (1) (2) 7(2)
= Z (—1)fte 2) ol g\t Z (—1)#L R A#ILTL L)
01 0o>1 (“’ez +1) (%) rOurV={1, ,N\{:}
IOUIP = {1, N}\{la} (2.27)

1117 1=11{2) |=n—1
1V =157 |=N—n

[Licso (wz(l)) W @ 1) 172
2 N o Sow LW ) S, W W),
@) I( ) I( ) +y I( ) I( )

Hiel§2> (wi ) ’ ’
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where for simplification we use the notation W for the vector with coordinates w;’s satisfying i € I. More
explicitly, Wi = (w;,, w;,, - - ,w;, ) for any I = (41,--- ,i). The function

Sap (W, W') = Z det {(wz + 1)x1wﬂ det [(w] +1)7% (w}) 7] \<i i<k

1<4,5<k
a<zy <<z <b =hl=

for any a < b and vectors W and W’ of the same size. Here k is the size of W and W', w;’s and wg’s are the
coordinates of W and W' respectively. .
We have the following identity to simplify S, , (W, W").
Lemma 2.7. [BL19] We have
1 w;(w; +1)° 1 wk (w; + 1)b+1 g
—w; +w),  wi(w), +1)27t  wy —w), (wh)F(wl, + 1),

Sap(W,W') = det [ (2.28)

Proof of Lemma 2.7. The main technical part of the summation was included in [BL19]. Here we simply
mention how to arrive (2.28) using the known results in [BL19].

In [BL19], the authors introduced a similar sum H,(W;W’), where W and W’ both are of size N. See
equation (5.6) in [BL19]. It reads

H,(W;W') = Z det [(w] 4 1)% (wg)j]lgi,jgN det {(wz +1)"%w;?

1<ij<N
a—1=z;<---<zny<a+L—-N-1

Here we emphasize that 7 = a — 1 is fixed in this summation. We also remark that the original definition
of H,(W;W’) assumes that the coordinates of W and W’ are roots of the so-called Bethe equation, but we
will only cite the identities in §5.1-5.3 in [BL19] where the Bethe roots properties are not used.

The equation (5.44) in [BL19] can be viewed as a difference of two terms. We apply Lemma 5.9 of [BL19]
for each term and rewrite the equation as

N

{/ {/ 1 a—1 1 I \N / 1 a+L—N
) — e Ll 1) )M wh + )
w; —wl,  wi(w; +1)272  —w twl, w) (w; + 1)etEN=L |
dot | L wh(wp+ 1) L ()Nl + 1)tV
— de ) .
wi —wp wi(w; + 1) —wptwp, w (wy + 1) ENEE ]
We replace a + L — N — 1 by b, and then a — 1 by a, and get
> det [(wf+ 1) @] o det [ )]
a=z1<--<zn<b RVAS
) (w '+ 1) 1 (w!, )N (w), + 1)1V
= det 7 7 N b
w; —w),  w;(w; + 1) —w; + Wi, wy (w; + 1) i1
det [ w) (w) + 1)+ R O s 1>b+1} "
—de ) . )
w; —wl,  wi(w; +1)° —w; + wl, wN(w; +1) |,
So far x; = a is fixed. Now by summing the above identity for all x; from a to b, we get
. 1 L(wh +1)° 1 DN () + 1)
Sa b(W/,W) — det — wz (wz + ) — - (wz )N (wz + )
' w; —w),  wi(w; + 1)o7t —w, +wl, w; (w; +1)b i1
1w (w) 4 1) 1 ()Nl + 1)
—det - -~ ~ .
w; — w, w;(w; + 1)b —w; + w, wN (w; +1)b i1

It is easy to see that the second determinant is zero. Therefore we obtain a formula for S, (W', W) with a
single determinant. By switching W and W', and replace the size N by k, we obtain (2.28). O
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Now we apply Lemma 2.7 to (2.27). We also use the identity

Z (_1)#(11’J1)+#(12’J2) det [A(ilajl)]hell det [B(i27j2)]l:2612

Lus={1,-,L} J1€)1 J2€J2
J1UJ2:{1,~-- ,L}

[I1|=]I2]=n—1
|J1|:\J2|:L7n+1

_ fgdet wAG, §) + B, ), —

HI=1 9ign’

which follows from the multilinearity of the determinant on the rows and the Cauchy-Binet formula. It can
also be derived from Lemma 5.9 of [BL19]. Then we arrive at

S(W(1>;W(2)>: > (-nhtt (wg)*l)m(wx))n

01,65>1 (wg) + I)IH (wé?)nil
- ) () ()™
N R I A R D
O\t /() x O\ (@ zHy+l
+ (1)1 @ (w 2+1 (wil +12_1 T 1 @ <wi1) N(w +1> oty '
Tl )T ) e ) o)
iatls

(2.29)

By inserting this formula to (2.24), we obtain Lemma 2.4.

2.3 Proof of Proposition 2.2

In this subsection, we prove Proposition 2.2. There are two main steps in the proof. In the first step we will
deform the contours and get rid of term D, in (2.1). In the second step we will evaluate the summation over
51 and gg.

2.3.1 Step 1: Deforming the contours

We first realize that

o D % w?_leslwl 1 w{”‘leslwl % w1 1 wlV els1t+s2)w1
z(w1;w2)+ z(wlaw2) = — P R— — P +_ —_— — N (s51+52)w2
W1 — W2 wy €512 W1 + W wy ' es1w2 w1+ wa W W — W2 W' e

does not have a pole at w; = we. Hence the integrand in (2.1) only has poles at 0 and —1. Furthermore, we
1)

can rewrite the w; ~ integrals as

/ dwgll) -z / dwgll) N 1 / dwl(ll) (2.30)
wO|=p, 2mi  l—z )y 27 1-z )y, 27 ’
i1 ut in
and the wg) integrals as
() ()
dw;,” [ dwi, (2.31)

i2
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without changing the value of (2.1). After we change the order of summation and integrals, we have

p(sl782;m7n7M7N)

£1,02=1

(N2 g, X dwy) 1 "\ au® (wfl)) e
_ = ]{ z S (-1t —7 / ol / A / t 1
(N1)2 o 2miz" l—z)y,, 2r  1-z/)g, 2r | [y 2« (w(z))nfleslng

I
_ d z(1) d 1(1) d z(2)
Z_ll;IZl <I_ZZ /Eouc ;Uﬂi + 1iz/2in ;Uwi )QI;IEQ/E;U?;
A (W(l)) A (W(z)) fi (W(1)> fo (W(2)) det [OZ (w<11>w<§>) +D, (“’(11) wg))}“#h .

ioF# Lo
(2.32)

Although this rewriting seems simple, it turns out with these changes, we can drop the term D, in the
integrand, following from the lemma below.

Lemma 2.8. Suppose ¥ and ¥’ are contours on the complex plane, du(w) and dp'(w’) are two measures
on these contours respectively. Suppose C(w,w’) and D(w,w’) are two complez-valued functions on X x ¥/,
and B(wy, -+ ,wy;w), - ,wh) is a complez-valued function defined on SN x (X')N. Assume that

N N N
L. /@N Blwn, -+ wyiwh, - w)|- TT (|l o) + [Dlwsw o)) TTauwa) TT las'(wi)] < o0
i=1 i=1

i'=1

for each permutation o € Sy. We further assume that

/ / Blwy, -+ wyiw, - i) D(ws, wly)du(w;)dp (w)) = 0 (2.33)
Z /7

for any 1 <i,¢' <N, and any we € 3,L # i, any wy, € X', ¢' #1i'. Then we have

N N
Lo L B stk e (Clun )+ Dl oy T ) [T )

i=1 i'=1

N . (2.34)
= [, Bt - det (Ol TT G TT )
i=1 i'=1

Proof of Lemma 2.8. We expand the determinants on both sides of (2.34). It turns out all the terms that
appear on the left side but not the right side have some factor D(w;,w},) in the integrand and hence these
terms are zero by the assumption (2.33). This proves the identity. O

In order to apply Lemma 2.8 in (2.32), we need to check the assumptions. All of these assumptions are
obvious except for the assumption (2.33), which we verify below. We need to show

(P L ) Lo (v (v 2 () 4 () s o)

equals to zero. If we insert the formulas of f; and fo (see (2.2)) and D, (see (2.4)) in the above formula, we
only need to prove

—7 / dw, n 1 / dw; dws
-z /s, 2m 11—z [y 27 5 27

= = _ _ _ z w 1 wiVelsits2)un
Guon)Galmapus 1)y 1) et (et )
2

(2.35)
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for some polynomials G, and G4 of degree N — 1. Using a simple residue computation, we have
dw; dwsy ~ ~ _N _ M , zZ w1
G G 1)—™ 1 +m (s1+s2)w2 S
/Zout 211 Jy 2mi 1(wn) Gawa)wy = (wr +1)7" (ws + 1) c —wy + Wo Wa
(w2 + 1)71\/I+me(51+52)w2 #ﬂ

dw1 d’LUQ _N _
—G’ G )"
/Z 2mi 5 27 1(w)Ga(wa)wy ™ (wn +1) —wy + wy wo
d N .
= Z/ —w_Gl(w)Gg(w)w_N(w + 1) Melsats2)w,
» 27
1 w{Ve(81+82)w1

—M+m (s1+s2)wz
wo + 1 e
( 2 ) wy — Way wé\fe(sl—f—sz)wz

211 Jy, 2mi
dw = ~
= / fw.Gl(w)GQ(w)w_N(w + 1) Melsatsa)w
» 271
1
—M+m (s1+52)w2
(wy + 1) e w1 — g Wi tews

d d
/ SO SR G (wn) Ga(wa)wi N (wy + 1)
z:out

w{Ve(81+82)w1

dw1 d’w2 = = — —m
/ 2 s, TﬂGl(wl)GQ(wz)wl N(wy +1)

in

(2.35) follows immediately.
Thus we can apply Lemma 2.8 in (2.32). After we remove the term D,, we exchange the integral and
summation again and obtain
p(51782;m7na M’ N)
(cONW=D2 g N, dw” 1 dw\ & dw?
(N1)? ]g H /z: 2mi + 1—2z /Zm 2mi Hl/z 2ri
ig
( (1)) slwgl)
wy 1
! det [C’Z (wgll),wg)ﬂil#h.

A (W(l)) A (W(2)> i (W(l)) fo (W<2>> / [iz:l(—l)[ﬁ-b (w@))n_l e il
C1,02— 52
(2.36)

2.3.2 Step 2: Evaluating the summation
Recall the formula of C}, in (2.3). We can write

X ) wiesr 7 wWa n 1 w1
z\W1,W2) = : — — .
’ wy es1w2 w1 — Wo W1 —wq + Wo Wo

We insert this formula in (2.36). Recall the formulas of f1, fo in (2.2), and fi, fo in (2.6). We arrive at

p(51752;m7n7M7 N)

(—)NWN=v/2 g, Ny dwV 1 dw(l dw?
(= T il - H/zm w)a ()

- (N1)2 o 2miz" P 1—2z 2mi Pl
(1) (2) S O+t (2) z w(Q) w!))
£ 1 ¢ 2 _1\1+el2 io i1
A (WO) R (W) 32 0 det M@0 <1> @@ :
£y,82=1 i1 12 ’Ll wil +wi2 wiz 7/17£417
ioF£lo
(2.37)

Compare the above formula with (2.5). Note the following Cauchy determinant formula
N
M )
AWM)A(W®) — (—)NIND/2 gt 1
A (W@ wm) w? — D

12 t1 i1,i0=1
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We see that (2.5) follows from (2.37) and Lemma 2.9 below. This completes the proof of Proposition 2.2.
The remaining part of this subsection is the next lemma and its proof.

Lemma 2.9. Suppose X = (x1,--+ ,on) and Y = (y1,--+ ,yn) are two vectors in CN satisfying x; # y; for
all 1 <1,5 < N. Suppose z is an arbitrary complex number. Then we have the following identity

al Z i 1 z;
(—1)4+y, det [ Yi 4 Z}
e Ti —Yj T4 —x; +Y; Yj | iFa
= g#b (2.38)
N 1 N
=(1—2)N2 (H(X; Y)+z]] Yy X)) det [ } ,
) Yy —Til; .1
i=1 )
where H is defined in (2.7).
Proof of Lemma 2.9. We first use the identity
v/ 1 =z T 1 z 1 v/
g + P (1 _ Z)* . — — %
r—yr —xr+yy Y —z+y l—zzxz 1—2zx
and write the left hand side of (2.38) as
N 1 T a+b yb d t 1 o Z 1 Z y] 2.39
H Z ¢ —x; +Yj l—zx; 1—z2?|iza’ (2.39)
v ab=1 J#b
Thus the equation (2.38) is equivalent to, by setting u = —z/(1 — z),
N 2
1 1
> (—1)¢ %o det [ +u—+ uy;]
Tq —x; + Y x; Ty |i#a
wo=t i#b (2.40)
N N
—((u=-1 H?L (X;Y) +tuZHYX) -det[ } .
i T i1 T Yi =Tl j=1

The proof of (2.40) is tedious while the strategy is quite straightforward. Below we will show the proof
but omit some details which are direct to check. We remark that the strategy was applied to a much simpler
identity in [BL19, Lemma 5.5], but this identity (2.40) is much more complicated.

Before we prove (2.40), we need to prepare some easier identities. We denote

N N

X(w) := H(w —xz;), Y(w):= H(w — ),

=1 i=1

and introduce

Zn: Y ()X (yn)

— y) X' (2a)Y (1)’
where p, g are both integers. It is not hard to verify, by using the Cauchy determinant formula, that

Cra= S (1) alyidet | — | jdet|——| . (2.41)
) —I; + yj 7,"7;(; —T; + y,] ..
J

a,b=1 4,5=1

One can evaluate Cp 4 by converting the sum as a residue computation of an integral on the complex
plane. As an illustration, we show how to obtain C_; o, then we will list all the C), ; values we will use later
without providing proofs, see Table 1.

20



We consider a double integral

[ v Y(@X(y) drdy
lyl=Rz J|z|=Ry T (r—y)X(2)Y(y )271’1 2mi’

where Ry > Ry > max;{|z;| + |yi|}. Note that we can deform the z-contour to infinity and the integral
becomes zero. Hence the above double integral is zero. On the other hand, we can change the order of
integrals and evaluate the y-integral first. It gives a sum over all roots of Y (y):

N
_ ¥ Y@Xy) e
0‘/$| e @ (@ — )X (@)Y (yp) 271

Then we exchange the summation and integral, and evaluate the z-integral by computing the residues within
the contour. Note that x = y; is not a pole. We get

_ Y(0) g~ X(w)
IR (OP=R0 o)

(2.42)

We need to continue to evaluate the summation in (2.42). We have, by a residue computation,
N
Zbe(yb) :/ yX(y)ﬂ
=Y () Jiyi=r, Y (y) 27

/| <1+ Z fx1+ H(XY)+O( ))Sy,ﬁ(x;y),
y|=R2

1

where we evaluated the integral by expanding the integrand for large y. Here the function H is defined
n (2.7).
By inserting the above formula to (2.42), we obtain

=] %ﬁ(x; Y).

Using similar calculations, we can find all Cp ; for small p, ¢ values. In Table 1 we list some C,, , identities
we will use in the proof of (2.40). We remark that the proof of these identities are analogous to that of C_ o
without adding extra difficulties.

We need to evaluate

1 11V TR a 1 1
det { + u} = det [] +u Y (~1)% = det [] .
—Zi T Y; Tilij=1 —TitYilij= S5 Ta —Zi+Y; ?7;‘;)
[ J

By applying (2.41) and finding the C'_; ¢ value in Table 1, we get

1 11 1 N
det [Hﬁ :det[] (14 uC1.0)

—Tity; Tilij=1 —Ti+ Yl

1 N N
_det{] Tl -1+][2)).
~TitYidi= i1 v
Then we evaluate

1 IR 1 11V N ) U 1 1
det | ——— +u— +uZL : —det | —— +u— +u Y (1) R det | ———— +u—| .
—x; + Yy T; ig=1 —T; + Y Tilii—1 5 g —x; +Y; z; ;?Iz’

(2.43)

21



Expres- | Value Expression | Value
sion
i i 7
Co.—1 -T2 Co1z MLax:y)
=Y il 73
Yi Yi
C_ -1 = C_11—-C 1—-1]= P — Vi
1,0 + 1:[ = 1,1—Co,0 ( 1:[ $z> zi:(ﬂc Yi)
Cl,O —I:I(Y,X) Coyg —01’1 —Z X Y)
Co,1 H(X;Y) C_21 -1+ 1:[ - (1 - zl: (:cz - %) Zl: (zi — yi))
Table 1: Values of some C), ; expressions.
We insert (2.43) in the above equation and obtain
N
1 1
det [ +u— + uy]]
—x; + Y T; :cl ij=1
N Yi Y y
_det{ } l—u+u 4 u(l — ) 1)att v d [ }
z; + Y; ij=1 ( H Ty 021 a x; + Y i#a
v ) ) (2.44)
42 H Yi 1)7°  det { }
=1 i a,b:1 Ta Ti Y nga
1 N Yi
_det{ } 1—u+uH —l—ul—u)C,gl—&-u?H 10710
Ti T Yjls =1 i T
By inserting the values of C_5; and C_;y and simplifying the expression, we obtain
1 N 1 Y
det 7+u—+u 2 =det | ——
—Ti Ty L i,j=1 —Tit+Yili =1
N y y Ny D N y 2 (2.45)
i 2 i 2 i
=1 =1 =1 1=1 =1
Finally we are ready to prove (2.40). Inserting (2.45), we can write
N
1)at? Yo 1 1 Yi
> (- adt[—xi+y-+uxi+“x2L¢a
a,b=1 J b
N N N 2
=2 ‘””ybdt[ ! } L-2u(1-2T[2 )+ (222 -1
a,b=1 Ta Ti T Yjliza Yo iy Ti Yo i1 Ti
N N N
o\ T Ys 1 1 < 1 1 )
—(u— — -+ =+ — = — ~ZTa+yp + ) (i —yi)
( )yb[{xl( w2 \s Ty 2
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We apply (2.41) and rewrite the above equation as

N

N 2 1 ; 1 1 :
3 (e det[ +u— +uyj2} / det [ tu— +uy32}
ab=1 Za —Ti Ty Zi T Zi’z —Zi + Y Ti Tilij=1
[ J

= <(1u)2+u(1u)Hi>C_1,g+uHZZ<1u+u-HZZ> Cho
~-o][% (2125 (Za-Eu) 0
—u(l - u) i(zxi—zyi>c@0+u(1—u)ﬂi(in—ZyJCl,l
~utt-w] z<z;Z;)Congu(lu)Hz(Z;Zyl>Cn

By checking the values of Table 1, and noting that (3, (z; — y:))? = H(X;Y)+ H(Y; X), we can simplify
the above expression. It turns out, after a careful but straightforward calculation, the u? term vanishes, and
the remaining terms match the right hand side of (2.40). We hence complete the proof. O

2.4 Proof of Proposition 2.3

In this subsection, we prove Proposition 2.3. Note that the equation (2.5) involves a Cauchy determinant
factor

A(WD)A (WD)
A (W@, wm)

) N
N(N—1)/2
12 11 i1,i0=1

which is of size N, while the formula (1.7) is analogous to a Fredholm determinant expansion. So Propo-
sition 2.3 can be interpreted as an identity between a Cauchy determinant of large size and a Fredholm-
determinant-like expansion. Our strategy contains three steps. First, we rewrite the formula (2.5) to a
summation on discrete spaces with summand having similar Cauchy determinant structures. This rewriting
involves a generalized version of an identity in [Liul9]. In the second step, we reformulate the summation
to a Fredholm-determinant-like expansion on the same discrete space. We remark that similar calculation
were considered in [BL18, BL19] but our summand is more involved. Finally, we verify that the expansion
indeed matches (1.7) using the identity obtained in the first step.

Below we will first introduce a generalized version of an identity in [Liul9], the Proposition 4.3 of [Liul9].
Then we prove Proposition 2.3 using the above strategy.

2.4.1 A Cauchy-type summation identity

We introduce a few concepts before we state the results. We will mainly follow [Liul9, Section 4] but add a
small generalization.

Suppose W = (w1, ,w,) € C" and W/ = (wi,--- ,w),,) € C" are two vectors without overlapping
coordinates, i.e., they satisfy w; # w, for all 7,'. We define

AW)AW)

CW: W) = =X

(2.47)
and call it a Cauchy-type factor. Note that when n = n/, C(W;W’) equals to a Cauchy determinant
det [1/(w; — w!,)]}.,,_, multiplied by a sign factor (—1)"("~1/2. We remark that we allow empty product

and view it as 1 in the above definition. For example, when n’ = 0, we have C(W; W') = A(W).
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Similar as in (2.27), we use the convention that Wr = (wj,, -+ ,w;, ) for any index set I = {i1,--- ,ix}
where 1 <47 < --+ < i, < n. In other words, W7 is the vector formed by the coordinates with indices in I.
We denote
D(r) :={z:|z] <r}, and Do(r) = {z:0 < |z| < r}.

And we omit r when r = 1, i.e., D = D(1) and Dy = Dy(1).
Suppose g(w) is a function which is analytic in a certain bounded region D. Denote

R.={weD:qlw)==z}. (2.48)

Assume that Rg # 0. In other words, there is at least one root of g(w) within D. We also assume that rp,,y is
a positive constant such that U.ep,,.. )R> = {w € D : [q(w)| < Tmax} lies within a compact subset of D, and
{w e D :|g(w)| =r}forall 0 < |r| < rpax consists of |Ry| non-intersecting simply connected contours around
the points in Ryg. It is easy to see that with these assumptions ¢’(w) # 0 for all w € {w € D : |g(w)| < I'max}-
We remark that in the original setting of [Liul9], they assumed Ry = {0} or {—1}. Here we drop this
assumption.

We will consider a Cauchy-type summation, which involves an expression

-1
H (Wu)’... WOz 7ZH) — [HC (W,(ﬁl;Wﬁ'fkﬂ)))] A (W(l)’... WOz ,ZH)’ (2.49)
k=1

where W*) = (w§k),~-~ ,w%?) € C™, 1 < k < £ such that W) and W*+D do not have overlapping

coordinates for 1 < k < £ —1. I®) and J®) are arbitrary subsets of {1,--- ,n;} for 1 < k < £—1 and
2 < k < [ respectively. The function A is analytic for all w§f) € D\ Ry, 1 < jp <ng,1 <k < ¢ and
for all (2, ,20-1) € D(rmax) x D71, Hence H is also analytic on (D \ Ro)™* 7 x D(rpay) x D

ff) = wgfjll) for some i € I®) and Tk+1 € I(k“), which comes

from the Cauchy-type factors. We remark that the function A also depends on the index sets I*) Jk+1)
1<k<i-1.
Now we introduce the summation. We consider

¢
Gz, 20-1) = Z Z [H J(W(k))] H(W(l),~-~ WO g 73@_1) (2.50)

except for having possible poles at w

W(1>e72211 W(f)g']z’;[l k=1
for (20, , 2¢) € Do(Tmax) X Dgfl, where the function
q(w)
J(w) = : (2.51)
q'(w)

Recall our convention J(W®)) = [T, J(wc(bk)). The variables 2;’s are defined by
2k=Z021~'~Zk_1, ]4;:1,”' ,6. (2.52)
Note the identity
fw)q(w) dw
> fwaw = ([ - fjgt) du, (2.53)
s law)l=c1 Jjgw)l=cz ) q(w) =2 27i

where C; and Cy are two positive constants satisfying Cy < |2| < C; such that the function f(w) is analytic
in {w: Cy < |¢(w)| < C1}. The right hand side is analytic as a function of z within Cy < |z| < |Cy|. This
identity implies that >°, _» f(w)H (w) is also analytic as a function of z within Cz < |2] < |C1|. Using this
fact we obtain that G(zg,- - ,2¢_1) is analytic as a function of 2, -+ , 2, within 0 < |2¢| < --- < |£1] < I'max;
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and hence is analytic as a function of zp, -, 2¢—1 in Do(rmax) X ]D)éfl. We remark that there are no poles
from the Cauchy-type factor due to the order of |Z|.

Our goal is to analytically extend the function G to D(rpax) X D! under certain assumption. Below we
introduce two more concepts related the assumption, then we state the identity.

(k) , (k+1) (k)

We call a sequence of variables w; ', w; , , W, a Cauchy chain with respect to the vectors
k Tt g

WO ... W® and index sets 1M, J@) 1) @) ... =0 g@ if

( (k) w(k+1)) ) (w(k+1) _ w(k+2)> ..... (w(k'q) _ w(k’))
Zk 1k+1 k+1 Tk+2 1/ —1 Lt
o . -1 (k) . 1y (k+1) (k)
appears as a factor of the denominator in [[,_; C Wi Wi |- We allow any single variable w; ~ to be

a Cauchy chain as long as it is a coordinate of W),
We say q(w) dominates H (W(l), e WO, 724—1) if and only if the following function of w

q(w) .A(W(l)’.,. WO 2 ,zzq)’wm (4D _ )y (2.54)
i Wiy i
®) D) ()

is analytic at any w € Ro when all other variables are fixed, here w;, ", w; ', ,w; ° is an arbitrary
Cauchy chain with respect to W) ... W® and 1M J@ 1) jG) ... 761 J)  We remark that in
[Liul9], this concept was only defined when Ry contains one single point. Here we dropped this assumption.
Proposition 2.10. If ¢(w) dominates H (W(l), e WO 2, ,Ze—l), then the function G(zo,- -, ze—1)
can be analytically extended to D(rpmax) x D=L Moreover, G(z9 = 0,21 -+ ,2¢_1) is independent of q(w),
and it equals to

N dw(k) dw(k) n1 dw(l)
H T / W e / i H/ WO W O.0, 5 ,Ze_l),
1—zp_1 Ju®  2mi 1=z Je® 2mi =M 27”

k‘Q’Lkl

where Z((i)t, E(()i)t, IOH Ei(i), e ,Zi(ﬁ) are 20 —1 nested contours in D each of which encloses all the points
in Ro.

Proof of Proposition 2.10. When Ry = {0}, this is exactly the same as [Liul9, Proposition 4.3]. On the
other hand, their proof does not use the fact Rg = {0}, see [Liul9, Section 6]. Hence Proposition 2.10
follows from the same argument. O

One can similarly consider a two-region version of the above result. Assume that Di, and Dy are two
disjoint bounded regions on the complex plane. Let g(w) be a function analytic in Dy, U Dr and define

R.r.={ueDy:qu)==z} and R,r={v€Dr:qv) ==z}

Assume that both R 1, and R r are nonempty. The analog of (2.49) is

H (U(l),-~- OO v sy @ ,2@1)

Hc (v )e (v;:zz,v;zma)] A (U0, OV, VO ),
R

where A is analytic in Dy, \ Ro,1, for each coordinate of U®) and in D \ Ro,r for each coordinate of V),
1 <k < /¢, and analytic for all (zq,--- , 2¢) € D(rmax) x D*~L. The analog of (2.50) is

¢
k k
G20, »20-1) = E E [I | J(U( ))J(V( ))
U(l)ERtll’II: U(E)GRTLZ’E k=1
21, Zp,
1 71,R ¢ R
VWery  vOWerlE

H (U<1>7... R O ORI G 7%_1)
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for (20, -, 2¢) € Do(rmax) X ]D)éfl. We can similarly define Cauchy chains in Dy, and in Dr. We say q(w)

dominates H (U(l)7 NN VLOR TACO NN V4O RS N ,Zg_l) if
q(u) - A (Uu),... UO.ym O, ,zH)‘ o
uik = 1k+1 ~:uik/ =u
is analytic at any u € Ry, for any Cauchy chain in Dy,, and
q(v) - A (Uu),... Oy L O, ’ZH)’ R
’Lk 7k+1 = vik/ =v

is analytic at any v € Ro r for any Cauchy chain in Dg. The analog of Proposition 2.10 is as follows.

Proposition 2.11. If g(w) dominates H (U(l), U@y Y0 ,zg,l), then the function
G(z0,+ -+ ,2ze—1) can be analytically extended to D(rmax) x D", Moreover, G(zg = 0,21+ ,2¢_1) is in-
dependent of q(w), and it equals to

f[”H[ L duy [ ]”H/
Pair g 1— 21 Ei(:,)L 2mi 1— 2,1 Ei’fﬂ ) 2m
ﬁ "ﬁ* [ 1 / @l / (k)] nll_f/
Pt et 1— 21 ilON 27i 1— 21 z:g"j{,, oI 2771
H (U(l),... U0y L yO.g ’ZH),
where E(()u)t Lo Z((fl)t L Z(l) Zl(i)u E(H)L are 20 — 1 nested contours in Dy, each of which encloses all
the points in Ro.1,, and Z(()i)t R Z((i)t . Eg), Ei(j?R,- E( )R are 2 — 1 nested contours in Dr each of

which encloses all the points in RO,R

Proof of Proposition 2.11. The case when Ro 1, = {—1} and Ry r = {0} was the same as [Liul9, Proposition
4.4]. The proof for the more general case is also the same as the proof of [Liul9, Proposition 4.4], except
that we apply Proposition 2.10 in this paper instead of [Liul9, Proposition 4.2]. O

2.4.2 Rewriting (2.5)

Now we want to apply Proposition 2.10 to equation (2.5) and rewrite the formula.

We first choose q(w) = w™ (w + 1)E~N, where L is any fixed integer satisfying L > M + N. Recall
the formula (2.5). Let H (W@, W®: 2, 20 = z) be a slight modification of the integrand in (2.5). More
precisely, let

H (W(z), w2, Zo) =C (W(z); W(l)) A (W(Q), WW: 2, ZO) ; (2.55)
where

A (W(z), W, 2, zo)

=A (W(l)) A (W(2)) f1 (W(l)) f2 (W(z)) [ (W(l) W(Q)) (2.56)

(Wu);W(z))] .

Note that when zg = z, H (W(Q),W(l);zl,zo) is exactly the integrand of (2.5). Assume D is a bounded
region enclosing both 0 and —1. It is obvious that the function A is well defined and analytic for all

w§1)7w£2) € D\ {1,0},1 < i< N, and for all (z1,29) € D(rmax) X D, here we choose

i=1 W

Imax = NV (L — N)*=N /L. (2.57)
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We remark that we have a different ordering of indices compared to the original formulas (2.49) and (2.50).
This is because we want to make the indices of fl and f2 more natural by using 1 to label the parameters
appearing in the first part of the last passage time and using 2 to label the parameters appearing in the second
part of the last passage time. On the other hand, we also want to make our indices in Propositions 2.10
and 2.11 consistent with [Liul9] so the readers can compare the results easily. These different orderings
might be confusing but they only appear in this technical proof. We will keep reminding readers if needed.

The sum we are considering is

Glziz0)= > > U (W<1>) J (W<2>) H (W<2>, w. 2, zo) : (2.58)

W(2)e7212\’2 W(UE’R;V1

where 29 = z1 and 2; = 2129. We assume that z; € Dg(rmax) and zg € Dy hence 0 < |22] < |21] < rmax-
We need to verify that Proposition 2.10 is applicable for this function (2.58). All other assumptions are
trivial, except for the one that ¢(w) dominates H (W(Q), W 2, ZO). We verify it below.

There are only three types of Cauchy chains. The chains of single element wfll) or w(2) and the chain of

two elements wl(2 ), (1) . For the first type of chains, we need to verify q(w, ( ))A (W(2), W(l), 21, zo) is analytic
at 0 and —1. This follows from the fact that fi(w)g(w)w™! = (w+ 1)L~ N- M 1es1¥ s an entire function.
Similarly we can verify it for the second type of Cauchy chains. Finally, for the chain of two elements

w? w(l)7 we need to show ¢(w).A (W(Q),W(l);zl,zo)‘w(szuLw is analytic at —1 and 0. It follows from
ig — Wiy =

12 ) 1y

the fact that fi(w)fa(w)g(w) = (w4 1)E-N-Melsits2)w g entire.
So we can apply Proposition 2.10, and obtain

N (1) 1\ N (2)
—z dw; 1 dw, dw,
O = = 11 ’Ll 722
60,20 =2) H (1—z/2m omi 1—z/2m i )Ill/g 2mi
12=

11=1

MY)? @)))2 N (2)
5 () () BRI (i vowe) st (wesr))
) ilzlw

Hence we have an alternate expression for (2.5)

(1—-2)N"2d
p(s1, s2;m,n, M, N) N' j{g (0,29 = 2) vz Q2 (2.59)

2miz"

2.4.3 Reformulation to a Fredholm-determinant-like expansion

In this subsubsection, we want to evaluate the summation (2.58) in a different way. Recall q(w) = w™ (w +
1)E=N and R, are the roots of g(w) = 2. This equation is called the Bethe equation, and its roots are called
the Bethe roots. It is known [BL18] that when |2| < ryax = NV(L — N)E=N/LE | the set R, can be split
into two different subsets R, 1, and R, g satisfying |[R, | = L — N and |R, r| = N. Intuitively, each root
in R, 1, (R, r, respectively) can be viewed as an continuous function of z starting from —1 (0, respectively)
when z = 0. We denote

Dy, = U|z|<rmasz,Lv and Dg = U|z|<rmaxR27Ra (2.60)

and
¢z L(w) = H (w—u), and ¢,r(w)= H (w—) (2.61)
uER. L vER: L
which will be used in later computations. Note that D, and Dy are two disjoint bounded regions, and
¢z L(w)gz r(w) = q(w) — 2.
We will rewrite the summation (2.58) by treating wgk) € R, and wl(f) € R, r separately. We first
observe that, by checking the formulas (2.55) and (2.56), the summand is invariant when we permute the
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coordinates of W) k = 1,2. We also observe that the summand is zero if any two coordinates of W)
are equal due to the Cauchy-type factor. Therefore we only need to consider the summation for W) with
different coordinates.

Assume that ny coordinates in W) are chosen from Rs,,- Then the other N — n; coordinates are
chosen from R;, r. Note that R; r has exactly N elements, hence there are nj elements which do not

appear in W®)_ We denote V¥ = (vik), e ,117(1]2)) the vector formed by these elements with any given
order. We also denote U¥) = (ugk), e ,ug?) the vector formed by the coordinates of W) in R, 1. Note
the invariance property we observed above. We write
al 1
> =0 > g 2 2 (2.62)
WEeRY WHeRY nina=0 1 z UPerL2 UMeR?!
25, 21,

2 ny 1 n
VR eR2 VIWeRT! |

where the factors N1, ni! come from the number of ways to permute the coordinates of W®*) U*) (and V(¥))
respectively. Now we need to rewrite the summand in terms of U*) and V(*)| k = 1,2. Such a rewriting was
mostly done in [BL18, BL19] except for one extra factor. We will write down the formulas without proofs
except for the one involving the extra factor.

Recall the notation conventions (1.4), (1.5) and (1.6). We write, by simply inserting the coordinates,

. F(U®Y J(U®
i (W(k)) - W e Rar), J (W(k)) _JU") J(Rsr), k=1,2.

We also have (see equation (4.43) of [BL19])
AU A (VO g2 o (UR)
2
AUBVEN (dn (v)

2
A (W(k)) - (fl)N(N*l)/2 5 'q;k,R (R: R)

and (see equation (4.44) of [BL19])

A (U(Q); U(l)) A (V(Z); V(l)) 4R (U(2)) Uo R (U(l))
A (U<2>; v(l)) A (V<2>; U(l)) ¢ R (v(2)) Q0 R (V(l)) ’

We need to further rewrite the above expressions so that we can apply Proposition 2.11 later. Denote

N

b(w: 2) = {Qz,R(w)/w , w € Dy,
’ QZ,L(U))/(UJ + I)LiN, w € Dg.

It is easy to check that h(w; z) is analytic and nonzero for w € Dy, U Dr and for z € D(rpax). Especially we
have h(w;0) = 1 for all w € Dy, UDg. See equation (5.5) in [Liul9] and the discussions below.
One can write (see equation (4.51) of [BL19)])

’UN

R0 = Ty U € R

and (see (4.49) of [BL19])

A /
, Z -z Z -z ,
= = , € R, R-
Qz,R(U ) ACO) (v + 1)L=Np(v'; 2) v 2/ ,R
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¢s r (R, r). After inserting all these formulas and simplifying the expression

Note that A (Rz, r; Rz, r) =

we end up with
snaslN—n

1'%

5 (W) (W(2)> i (W) fo (W) = (Z(za)f)<z>(;?4/(r>/)(2))) B P

ﬁ ’)j Ag)(’;))) ?’;Egig‘;:; . (h(mk);gk))? . (b(v(m;gk))Q U I (vB)
[ (U<2> VEHAWV®,um) (1= 22/20)" (1 — 21/ 22)"2 }
AUCLUMAVE; VW) hUD;2)h(VE; 20)h(UW; 20)h(VD); 25) |7
where the functions f(w; sk) = fu(w)w?, k = 1,2, are defined in (1.9), and
(v+ 1)*M+m+L7NUN7neszu

L. 1 (v+ 1)~ mymesr? 1
K(22,21) = = — = =
(22,21) ER UGRHQLR h(v; 21) gé\/ n UERH%R h(v; 22)/b(v; 21)
B 1)77716811] 1 ('U + 1)7M+m+L7N652v 1
— (LNED w1 men? S i i o
(-1) H H n ]._.[ b(v; 22)/b(v; 21) e uN-n

[)(’U; Zl) UER 2, L v VER 2, R
(2.64)

(2.63)

vERz, R

since b is analytic and nonzero, and

rmax A0 21 € Dy,
Moreover, we have K(0,0) =

~1is analytic for 2 € D, .

We observe that IC(22, 21) is analytic for both z, € D
-t H’UERZ)R V= (_1)L_1 H’U.GRZ)L u i
As we mentioned before, there is an extra factor in the summand of (2.62) which comes from (2.56)

N (2)
g @). ) Wi f @). @
H(W W ) +20Hw(1)H(W W )
i=1 W;
Here H is defined in (2.7). Recall that {wik) :1<i< N} = ng,RU{ugk) 1<i < nk}\{vfk) 01 <i< g}
We write, for each k, k' € {1,2},
Ny
(k)) ( (k) _ )) 5.,
Z u), i)+ S1() — Si(aw)

N ng
k k' k
> (0 — ) = 3 (ul - ot
=1

=1 lkzl k'
and
N ngk Nt
k K k k k K .
S (@2 = @F)?) = 37 (@) = @) = 32 (@l)? = 7)) + Sa(2) = Salan),
i=1 ip=1 i, =1
where
Se(2)= > v k=12 (2.65)
vER: R
is analytic in 2 € D, . Moreover, it is easy to see that S;(0) = 0 for both k = 1,2. We also write
N2 2 N2 n1 (1) n2 7(22)
2 [1-5 =515 - 11 % (2) (1)’ (2.66)
i=1 W; i1=1 U’zl Qo= 1

A 1 -1 L—1
(%) = 3 H v = 1_(L¢e7)zLu

where



is analytic in D,___. Moreover, it is easy to see that 7(0) = (=1)V~1.
Combing the above calculations we have

( _
i (W w) S (WOw®) = BUO, U@, v, v @z, 2) (2.67)

for some function H which is analytic for all u(ll), S) € Dy, (11), 1(22) €D\ {0}, 1 <43 <mny,1<is <ng,
and for 21, 25 € D, . Moreover, we have

HUW, U@, v y@.o, 0) = H(U(l), U@,y V@), (2.68)
where H is defined in (1.10).

Now we combine (2.63) and (2.67), and note (2.62). Note 21 /22 = 2. We have

1 (1—2)V
WQ(Zl, ZO)T
N

_ K(ég, 21) Z (1 — zo_l)nl(l - Zo)n’z Z Z C(U(Q); Uv(l))c(vv(Q)7 V(l))

1)2 1)2
(TLl.) (nQ) U(Q)ERHZQ U(I)E'Rzll .
V(2)ER”2 V(l)eR;II,R (269)

ﬁ AUPHAVE))  fUD;sy)
(AUE; V)2 <v<k

nl,n2:0

(U(U(k); ék))Q ) (fJ(V(k); gk))Q (ORI (V®)

k=1

k)
AU vy, HUD UGV, V5, 2) ]
z1

)bV 2)b(UW; 22)b(V); 2)

b(U®;

2.4.4 Completing the proof

Now we are ready to complete the proof. We will take z; — 0 on both sides of (2.69). Recall that we have
already proven that G(z1,z2p) is analytic for (z1,20) € Dy, .. X D and G(0, z9) is well defined. For the right
hand side, recall 25 = 21 and 21 = z129. When z; — 0, both 2; and 25 go to 0. We also recall X(0,0) = 1.
For the summand over U®) V@) UM V1) it is a Cauchy type summation as we discussed in Propo-
sition 2.11. Our previous discussions on the functions h and H implies that this summand satisfies the
analyticity assumption. The proof that ¢(w) dominates the corresponding factor in this summand is also
similar to the previous case discussed in Section 2.4.2. The only minor difference is that we have a factor
IL, v, i sz( i )’1 in H but the proof does not change even with this factor. Hence we know that this

summatlon is also analytic for (z1,20) € D x ID. Moreover, by inserting z; = 0 in the equation, we obtain

Tmax

T e YIRS o i )
(N!)zg(o, 0) o _nl,nzgzo (n1)2(na!)2

ﬁ 1 / dul) 2 / du! 1 / vl / o)
; 1—20 Jg,,, 2 1—20 Jg, . 27 1 =20 Jegp,, 2m 1 —20 Jegow 271 (2.70)

11:1

na (2 (2) 2
H/ o )/ L —z U, yMew®, v H AUONAWVED)  fiU™): 1)
XL

P 2mi i1 U(k) V(k))) fk(V(k)vsk)

AUD, VOHYAWVE. Wy g U@,y ),
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Inserting it in (2.59) and replacing ng,n; by ki, k2, we obtain

dz 1
p(Sl,SQ;m,TL,M7N):% .
0 2’/T1(1 — Z)2 & kzz>0 (kl'kg')2

ﬁ 1 / du) dv}f) z / o)
, 1-2z )y, 2m 1- Z 27r1 1-— z 2mi 1—=2 Jog o0 27

11=1
k2

(2) (2) k1 1) 2).
H/ du/ W gy 1-2 [ Sl)fZ(U( 552) o,y y o ye)
PN 27 Jy, 2mi f (VD5 51) fo(V2); 55)

2 (AU®)’ (AV©)” AUD; VAWV UR)
= (AUO; V) AUDU)AVOVE)

(2.71)

Note that when k; = 0, the summand is analytic for z = 0 hence the integral of z vanishes. When k; = 0,

there is no u( ) or v( ) variable, hence the ugll) and vgll) contours can be deformed to Y1, and ¥ respectively.

As a result, the zZ mtegral can be separately written as

?{ dz (1 1>’“ -1, k=1,
o 2mi(1 — 2)2 z) )0, ki=0,0rk >2.

However, it is direct to check that H(U(l), U(Q);V(l),V(Q)) = 0 when k; = 1 and ks = 0. Therefore the
summand when ks = 0 also vanishes. Thus we can replace the sum >, , ~, by >°; -, and arrive at the
formula (1.7). - -

3 Asymptotic analysis and proof of Theorem 1.3

In this section, we will perform asymptotic analysis for the formulas obtained in Theorem 1.1 and prove
Theorem 1.3. The main technical result of this section is as follows.

Proposition 3.1. Suppose a > 0,7 € (0,1) are fized constants. Assume that
M = [aN],
m = [yaN + z102/3(1 4+ Va)?/3N?/3],
n=[yN + zea” V31 + a)?N?/3),

3.1
t1 = d((1,1), (m,n)) + t; - o~ Y51 + )/ N/3, (3.1)
ty = d((m+1,n),(M,N)) +t2 - o~ /(1 + /a) /N3,
th = d((m,n +1),(M,N)) + t2 - o~ /(1 + a) /N3,
for some real numbers x1,xo. Then
P (<m7n)7 (m + 17n) € g(l,l)(M7 N)7L(1,1)(man) Z tl; L(m+1,n) <M7 N) Z t2)
o oo . 3.2
=a'P(1+ \/5)72/3]\772/3/ / p(s1,82,X = To — 1;y)dsadsy + O(N ! (log N)?), (3:2)
t1 to
and similarly
P ((ma TL), (m7 n+ 1) € g(l,l)(M7 N)? L(l,l) (m7 Tl) > tla L(m,n-‘rl)(M; N) > tIQ)
(3.3)

=a 31+ \/&)‘2/3N‘2/3/ / p(s1,82,x = xp — x1;7)dsads; + O(N "} (log N)?)
t1 to
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as N becomes large, and the O(N~Y(log N)%) errors are uniformly for x1,xo in any given compact set and
for t1,t2 in any given set with a finite lower bound.

The proof of Proposition will be provided later in this section. Below we prove Theorem 1.3 assuming
Proposition 3.1.

Recall that 7 is an up/left lattice path from (m,n) to (m/,n’). See Figure 4 for an illustration. We
first realize that there are different types of lattice points (a,b) € 7 depending on whether (a + 1,b) and
(a,b+ 1) are on 7 or not. We call (a,b) € 7 is a horizontal point if (a,b+ 1) ¢ 7, and a vertical point if
(a+1,b) ¢ w. Note there are outer corners which are both horizontal and vertical points, and inner corners
which are neither horizontal nor vertical points. We also note that an exit point p must be a horizontal
point p = (a,b) with p; = (a,b+ 1), or a vertical point p = (a,b) with p4 = (a + 1,b). We write

Ga,1)(M, N) intersects 7, and exits 7 at some point p = (a, b),
P | and L(;1)(p) > t1 = d((1,1),p) + t1 - = /6(1 + a)¥/3N1/3,
and Ly, (M, N) > to = d(p4, (M, N)) + t2 - a~¥/0(1 + /a)V/3N/3
(a,b) € G1,1)(M, N) and (a +1,b) € G(1 1)(M, N),
= > P | and L 1y(a,b) > d((1,1),(a, b)) + t1 - @ /51 + /a)*/SN/3,
(a,b)em is a vertical point and L(a+1,b) (M, N) > d((a + 1, b), (M, N)) + to - a_1/6(1 + \/5)4/3]\71/3
(a,b) € G1,1)(M, N) and (a,b+1) € G 1)(M,N),
- > P | and L 1y(a,b) > d((1,1), (a, b)) + t1 - @ /(1 + /a)*/SN/3,
(a,b)€m is a horizontal point and L(a’bJ’,l)(M’ N) > d((a, b+ 1), (M, N)) + to - 04_1/6(1 + \/&)4/3]\[1/3
(3.4)

scaled x

Figure 4: An illustration of the sum (3.4). The square-shaped points are vertical points, and the round-
shaped points are horizontal points. The sum can be viewed as a Riemann sum along the axis x, where the
horizontal points contribute to the spring parts and the vertical points contribute to the thick part.

Now we apply Proposition 3.1 and view the right hand side of (3.4) as a Riemann sum of the quantity
ftcic ftzo p(s1,82,%;7)dsads; over an interval x € [z — 21,25 — )], plus an error terms O(N~!(log N)%) x
O(N?/3) = O(N~'3(log N)®). See Figure 4 for an illustration. Tt is easy to see from the definition that
ft?o ftzo p(s1,82,x;y)dsads; is continuous in x. Thus the Riemman sum converges to the desired integral
in (1.16), and we complete the proof of Theorem 1.3.

The remaining part of this section is the proof of Proposition 3.1. We first realize that (3.3) and (3.2)

are equivalent. In fact, if we switch rows and columns and replace o by a~! in the equation (3.3), we

obtain (3.2) with —x instead of x appearing on the right hand side. Note that p(s1, sz, x;7y) = p(s1,s2, —X;7),

see Remark 1.6. We hence obtain the equivalence of (3.3) and (3.2). It remains to prove one equation (3.2)
Using Theorem 1.1, we write the left hand side of (3.2) as

(m’n)v (m + lvn) € g(l,l)(M7 N)»

dz 1 .
P and L(Ll)(m’n) 2 b, :%72 Z 2Tk1,k2(z;tlat2;man;M;N),
and L(m+1’n)(M7 N) > to 0 2771(1 - Z) key ka1 (k1|k2')

(3.5)
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where

Tkl,kz(z§t17t2;m,n,M, N)

oo oo
= / / Ty oy (25 51, S25m,n, M, N)dsads,
ty to

e du, 4 dul! 1 oy ol
iy L=z Js,,, 2 1-z)s . 27 L=z [y, 201 1—z)g ., 2ni

o (3.6)
H/ duz)/ LGNS (1_1)k1 A5t 1
on 2 o) RV RV T, Y, @l — o)
HUW, u@, vy y@y. ﬁ U ))2 (A(V(f))) . A(U(l)fV(Q))A(V(U U®)

=1 0, v®))* AUD;UP)A(VD; V)

with the functions fi(w;t;) and fo(w;ts) defined in (1.9), and the function H defined by (1.10). We remark

that in the above equation we evaluated the integral over s; and so using the fact Reu( ) < Rev ) due to

the order of the contours.
Similarly, we can write

1 ~
dsad Ty ko (2 11, b2, X5
/ / p(s1,82,%;7)ds2ds; = 7{27r1(1—z) k;ﬂ (oilhal)? ki ks (2361, 12, %5 7Y) (3.7)
1,~k22

with

R 0o 00
Tkl,kz (Z;tlat27x; ’Y) = / / Tk1,k2 (Z;ShS??X; ’y)dSQdSI
ty 2

H / i) s / g\ (1 / an’ o / duy,’
N 1—-2z 2mi 11—z Jp, ., 27 1—-2 Jpy,, 27 11—z TRoou 271

lll

H / )k (1 _ 1>k1 . f1(€M ;6B (6P); t2) 1 (3.8)
M o 2/ RODBMD) TR T E - n)

( A" )) (Am®))” AEY;n®)AnM;¢?)
( (5(4);,7(18))>2 AED; €A (W; @)’

2
CH(EW, €@ M) @) H

where the functions f1({;t) and f2(¢;t) are defined in (1.24), and the function H is defined in (1.25). We
remark that in the above calculations we exchanged the integrals and the summations. We need to justify
that they are exchangeable. It is tedious but not hard to check that

1
/ / > e Tk, oy (73 51, 523m, 0, M, N)| |dsa]|ds1| < C(z) < (3.9)
ti Jt2 gk >1 1 )
and
/ / Z k: 'k‘ ) |T’€1 ko (2381, 82, %5 7)] [dsz2[|ds | < C(z) < (3.10)
t2 k1 ,ko >1

for some constants C'(z) and C(z) which only depend on z. Moreover, C(z) and C(z) are both continuous
in z (except at z = 0 or —1) hence they are uniformly bounded for |z| =constant that lies in (0,1). Here
we omit the proof of these inequalities since it is similar to that of Lemma 3.3. Using these inequalities we
verify that the exchanges of integrals and summations are valid and equations (3.5) and (3.7) hold.
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To proceed, we need to compare (3.5) and (3.7) term by term and estimate their difference. There is a
need to see the dependence of the error on the parameters. We will fix the contour of z to be a circle with
fixed radius |z| € (0,1). We also introduce the following notation.

Notation 3.2. we use the calligraphic font C (or C; with some index i) to denote a positive constant term
(independent of N ) satisfying the following three conditions:

(1) C is independent of k1 and k.
(2) C is continuous in z.
(3) C is continuous in t1 and te, and decays exponentially as t; — 0o or ta — 00.

Throughout this whole section, we will use C as described in Notation 3.2, and the regular C' as a constant
independent of the parameters.
We will show the following two lemmas in subsequent subsections.

Lemma 3.3. We have the estimate

Ths s (561, b2, 359) | < K2 k5?/ 2 (ky + ko) (Frh2)/2ckatha

for all kq, ko > 1, where Cy is a positive constant as described in Notation 3.2.

Lemma 3.4. With the same assumptions as in Proposition 3.1, there is a constant Co as described in
Notation 3.2 such that

N2/3Tk1,k2 (Z; t1,t2;m,n, M7 N) - a1/3(1 + \/5)72/3']?161,]62 (Z; t1, B, X; ’7) (3 11)
< K2R (g Reg) )/ 2B N =1/3 (1og )

for all kv, ke > 1 as N becomes sufficiently large.

Now we use these two lemmas to prove (3.2). We first use and realize that the right hand side of (3.7)
is uniformly bounded by

dz ‘
P P ———— Tk1 k Z 361,69, X5 ’y)
fg 27i(1 — z)? kl%x (k’l'k‘g 2
dz k1/2 ka/2
< k 1 k/’ 2 k k (k1+k2)/26k1+k2
< ot ap], 2 G e <o
1,22

where the last inequality is due to the Stirling’s approximation formula k! ~ k*e=*+v/27k for large k.
Similarly we know that

dz 2/ al/3 —2/3r} . .
7€ 2mi(1 — z)2 Z (k1|k2 ‘N Tkl ko (2361, t2;m,n, M, N) — (1+ Va) Ty ks (261, t2,%57)
k1,ka>1
dz 1 k12, k2/2 -
< ! k 2/2( k (k1+k2)/20k1+k2N 1/3 log N)®
< ot ap ] 2, G ke g )
1,22

for sufficiently large N.
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Combining the above two estimates we also know the right hand side of (3.5) multiplied by N 2/3 is also
uniformly bounded by the sum of the above two bounds

dz 1 R
NQ/Sf = 1 5 7‘Tk k(Z;tlatQ;manaMaN)‘
0 27T1(]. — Z)2 kl%:Zl (kl'kg')z 2
dz 1 k1/2; ko/2 k14ko)/2
ng i )2 > 7(]“%2!)2/@1 ko2 % (ky + kg) (Fr R/

k1,k2>1
(@MU Va)y ik h g cprthN T A log N)°)
< oQ.
The above estimates imply that we can rewrite, using (3.5) and (3.7),
(man)v(m+17n) eg(l,l)(MvN)v o roO
N?BP [ and Ly 1y(m,n) > t, — a3+ \/a)_Q/?’/ / p(s1,82,%;7)dsadsy
and Liyni1,0) (M, N) > t2 t1 o

dz 1 . .
Y O R - (N237 bt M.N) — a'/3(1 =237 (z:t1 . to. x: )
ﬁ%ri(l —1z)? k1%:>1 (k1'k2o!)? ( i ka (23 01, t2;m,m, ML N) — P (1 4+ Va) ki ks (73 61,82, %57) )

which is uniformly bounded by, using Lemma 3.4,

f

for sufficiently large N. Thus (3.2) holds.

dz
27i(1 — z)?

1 k1/2 4k _ _
D et o k) (RN log N)® = O(N (10 N))
k1,ka>1

It remains to prove the two lemmas 3.3 and 3.4. Note that if we did not have the factors

% 7 7
13-, Zif:l(ugz)_v'gg))
1

and H({UW,U®; v, V) in the integrand of T, ks (23 t1, t2;m, n, M, N), and the factors RSN GREmG)
=1 22i,=1\Si, ip
and H(EW, @, n() n@) in the integrand of Ty, 1, (% t1, t2,x; ), the right hand sides of both (3.5) and (3.7)
could be viewed as expansions of Fredholm determinants. They have similar structures as the expansion
of the two-time distribution formulas in TASEP, see [Liul9, Proposition 2.10]. Moreover, the two lemmas
above are indeed analogous to Lemmas 7.1 and 7.2 in [Liul9]. So it is not surprising that we can modify the
standard asymptotic analysis for Fredholm determinants to prove these two lemmas. However, we do need
some tedious calculations to incorporate the extra factors, and much finer estimates in Lemmas 3.3 and 3.4
compared with the analogs in [Liul9]. Our proof will also be illustrative to prove similar statements in our

follow-up papers.
We will prove the Lemma 3.3 and 3.4 in the following two subsections.

3.1 Proof of Lemma 3.3

In this subsection we prove Lemma 3.3. Some estimates we use here will also appear in the proof of the
lemmas 3.4 in the next subsection.
We first estimate the factor

2
2 (AED) (AMD)” A@e®. p@)A (nD:
B(eW, M) ¢® n@) ;:H( ) e (6(1)777(2)) (n(l),é(m).
=1 (aEDin")) A€ A MM n@)
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Observe that this factor is the product of the following three Cauchy determinants up to a sign

k1

[ 1 YA
By = det )‘| = ( 1)k1(k1 /2 (£ (l)) ((1 )7
f 77_71 ilujlzl (E ’T] )
- ko

= (_1)k2(k2*1)/2w
A(E®;n®)

b

1
By = det )1
§ nh

i2,j2=1
1 1
el -l eV £< )
B3 = det
1 1
@_. o | e @
Ny 77]1 Niy é.]'2
L ; : 11<i1,51<k
1<ia,j2<ko

H)kl(kl,mmmkgm/zA(é‘”)A(n“)) CAEP)AMP) A(&” n@)AnW;¢?)
AEDnW) AP ™) AED;EP)AMD; @)

By applying the Hadamard’s inequality, we have

k1

<kk1/2 H L

i dlst(f(l))

(1) |
- n]l

k1
[B:1] < H

in=1 \ ji=1

where dist(§) denotes the shortest distance from the point £ to the contours I't, out, I', I'Lins IR out, 'Ry I'R,in
except for the one contour which £ belongs to. For example, if 5511) € I't out, then dist(égll)) is the distance
from 51(11) to I', UT'R out, where we ignored the contours I't, out, I's.,in, I'r, and I'r in since I't, oy is the contour

52(11) belongs to, and the other three contours are farther to the point fi(ll) compared with I't, and I'g out-

Similarly, we have
k2

1
B <k [ —
1] dist(n2)

and
k2

1 1
By < (ki + ko) (F1h2)/2 H 1T = .
— dist(n (11)) famt dlSt(f](f))

We combine the above estimates and obtain

BEW, M5, n®)
ko k1 ko

1 1 1 1
< kk1/2kkz/2(k + ks )(k1+k2)/2 H H H H .
i1=1 dlSt(fS)) ia=1 dist(nf)) j1=1 diSt(Wj(i)) ja=1 diSt(f](‘?)

(3.12)

Now we consider the factor H(¢W, n(1); ¢@ n@)) = 551 + £S% — 15155 which is defined in (1.25). We
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use the trivial bounds

Si= |3 ((f;”) () ) 3 ((df)) (n) )’
i1=1 i0=1
< T (1+1620) (14 100) T (1+ 162 (1 +102F)
i1=1 io=1

k?l kZ
< TL e (1€7) &0 (1)) T en (1€21) 0 (1n21) . ¢ =123
=1 ia=1
where g1(y) :==1+y +y? + y>. Note that g%( ) < g‘f( ) for all y > 0. Thus

H(EW, nM;e®, n®)| |S4|+ |S|+ |8183|

H g (IE(”I) gf ( ) H gf (I£ )gi‘ (Im@l) :

Finally, we note that the locations of contours imply that Re(f“ ) < 0 for 51'@ € I', UT'L out U Ty in, and

| /\

(3.13)

I A

Re( ) > 0 for 77( ) ¢ 'R UTR out UTR,in- Thus we have a trivial bound

1
4 14
Hé 122@ 1(51() 771(5))

1 1 1 1
S .
Re(n" — M) Re(n? - £@) ~ Re(n) Re(n®)

1 1 1 1
<14+ —++ 1+ — 14+ —— 1+ —m—r— 3.14
( " Re <n§”>> ( " Re(—él))) ( " Rely 9)) ( ! Re(—é@)) (314

< Tl () 1 (7) T oo (6) 0 (42).

i1=1 i2=1

where go(w) := 1+ |Re(w)| ™! for all w € C\ iR.
Now we insert all the estimates (3.12), (3.13) and (3.14) in the equation (3.8) and obtain

kz(z§t17t27xé’}/)‘ < KRR 2 () g g Untka) /2

. l’i[ 1 de] L ] |d£<” dni)| I jdnt,|
p— |1 - Z‘ 1—‘L in 271— |1 - Z| 1—‘L,out |1 - Z| FR in 27T |1 - Z‘ FR,out 27T
et \dm : -
H/ / 21— g™ |1 11 g(ﬁg)) (m@) H (5(2)) (77522))
ip=1"TL i1=1 ia=1
1™
= k2R (- k)RR L g ety

k1+ka
. 1
< k}fl/2k§2/2(k1 + k2)(k1+k2)/2 (’1 — ‘ Cia+1]1— Z|C1,2> ,
z

(3.15)
where
I£1(¢5t0) 121 (I¢))g2(¢)/dist(¢), ¢ € TLout UL in,
2(0) = £1(Gt1) g1 (ICDe2(¢) /dist(¢), ¢ € TR out U TR in,
I£2(¢; t2) 81 (1¢])g2(¢) /dist(C), ¢ely,
|f2(¢; t2) g1 (I¢])ga(¢)/dist(¢), ¢ € T,
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and

c11< 1 gOldg] | [ g(&)dﬂ)( 1 gldn| |z g(n)ldm)’

1—z| Jp,, 27 [1— 7| 27 [1— 7

2 [1 -1z k.ot 2
_ g(&)|d¢ g(n)|dn|
= ([ 555 (55

We used the fact that g(¢) decays exponentially when ¢ goes to infinity along the integration contours since
all other factors are of polynomial order, dist(¢) is bounded below, and the dominating factor |f,| (or |f,!])
decays super exponentially. By checking the parameters appearing in f; (and hence in g), we find that
both C; 1 and C; 2 satisfy the conditions described in Notation 3.2. Thus (3.15) implies Lemma 3.3 with
Ci= ’1 — %’01’1 + |1 — Z|Cl’2.

s

T'Lout I'R,in

3.2 Proof of Lemma 3.4

The proof of Lemma 3.4 is more tedious. We separate the argument into three parts. In the first part we
illustrate the proof strategy and show that Lemma 3.4 can be reduced to two other lemmas. In the remaining
two parts we prove these lemmas respectively.

3.2.1 Proof strategy

Although the quantities Tkhkz and Tkh;% only depend on how the integration contours are nested, we choose
these contours explicitly to simplify our argument. The idea is that we split each contour into two parts with
one part making most of the contribution in integration and the other part contributing an exponentially
small error only.

We first choose the six contours appearing in the terms Tkh;@. As we introduced before, we assume
I'sout, I't, and I'y, jn, from right to left, are three simple contours in the left half plane from e~2m/355 to
e?™/300. Similarly, I'R,out, I'r and I'g in, from left to right, are three simple contours in the right half plane
from e~™/300 to €™/300. For simplification, we assume that all these contours are symmetric about the real
axis.

Each of the T, contour above, x € {{L,out}, {L}, {L,in}, {R,out}, {R},{R,in}}, can be split into two
parts. One part is within the disk D(log N), the disk of radius log N with center 0, and the other part is
outside of this disk. We denote these two parts FiN) and Ficrr). In other words, we have six contours within
D(log N): TN M) p) pV) - pN) - and Fg\fi) and six contours outside of D(log N): T\ 1),

L,out>’ L,in> ~ R,out? n’ L,out>’
err err err err
I I r and I’
Liin> “Rout’~ R R,in "

We now choose the six contours appearing in the terms Tkl,k2~ We let them all intersect a neighborhood

of the point
1
i 3.16
v 1+ a (3.16)
where « is the constant in Proposition 3.1. We pick, for each x € {{L,out}, {L},{L,in}, {R,out}, {R}, {R,in}},

Y, to be the union of two parts zﬁN) and z&e”). The part zﬁN) lies in a neighborhood of w. and satisfies
2N = we + a8(1 + Vo) VBN s ({1, out}), {L}, {L,in}, {R,out}, {R}, {R,in}}.  (3.17)

See the solid contours within the dashed circle in Figure 5 for an illustration.
Recall f1(w;t1) = (w + 1)"™w"e"™ and fao(w;ts) = (w + 1)~ MFmyN=nel2® with the parameters sat-
isfying (3.1). A detailed calculation (see (3.29) and (3.30) for example) indicate that f;(w;t;) behaves like

a cubic-exponential function. More explicitly, f;(w;t;) decays super-exponentially fast when w moves away
from w, along the contours EgN) on the left, and grows super-exponentially fast along the contours ESFN)

on the right. Moreover, if we denote w and w? the endpoints of E&N), using (3.29) and (3.30), we have
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|fi(w *p,t )/ fi(we; ;)] < e M? when w is on the left contours, and | f;(wS;t;)/ fi(we, t;)| > ecos V)’
when wi? is on the right contours. Here c is some positive constant uniformly for x in a compact interval
and t1,to with a lower bound.

In the next step, we will define the contours Eie”). Note that

fi(w;ty) = eWNh(w)JrO(Nm), Ja(w;ta) = 6(177)Nh(w)+o(N2/3),

where
h(w) = —alog(w + 1) + logw + (vVa + 1)%w. (3.18)
It is standard to analyze Reh(w) for w € C and extend the contours =) to ™ such that
max |f;(u;t;)| < mm |f1(u ti)s 1 =1,2,% € {{L,out}, {L}, {L,in}} (3.19)
uex ™ uen{N
and
ml(n ) |fi(v; ;)] > max, |fi(v; )], i=1,2,x € {{R,out}, {R},{R,in}} (3.20)
ven(er ves™

for sufficiently large N. See Figure 5 for an illustration and the figure caption for more explanation.

0.6

0.4 |

0.2

0,

—0.2

04| i

—0.6 — | | | | | | |
-12 -1 -08 -0.6 -04 -02 0 0.2

Figure 5: Illustration of the contours when o = 1. The dotted lines represent the level curve Reh(w) =
Reh(w,). It consists of two closed contours and one infinite contour all of which pass the critical point w,.
The complex plane thus is split into four parts, two of them marked with — signs have lower levels of Reh(w),
and the other two marked with + signs have higher levels of Reh(w). The three solid contours on the left,
from inside to outside, are X, in, X1, 1 0us respectively. The three solid contours on the right, from inside
to outside, are ¥R in, 2R, and YR out respectively. Each contour X, is split into two parts. The part within

the dashed circle is ", and the remaining part is $(™.

Combining with the bounds of f; at the endpoints of EgN) discussed above, we have the following two
estimates

max Vo) il 0] < min Vo) i) < = w € (Lot} (L), {Lng), (320

min |fi(v3t)/ fi(wes ) = min |i(vite)/ filweits)] = 0N € {{R,out), (R}, {R,in}}. (3:22)
veEX, VEX,

We remark that the contours we choose above are independent of the parameters k; and ko, hence the
constant ¢ above is also independent of k; and k.

With the contours we mentioned above, we can rewrite

Tkhkz(z;tl,tg;m,n,M,N) = T(l_’) (Z tl,tg,m n, M N)+Tl£err) (z;tl,tg;m,n,M,N),
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where

Téf}lz(z;tlth;man7M7 N)

- ﬁ 1 / dugll) z / dugll) 1 / dvi(ll) z / dvg)
o 1—z =M 2mi L—z Jgw) = 2mi L—z Jo@ 2w L—z Jem™m = 27

11_1
H / / dvg) (1—2)™(1- 1 " N o, tl)f2(U(2) ta) 1
i) >0k 27” s 2w z)  AVOt)(V®it) T Zu (g, ul? v(f))

2 2
HOD, U@ v, ve). ] (AU©)* (AVD)* AUDVO)AVD;U®)

B (A@ove)t AUOTTR)AVOVE)

(3.23)

Note that T,gfvliz has the same formula as Tk17k2 in (3.6) except that we replace all the 3, contours to nM.
Recall that we have X, = E&N) U Z,(kcrr). Hence

Téfrg(Z'tl,tQ;m n, M N)

Z H du 51” z dul! 1 dvl! z dv!
- i 1—z Jg@ 27 1—z Jg@ = 27 1—z Jg@) 2mi 1—z Jg@ = 2ni (3.24)
(2)

(2)
n(A) 271'1 £ 2mi

io=1

where we did not write out the integrand which is the same as in (3.23), and the summation is over all
possible A’s each of which belongs to {N,err} and at least one A is err. We also point out that we omit the

indices of A in E&A): It indeed depends on the choice of * and 41 or i¢5. Since we have 4k, + 2k, integration
contours, we have 241 72k> _ 1 pogsible choices of A in the above summation.
Similarly we can write

- N
Ty o (23 61, 82, 337) = T 362(2 t1,t2,%;7) +T;(€?22(Z§t17t2,x;7)7

where T,(CJIVLQ (z;t1,t2,%;) has the same formula as (3.8) with all the integration contours T, replaced by

FiN), and T;:l”k)z (z;t1,t2,%;y) is a summation of 24¥1+2k2 _ 1 terms each of which has the same formula as

(3.8) except that the integration contours are all replaced by FgN) or I‘ﬁcrr) and at least one of the contours

is replaced by T,

We will show the following two lemmas.

Lemma 3.5. With the same assumptions as in Proposition 3.1, there exists a constant Ca1 as described in
Notation 3.2, such that

a_1/3(1 + \/&)2/3N2/3Tl§f,12 (z;t1,t2;myn, M, N) — T;CJIVLZ (z;t1,t2,%;7)
< klf1/2k/2€2/2(k1 + k2)(k1+k2)/26;€711+k2N—1/3(10g N)5
for all kv, ko > 1 as N becomes sufficiently large.

Lemma 3.6. With the same assumptions as in Proposition 3.1, there exist two constants Ca 3 and Ca 4 as
described in Notation 3.2, such that

N2/3 T(err) (z ty,ta:m,n, M, N) < kkl/zkkz/z(k T ko )(k1+k2)/26k1+k2 .e—c~(1nN)3/2
k2 174 ’
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and
TR, (5t b2 x57) | < R 2RGP (hy o ) (R g e ()2
for all k1, ks > 1 as N becomes sufficiently large. Here the constant c is the same as in (3.21) and (3.22).

It is obvious that Lemmas 3.4 follows immediately by the above lemmas. In the next two subsubsections
we will prove Lemmas 3.5 and 3.6 respectively.

3.2.2 Proof of Lemma 3.5

We recall the formula (3.23) for T(N) We change the integration variables

e

{1 _wc+a1/6(1+\f) 4/3N_1/3£§11)»
o) = we +at/0(1+ a)ANTD, (3.25)
w2 = we + Vo1 + Va) ENTLED) '
vzﬁf) :wc+a1/6(1+\f) 4/3N71/3m(§),
where w, = —(1 + \/a)~! is defined in (3.16), fl(ll Fg\:r)l Fg?ut, Z(f) € FiN), 7751) € Fgﬂl U thfo)ut, and
(2) € F( ). Note the relation between V) contours and T contours in (3.17). Thus we have
a” V31 + \/5)2/3N2/3T,§f\22 (z;t1,ta;m,n, M, N)
Mo e ) (P S5, )
Pt 1—-12z i) 2mi 1-2z ™. 2 1—-12z i) 27r1 11—z ) 2771
~ H / / i’ 1y (- l)kl HE ) BEPst) | !
() 27r1 r  2mi z Fi(m®:t1) fo(n®);ts) HLlfozl(ﬁy) 77l(f))
(e €@:q0 7®) - T] ( E(Z)» <A(’7(2))2 , A(ﬁﬁ;;n((;))A(n(”;E@))7
=1 (AE“in®)) A7) AMM;n@)
(3.26)
where
Ju(&st) = ( wy st/ Je(wert)),  fulngy)st0) = Fe(vl)s 1) folwes ), (327

(5 (1) 5(2) ,7(2)) _ 0472/3(1 + f)10/3N4/3H(U(1), U2 ); V(l)7 V(2))

with the ul(f), z(l) being viewed as functions of 5(2) and n(e) as in (3.25). Note that (3.26) equals to
T,(C 3@ (z;t1,t2,%;7y) if we replace fe by £, and H by H, see (3.8) for the formula of T(kl,k2) and note that

replacing the contours I',. by ™ in (3.8) gives the formula of Tgk ) ka)®

Recall that fi(w;t;) = (w+ 1) ™w"e"*™. Note the scaling in (3.1). For all |¢| < log N, we have the
following Taylor expansion

log <f1(wc +al/8(1 4 \/5)*4/30\7*1/3;t1)/f1(wc;t1))
= —mlog (1 +a 31+ \/a)*1/3gN*1/3) + nlog (1 —a'/%(1 + \/a)*l/?’cN*l/?’) + t10M5(1 4+ o) ~3¢ N3

16— glaa =)+ (1= (- ) €+ O og V)Y

(3.28)
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and hence, using the fact 2N "?1oe M) — 1 4 O(N=1/3(log N)4),
Frlwe + a/5(1 + Va) Y3CN"V341) = £,(C: t) - (1 +O(N~Y3(log N)4)) . (3.29)
Note here the error term O(N~1/3(log N)*) is uniformly for all |¢| < log N. Similarly, for all |¢| < log N,
Falwe + oS (1 + Va) 3¢ N=V3, 1) = £(C o) - (1 + O(N~Y3(log N)4)) . (3.30)

Inserting the above estimates, we have

FEV: ) f2(P5 1) 16Dt (6P ty)

J - - 14 1tk 0(N=1/3(log N)* ) : 3.31
AWt f2(n@its)  fi(nMit1)E(n@);ts) ( ! ( (log N)) (3.31)
where ¢; = 4 and we used the inequality
[[a+z)-1<Q+a)"—1<2% (3.32)
i=1
for all 21,--- ,2, € C and = > 0 satisfying |z;| < z < 1.

Now we consider the term H. Recall the formulas of H in (1.10) and S; in (1.26). We have

g(£(1)7 5(2); 77(1)7 77(2)) _ a_2/3(1 + \/5)10/3N4/3H(U(1), U(Q); V(l)7 V(2))
u? (3.33)
2

k1 (1) ko
2(s§+SQ)N2/3—e3Nsl) H H o

21 1 ’Ll ’LQ 1

1
—2 (S% — Sz) N2/3 + 673N81 + (26

where € := a!'/%(1 4 \/a)~'/3. Note the following estimate

-1 ~1/3
+ (14 Vo) te¢N — exp <_€N1/3< . %62]\772/3(2 _ é€3N71C3 T (’)(N74/3(10g N)4)>

We

— exp (—eN—1/3g - %GQN—Q/%? - ;631\7—1&) (1 + O(N~/3(log N)4))

for all |¢| < log N, where O(N~%/3(log N)*) is uniformly on (. Using the inequality (3.32), we obtain

k1 (1) k2 (2)
H (1) H % = exp (EN 1/381 + 2N 2/3S 4= 3 SN 185> (1+lel+k20(N_4/3(10gN)4)>. (334)

1117,122122

Note the trivial bound [Sy| < (k1 + k2)(log N)¢. We have

exp (EN_1/381) - Z —(eNT 38" < Z e(ky + ko) N~1/310g N)™

n<3 n>4

1

< (N_1/3 log N)4 Z *'(6(/4;1 + ]{ig))n
=
< C’QﬁJrkz (Nfl/S log N)4,

where ¢y = ef. Thus

exp (eN’l/le) =1+eN™ 1/351+ ENT2/382 4 eSN*IS?+c§1+k2O(N*4/3(logN)4).
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Similarly we have
1 1
oo (262N—z/382) =1+ 562N‘2/382 + 0N log V),

for some positive constants ¢s and ¢4. Inserting the above equations to (3.34), and then combining (3.34)
and (3.33), we obtain, after a careful calculation,

H(EW, €200 n®) = —s4+ s? slsg+c’ﬂ+’“20< ~1(log N)?) (3.35)
— H(E(1)7€(2 i 1),,’,’(2)) +Cf5€1+k20(N71/3(10gN)5)
for some positive constant cs.
Now we insert (3.31) and (3.35) into (3.26), and obtain
a~13(1 + f)2/3N2/3T,§N;2 (z;t1,ta;m,n, M, N) — Tg\% (z;t1, t2,x;7) (3.36)
= TR O(N=Y3(log NYHE) + T2 O(N~Y3(log N)®)Ea + (cre5)f TR2 O(N~2/3(log N)°) Es,
where
5T [ [ a) / dei\ (1 [ dniy) 2 / )
J_ifl L=z Jpey 2mi 1—z Jron - 2mi L=z Jogy 2m 1—zJo@ 27
1/ 5(2)/ G e (1) R E ) 1
LT 2mi Jpavy 2w Z fl(n(l);tl)fg(n@);tz) Hz 12 ( —77(2))
2= ip=1\5%g 10
2
2 ® 0Y)?
K (6,9 @) ] (A(£ )) (A(n“)) AED:; n®)ARD; )
2 1). £(2 )
S (AE;nm) NS SINCISH D)
(3.37)
ith
b H(E(l) 5(2).77(1) 17(2)) j=1
K;(6W, 691, n®) = ) o 2’ (3.38)
) J =4

Note that these F; terms have similar structure with Tkhkz (z; 81, 82, X;7), except that the integration contours
T'™) are subsets of T, appearing in the definition of Ty ko (z;51,82,%;7). Recall (3.15) in the proof of

Lemma 3.3. It is obvious that we have the same upper bound if we use contours FgN) instead of I'x. Thus
we obtain
|E1| < k,llﬂl/QkéQ/Q(kl + kQ)(k1+k2)/QC:{fl+k2.

Similarly we have, by removing the factor g1, which comes from the estimate of H, in the inequality (3.15),
|E2‘ < kf1/2k§2/2(k1 + k2)(k1+k2)/2(C1)k1+k27

where C; < C; is a positive constant satisfying the conditions described in Notation 3.2. Combining the
estimates of |E;| with (3.36), we obtain Lemma 3.5.
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3.2.3 Proof of Lemma 3.6

The proofs for the two estimates are similar, hence we only prove the estimate for T,Eer 1) (z;t1,ta;m,n, M, N).
Recall (3.24). We have

’Téfr;)z Z: t17t2;m,n,M,N)’
|du(-1)\ z
< 2
ZH <‘1—z /E(LA-) 2m * 11—z
i1=

ko (2)| (2)
. | I — gfF?
Lo E£A> (A) 2T
12—

2
. ‘H(U(1)7 U@,y V(Q))’ 11
=1

/E(A>

de) 1 (]2 / doil | 2
27 1—z|/g@ 27 1—-72
L,out R,in

1L B AU ) (U ta) | |
2| TR RV k)

/ o]
@, 27

1
¢ ¢
I S ) — o)
A(U(l); V(Q))A(V(l); U(2))
| ‘A(Um; UE)A(VD; VD) ‘ |

Z

2

(AW))” (AV©)
(A(UW®; V©))?

(3.39)

Recall the the sum is over all possible 2*#172%2 _ ] combinations of the contours, except for the only one
combination that all the contours are of the form EiN) (i.e., near the critical point w,.). Also recall that

¥, = 2™ UsC™ | The right hand side of (3.39) can be rewritten as
H / du?)| / )|
pi3

12=1

o) T
v“' H <N> | (N) 12 ]
io=1"2L

(3.40)

where we suppressed the factors and the integrand for simplifications since they do not affect our argument
here. Note the following simple inequality

Hal—i—b Hal<ZbgHaz+b

¢ it

k1

([ i [ el ([ a1+ [ gl
=1 YL,in YL, out " YR, in ZR,,out
1 1 1

—H (/ alll+ [ |du£3> (/ @i+ [ |

L.in b)) ER,in b))

L,out R,out

for all nonnegative numbers a;, b;. We apply this inequality for a; = fz(N) and b; = fxmr) in (3.40). We find
that (3.40) can be bounded by

k] k2
> Gjun 402+ 6503+ 050a) + D (Gjois + 0jnse) - (3.41)
Jj1=1 jo=1

The quantities d;; in the above equation are given by

k1
5 ’1_/ / dulV +/ / / a®) ...
o Z(Crr) | H ( ZL,in | ! | EL,Out ‘ H ER,out| ! |

i1 =1 2R,in

k1
1 1 1
Gjri2 = /(m) T (/ |du§1>|+/ |du§1>> (/ |dv§1>|+/ dv§11>|)
1, out 3L,in 2L ,out ; 3R, in 2R, out

11771
1 1 1
s = /(m) ;1|H</ aull+ [ |du§1)|> (/ a1+ [ |dv£1)|>...
by i1=1 L,in EL,out ll 7£] Z:R in ER,out
do 1
([ wire [ a)-
Z:Rm ER,out

84 = H
J1; Z(err) ]1 l

(/ )+ [ Jdu |>
’L =1 L,in EL,out 7/1#

44

<.
=



where - - - stands for Hf;zl ) |du£§)| Jsm \dv§3)|, and
L R

o (2) (2) (2)
b = - /@w |HhM|II/m !

1272 ig=1
o (2) (2) (2)
o= [, 0 HIMu|I1/m l
ig=1 1272

where --- stands for Hi‘?:l (fZL- (1)| JrfEL . (1) ) (fER (1)| JrfER L U(l)|) Here we sup-

pressed the factors and integrands in d;,, for blmphﬁcatlonb They are the same as in (3.39).
We have the following estimates:

5]'1;@ < k’fl/2k§2/2(k1 + kz)(k1+k2+4)/2cg13+kzNefc(lnN)3, 1<6<4, 1< <k, (342)
and .

Ojuie < ky" 2Ry (ks 4 k) RO N e N 5 < <6 1<y < ke, (343)
for all k1,k2 > 1 and sufficiently large N, where Cy 3 is a constant satisfying the conditions described in
Notation 3.2, and ¢ > 0 is a constant appearing in (3.21) and (3.22). With these estimates, and noting that
(k1 +ko)3 < e2(k1tk2) for all kq, ko > 0 and that Ne—c(» N)? « e=eInN)*/2 o sufficiently large N, we obtain
Lemma 3.6 immediately.

It remains to show (3.42) and (3.43). We only prove one representative inequality due to their similarity.
Below we show (3.42) for j; = ¢ = 1.
We write down the full expression of 67,1,

|mw|f1 1
(err) 2T ) 11—z
z:L,in 11=

ﬁ 1/ |dv| z
o 1—2z =@ 2 1—2z

1

/ duiy)| | 2 / du,’|
s® 27 1-2z =& 2m

dofy| duf?| <%
/Zm) . 2 .Z /EL /

o k1 1 (3.44)
Nl 1_1 | AW M t1) f2(U 2) 1
z [ (V) tl)f2(v(2) ta) ‘Zw_ (Z) v(f))’
2
~’H(U(1) U®.ym V(z))‘ ) H (A(U(f))) (A(V(l )) . ‘A(U(l);V(Q))A(V(l);U(Q)) .
o (Ao vy AUD;U)A(VD,; V)

Note that, due to the assumptions of the contours,
1 1 1

< : :
T2 [S ) = o)~ Re(wl? —wo)l - [Re(uy? — wo)

e

We also use a looser bound for H, using the facts that all the contours are bounded and away from 0,
[HUO, U VO, v@)| <Ok + k)?

for all k1,ks > 1, where C' is positive constant independent of k1, ko and all the parameters. Now we use a
similar argument as in Section 3.1 and obtain

1 k1+ko—2 1
i1 < C R k) Bt (= o) a1

/ ] htdsh) yi oo 1) [
slem 21 dlst( ) |Re( —wc)| Sy 27 - dlst(u1 ) |Re( —wc)|7
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1—2z




where fy(w;te) = fo(w;te)/ f(we;ty) as introduced in (3.27), and ;s are given by

( 1 fu(usty)|[dul 2] | (s t1)|dUI>
|

9 =
! 1=z Jy,, 2r-dist(u) ' [1—2 27 - dist(u)

2L,out

. 1 ) |dv| |z| ~ |dv|
11 =2| Jsp., 2 [fi(vsty)] - dist(v) 11 =2 Jrg o 27 - [ fi(vsty)] - dist(v) )
_ | fa(us ta)[|dul ( |do| )
"= (/m 2m - dist(u) ) /zR o - | fa(v; )] - dist(v) )’

b _ ( 1 vl L I || )
L =2l Jon 27 | fr(vsta)] - dist(v) L= 2] Jrg o 27 [fa(v5t)] - dist(v)
|dv]
. </ER 27 - | fo(v; 1)) 'dist(v)) ,

and dist(w), for w € 3, in U XL, U XL out U ZRrin U Xr U R out, 1S the distance between w and the contours
ELin UELUZL out UER in UERUZR out €xcept for the one w belongs to. This dist(w) has a similar definition
as dist(¢) in Section 3.1 but with different contours.

We claim that all of the integrals appearing in ¢; values are bounded by some constant Cj 5 satisfying
the conditions described in Notation 3.2. For example, consider the first integral in 61,

/ |f1(us t1)||dul :/ |f1(ust1)||dul +/ |f1(us t1)||dul
Soa 2m - dist(u) s 2T dist(u) e 2 - dist(u)
where the first term is approximately, using (3.29),

[ IBEWIE _ o, [ )]
C'Angc'ﬂnn

dist(&) dist(&)
for some constant C’, and the second term is bounded above by, using (3.21),
c". N1/3 . e—c(ln N)3

for some constant C”, where the extra N'/3 comes from a possible large factor 1/dist(u). These two estimates
confirm the claim for the first factor. Similarly we have the claims for other factors. Thus we have

01,609,035 < Cy 5.

Using the similar estimates, we can also obtain

/ du”] At O N3 —en N
s 27 dist(ul)) - [Re(ul”) —w.)| ~

and

rs 2 2
/ |f2(ug )§t2)||du§ )| < C”’Nl/?’cg’?,
s 27 - dist(ul?) - [Re(ul® —w,)| ’

where the extra N'/3 comes from a possible large factor 1/|Re(w — w.)|. Combing all these estimates
in (3.45), we obtain (3.42) for j; = ¢ = 1. Other estimates in (3.42) and (3.43) are similar.
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