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Abstract

We consider the totally asymmetric simple exclusion process on a ring with flat and step initial
conditions. We assume that the size of the ring and the number of particles tend to infinity proportionally
and evaluate the fluctuations of tagged particles and currents. The crossover from the KPZ dynamics
to the equilibrium dynamics occurs when the time is proportional to the 3/2 power of the ring size. We
compute the limiting distributions in this relaxation time scale. The analysis is based on an explicit
formula of the finite-time one-point distribution obtained from the coordinate Bethe ansatz method.

1 Introduction

Consider interacting particle systems in one-dimension in the KPZ universality class such as the asymmetric
simple exclusion processes. The one-point fluctuations (of the location of a particle or the integrated current
at a site, say) in large time ¢ are of order t'/3 if the system size is infinite and converge typically to the
Tracy-Widom distributions. These are proved for the totally asymmetric simple exclusion process (TASEP),
the asymmetric simple exclusion process (ASEP), and a few other related integrable models for a few choices
of initial conditions (see, for example, [22, 11, 39, 1]; see also [14] for a survey). On the other hand, if the
system size is finite, then the system eventually reaches an equilibrium and hence the one-point fluctuations
follow the #!/2 scale and the Gaussian distribution. In this paper we assume that the system size L grows
with time ¢ and consider the crossover regime from the KPZ dynamics to the equilibrium dynamics. In the
KPZ regime, the spatial correlations are of order ¢2/3. Hence if the system size L is of order t2/3, then all of
the particles in the system are correlated. This suggests that the transition, or the relaxation, occurs when
t = O(L3?) [21, 16, 24, 12, 20, 30].

We focus on one particular model: the TASEP on a ring. A ring of size L is identified as Z; = Z/L
which can be represented by the set {0,1,---,L — 1}. The point L is identified with 0. We assume that
there are N particles, and they travel to the right following the usual TASEP rules, but a particle at site
L —1 can jump to the right if the site 0 is empty, and once it jumps, then it moves to the site 0. The TASEP
on a ring is equivalent to the periodic TASEP. In the periodic TASEP, the particles are on Z such that if a
particle is at site 7, then there are particles at sites i +nL for all n € Z, and if a particle at site 7 jumps to the
right, then the particles at sites ¢ +nL, n € Z, all jump to the right. A particle in the TASEP on a ring is
in correspondence with an infinitely many particles of the periodic TASEP each of which encodes a winding
number around the ring of the particle on the ring. We also note that if we only consider the particles in one
period in the periodic TASEP, then their dynamics are equivalent to the TASEP in the configuration space

Xn(L) :={(z1,22, - ,zN) € ZN ixy < a9 <o <N <31 + L}. (1.1)
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The difference is that there are N particles in the TASEP in X (L) while the periodic TASEP has infinitely
many particles. We use three systems, the TASEP on a ring, the periodic TASEP, and the TASEP in Xx (L),
interchangeably and make comments only if a distinction is needed.

As for the initial conditions, we consider the flat and step initial conditions. The number of particles
in the ring of size L is denoted by N where N < L. We consider the limit as N, — oo proportionally
and time ¢ = O(L3/?), and prove the limit theorems for the fluctuations of the location of a tagged particle
in the periodic TASEP and also the integrated current of a fixed site. We show that the order of the
fluctuations is still '/3 as in the KPZ universality class but the limiting distributions are changed, which
we compute explicitly. The limiting distributions depend continuously on the rescaled time parameter 7
which is proportional to tL=3/2. For the step initial condition, the limiting distribution depends on one
more parameter. Due to the ring geometry, the rightmost particle eventually meets up with the leftmost
particle which is in a high density profile due to the step initial condition, and therefore there is a shock.
The shock travels with speed 1 — 2p on average where p = N/L is the average density of particles, while
the particles travel with speed asymptotically equal to 1 — p on average. Hence due to the ring geometry,
a particle meets up with the shock once every O(L) time. For t < L3/2 the fluctuations of the number of
jumps by a particle are distributed asymptotically as the GUE Tracy-Widom distribution Fgyg, as in the
L = oo case, if the particle is away from the shock. However, if the particle is at the same location as the
shock at the same time, the fluctuations are given by (Fgug)?. (To be precise, for t = O(L), they are given
by Faur(z)Faup(cz) for some positive constant ¢ which depends on ¢/L. For L < t < L/, the constant
¢ is 1.) The change from Foyg to (FGUE)2 at the shock is a similar phenomena to the anomalous shock
fluctuations studied by Ferrari and Nejjar [17] for the TASEP on the infinite lattice Z (see also Section 2
below.). In the relaxation time scale t = O(L3/2), the effect of the shock becomes continuous in the following
sense. If we introduce a parameter v to measure the scaled distance of a tagged particle to the shock, or
equivalently the scaled time until the next encounter with the shock, then the fluctuations of the location of
a tagged particle converge to a two-parameter family of limiting distributions depending continuously on 7
and ~. The limiting distribution for the flat initial condition in the relaxation time scale, on the other hand,
depends only on 7.

In order to prove the asymptotic result, we first obtain an explicit formula for the finite-time distribution
function for the location of a particle in the TASEP in X (L) by using the coordinate Bethe ansatz method[7,
21, 36, 38]. Namely, we first solve the Kolmogorov equation explicitly and obtain the transition probability
by solving the free evolution equation with appropriate boundary conditions and initial condition. The
condition xy < x1 + L gives an extra boundary condition compared with the TASEP on Z. We then sum
over all but one particle to obtain a formula for the finite-time distribution function for one particle for
general initial condition. This formula can be further simplified for the flat and the step initial conditions
which are suitable for asymptotic analysis. The final formula for the finite-time distribution functions is given
in terms of an integral involving a Fredholm determinant on a finite discrete set (see Section 7 below). If we
take L, N — oo while fixing ¢ and the other parameters, the discrete set becomes a continuous contour and
we recover the Fredholm determinant formulas for the TASEP on Z for the step and flat initial conditions
[22, 9, 11].

We only discuss the relaxation time scale in this paper. The results for sub-relaxation time scale, t < L3/2,
are discussed in a separate paper [4], and those for super-relaxation time scale, ¢ > L3/2 will appear in an
upcoming paper.

The TASEP on a ring was studied in several physics papers. The relaxation time scale t = O(LS/ 2) was
first studied by Gwa and Spohn [21]. They considered the eigenvalues of the generator of the system using
the Bethe ansatz method, and argued through numerics that the spectral gap is of order L=3/2. This can be
interpreted as an indication that the relaxation scale is t = O(L?/?). The spectral gap was further studied



in [19, 18]. The method of [21] was extended by Derrida and Lebowitz [16] to compute the large deviations
for the total current by all particles in the super-relaxation scale t > L3/2 (see also [15, 37] for survey).
Using a different Bethe ansatz method, namely the coordinate Bethe ansatz, Priezzhev [29] computed the
finite-time transition probability for general initial conditions by adapting the analysis of Schiitz [36] for the
TASEP on Z. The result was given in terms of a certain series, and it was further refined in [27]. A different
approach to find the transition probability was also presented in [28]. However, the asymptotic results for
currents and particle locations in the relaxation time scale were not obtained from the finite-time transition
probability formulas. Some other heuristic arguments and non-rigorous asymptotic results can be found in
[24, 12, 20, 30].

More recently, Prolhac studied the bulk Bethe eigenvalues, not only the spectral gap, in detail in the
thermodynamic limit [31], and also in the scale L~3/2, the same scale as the spectral gap [32, 33]. Using these
calculations, and assuming that (a) the eigenfunctions obtained in [31, 32, 33] form a complete basis and
(b) all the eigenstates of order L=3/2 are generated from excitations at a finite distance from the stationary
eigenstate, he computed the limiting distributions for the current fluctuations in the relaxation time scale
[34]. The assumptions are not proved and the analysis of [34] are not rigorous. (The completeness is proved,
however, for discrete-time TASEP [28] and also for ASEP for generic asymmetric hopping rate 0 < p < 1/2
[13].) Prolhac obtained the results for flat, step, and stationary initial conditions when L = 2N. In this
paper, we consider the flat and step initial conditions for more general L and N, and obtain rigorous limit
theorems for the tagged particles and the currents. The stationary initial condition can also be studied by
the method in this paper, and it is discussed in a separate paper [25]. Even though our paper also uses the
Bethe ansatz method, the approach is different: Prolhac computed the eigenfunctions of the generator and
diagonalize the generator while we compute the transition probabilities using coordinate Bethe ansatz and
compute the finite-time one-point distribution explicitly. The formulas of the limiting distributions obtained
in this paper and Prolhac’s share many similar features (compare (4.2) and (4.10) below with equation (10)
of [34]), and the numerical plots show that the functions do agree. However, it is still yet to be checked that
these functions are indeed the same. We point out that our work was done independently from and at the
same time as Prolhac’s paper; we have obtained all the algebraic results and the asymptotic results for the
step initial conditions by the time when Prolhac’s paper appeared.

Before we present the main results, we discuss a heuristic argument about the relaxation time scale in
terms of a periodic directed last passage percolation in Section 2. However, the materials in Section 2 are
not used in the rest of the paper. The main asymptotic results of this paper are presented in Section 3 and
the limiting distributions are described in Section 4. The finite-time formulas are given in Section 5 for the
transition probability and in Section 6 for the one-point distribution function for general initial conditions,
respectively. The last formula is further simplified in Section 7 for the flat and step initial conditions. The
formulas in Section 7 are analyzed asymptotically in Section 8 giving the proofs for the main theorems for
the tagged particles in Section 3. Some technical lemmas for the asymptotic analysis are proved in Section 9.
Finally, Theorem 3.4 for the current for the step initial condition is proved in Section 10.
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2 Periodic DLPP

There is a natural map between the TASEP and the directed last passage percolation (DLPP) model (see,
for example, [22]). We do not use this correspondence in the rest of the paper. However, the DLPP model
provides a heuristic way to understand the relaxation time scale t = O(L3/?) and the fluctuations, and
we discuss them in this section. Some of the following arguments, especially for the limit theorems for
sub-relaxation time scale, can be proved rigorously. See [4] for more details.

DLPP models are defined by the weights w(p) on the lattice points p € Z2. We assume that the weights
are independent exponential random variables of mean 1. For two points ¢ and p in Z2 where c is to the left
and below of p, the point-to-point last passage energy from c to p is defined as G.(p) := max, F(n) where
the maximum is taken over the weakly up/right paths 7 from ¢ to p and the energy of path 7 is defined by
BE(r) == >_,c, w(q). Note that G.(p) has the same distribution as Go(p — ¢) by translation. We use the
notation p = (p1,p2) — 00 to mean p; — oo and ps — oo. A fundamental result for the point-to-point last
passage energy for the exponential weights is that [22]

Go(p) — d(p)

S(p) = XGUE (2.1)

in distribution as p — oo where xgug is a GUE Tracy-Widom random variable and the term d(p) is given
by
d(p) = (Vpr +vp2)*,  p=(p1,p2), (2.2)

which implies that d(p) = O(|p|). The other term s(p) satisfies O(|p|'/?), implying that the “shape fluctu-
ations” of Go(p) is of order O(|p|'/?). Moreover, the maximal path 7 for Go(p) is concentrated about the
straight line from 0 to p within the order O(|p|?/3) [23, 2, 6]. We call this deviation of the maximal path
from the straight line the transversal fluctuations.

Now consider the periodic TASEP. In the map between the TASEP and the DLPP, The weight w(p) for
DLPP at p = (p1, p2) represents the time for the particle ps to make a jump from site p; — ps to p1 — pa + 1
once it becomes empty. Hence the DLPP corresponding to the periodic TASEP has the periodic structure:

w(p) =w(q) if p—qg=(L—N,—-N). (2.3)

The initial condition for the periodic TASEP is mapped to a boundary condition for the periodic DLPP.

Among the two initial conditions, we consider the step initial condition for the periodic TASEP in de-

tail since it gives a richer structure. Assume that the initial condition of the periodic TASEP is of type

--+,1,1,1,0,0,1,1,1,0,0,1,1,1,0,0, - - - in which IV consecutive particles are followed by L — N empty sites.
—_— Y —

Then theLboundaryLof the DLIf’P model is of staircase shape as shown in Figure 1. The weights are zero
to the left of this boundary. The non-zero weights satisfy the periodic structure (2.3), or otherwise are
independent exponential random variables of mean 1. See Figure 1.

Let H(p) denote the last passage energy to the lattice point p (from any point on the boundary). Then
H(p) is related to the current of the periodic TASEP: If we set the corner ¢; in Figure 1 as the point (1,1),
then the x;(t) — 2;(0) > j if and only if H(j, N —i+ 1) <t for 1 <i < N. We now assume that N, L — oo
proportionally and consider H(p) as p — co. The limit p — oo is closely related to the limit as time ¢ — oo
for the periodic TASEP.

Due to the boundary shape, we see that H(p) = max. H.(p) where H.(p) denotes the point-to-point last
passage energy from c to p in the periodic DLPP and the maximum is taken over all bottom-left corners ¢ of
the boundary staircase. See Figure 1. Consider a corner ¢. Note that |p—c| = O(|p|). Due to the periodicity
of the weights, H.(p) is different from G.(p) for which all weights are independent. However, the transversal
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Figure 1: A part of the periodic DLPP with step Figure .2: T}.1e m.aximal pat.h. stays within the
initial condition for L = 7, N = 3. The blocks dashed lines with high probability. Note that the

with the same number are identical copies of each parts of the two blocks with number 2 within the

other. On the other hand. the blocks with different dashed lines do not overlap if we translate one block
numbers are independent? to another. Therefore the weights in the dashed

lines are independent.

fluctuation for G.(p) has order O(|p—c|?/?) = O(|p|*/?), and if L >> |p|?/3, then the weights in the O(|p|?/3)-
neighborhood of the straight line from ¢ to p for the periodic DLPP are independent. See Figure 2. This
suggests that H.(p) ~ G.(p) if L > |p|?>/?, and hence H(p) ~ max, G(p). From (2.2), it is direct to check
that the set = (21, 22) € R satisfying d(z) < r is a strict convex set for every > 0. This implies that, due
to the geometry of the staircase boundary, max. d(p—c) is attained either at a single corner or at two corners.
See Figure 3. The thick diagonal curves in Figure 3 are the set of points p at which max,. d(p — ¢) is attained
at two corners. Explicitly, they are the curves given by (vVz —c1 + vy —c2)? = (Vo —d + /y —ch)?
where ¢ = (¢1,¢2) and ¢ = (¢}, ¢}) are neighboring corners. These curves are asymptotically straight lines

of slope (p/(1—p))?. In the periodic TASEP, these curves corresponds to the trajectory of the shocks in the
space-time coordinate system. We call these curves the shock curves for the periodic DLPP.

If max.d(p — c) is attained at a single corner ¢y, then H(p) ~ G.,(p). Moreover it is easy to check
from (2.2) that for a neighboring corner ¢, d(p — ¢o) — d(p — ¢) = O(L?/|p|) which is greater than the
order |p|*/? of the shape fluctuations of G, (p) if L > [p|?/®. Hence our heuristic argument implies that
H(p) ~d(p — co) + 5(p — co)xcur when L > [p|?/3.

On the other hand, if max, d(p—c) is attained at two corners, then H (p) is the maximum of two essentially
independent random variables and hence we find H(p) =~ d(p — co) + s(p — co)xgugz where xgug2 is the
maximum of two independent GUE Tracy-Widom random variables with different variances.

The above heuristic argument is made under the assumption that |p|2/ 3 « L, which corresponds to the
condition L > t2/3 in terms of the periodic TASEP. It is possible to make the above argument rigorous. See
[4] for more details.

Now for |p|>/? = O(L), it is no longer true that H.(p) ~ G.(p) for each ¢ since the maximal path is
not necessarily concentrated in a domain where the weights are independent. This also implies that H.(p)
and H. (p) for neighboring corners ¢, ¢’ are not essentially independent. Moreover, even if max.d(p — ¢) is
attained at a single corner cg, we have d(p — co) — d(p — ¢) = O(L?/|p|) = O(|p|*/?) for a neighboring corner
c and this is the same order of the shape fluctuations of G,,(p). Hence we expect that H(p) = max. H.(p)
results from the contribution from O(1)-number of the corners ¢ near ¢y. Furthermore, the fluctuation of
H (p) depends on the relative location of p from the shock curves: see Figure 4. Indeed the main result of this
paper in the next section (written for the periodic TASEP) shows that the fluctuations of H(p) depend on
two parameters in the limit p = O(L3/?) — co. The first one is p/L3/2, which corresponds to 7 in the main
theorems and measures the location of p in the (1, 1)-direction: If this parameter is larger, then the maximal
path deviates more and the correlation between H.(p) and H. (p) is stronger. The second parameter is the
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Figure 3: The thick diagonal curves are the shock

curves. They are only asymptotically straight lines.

In the left picture, p is not on the shock curve and Figure 4: For |p| = O(L3/2), H(p) = max. Hc(p)
d(p —¢) > d(p — ). In the right picture, p is on is a maximum of correlated random variables
the shock curve and d(p — ¢) = d(p — ¢’). H.(p). The fluctuations depend on the relative dis-

tance of p to the shock curves.

relative distance of p to the shock curves, which corresponds to the parameter v — 1/2 in the main theorem
and measures the location of p in the (1, —1)-direction. From Figure 4, the distribution should be symmetric
under v — —y and v — v+ 1.

For the flat initial condition, there are no shock curves and there is no dependence on . The fluctuation
depends only on 7.

3 Limit theorems

Now we present our main asymptotic results.

3.1 Tagged particle for flat case

We consider the TASEP on a ring of size L with N particles. The particles jump to the right. Fix d € Z>s.
Let L and N be integers and satisfy dN = L. Assume that the particles are located initially at

Hence d denotes the initial distance between two neighboring particles. We extend the TASEP on a ring to
the periodic TASEP on Z by setting

x;(t) == z4n(t) + L, JEZ. (3.2)
We also denote by
N 1
_ 3.3
p=T=7 (3.3)

the average density of particles. Then we have the following limit theorem in the relaxation scale.

Theorem 3.1. Fiz d € Z>5 and set p=%. Consider L € dZ and set N = pL = L/d. Set

t = 77- L3/2 (3'4)
p(L—p)
where T € Rsq is a fized constant denoting the rescaled time. Then the periodic TASEP associated to the
TASEP on a ring of size L with the flat initial condition (3.1) satisfies, for an arbitrary sequence k = kr,
satisfying 1 < kp < N,

. (zk(t) — 2x(0)) — (1~ p)t _ :
Jlim P ( IR PR —x) =FR((r'PaT),  zeR (3.5)




Here Fy(x; 1) is the distribution function defined in (4.2) below.

In terms of the TASEP on a ring, x(¢t) — z(0) in (3.5) represents the number of jumps the particle with
index k£ made through time t.

The scaling in (3.5) is same as the sub-relaxation time scale and also as the TASEP on Z. See, for
example, (1.3) of [11] for p = 1/2 case (there is a small typo in this formula: the inequality should be
reversed.)

Remark 3.1. Theorem 3.1 holds for any fized p € {d~' : d = 2,3,---}. However, by applying the duality
of particles and empty sites in the periodic TASEP, it is easy to check that the theorem also holds for
pe{l—d*t:d=23,---}.

3.2 Current for flat case

Let J;(t) denote the number of particles that had passed the interval (i,7 + 1), or the (time-integrated)
current at site ¢. Due to the flat initial condition, it is enough to consider the current at one site, say at
1 =0.

Theorem 3.2. Fiz d € Z>2 and let p be either é orl— é. Consider L € dZ and set N = pL. Set

e —" T (3.6)

p(L—p)

where T is a fized positive number. Then for the TASEP on the ring of size L with flat initial condition of
average density p,

. Jo(t) = p(1 = p)t 1/3,,.
nggop(pQ/?)(l—p)?/%l/?’ >z ) =F (B 7), x € R. (3.7)

Here the flat initial condition means (3.1) when p < 1/2. For p > 1/2, it means that initially the sites
jd, 7 =1,--- , N, are empty and the other L — N sites are occupied by particles.
For p € {d~':d=2,3,---}, the above result follows immediately from Theorem 3.1 by using the simple
relation
P(x(t) > 4L+ 1) =P(Jo(t) > {N — k+ 1) (3.8)
forall 1<k < Nand/=0,1,2,---. The result for p € {1 —d~! :d =2,3,---} follows by noting that Jy(t)

is symmetric under the change of the particles to the empty sites.

3.3 Tagged particle for step case
Consider the TASEP on a ring of size L with the step initial condition

Here we represent the ring as {—N + 1,—N +2,--- |L — N}. We define the periodic TASEP by setting
zj(t) =xj4n(t) + L, j € Z, as before.
The notation [y] denotes the largest integer which is less than or equal to y.

Theorem 3.3. Fix two constants ¢; and co satisfying 0 < ¢ < co < 1 and set

B(ci,c2) :={(N,L) € Z%, : 1L < N < oL} (3.10)



Let (N, Ly,) be an increasing sequence of points in B(c1,ca) which tends to infinity, i.e. N, — 00, L, — 00
as n — 0o. Set

pn = Np/Lp (3.11)

which satisfies py, € [c1,ca] by the definition of B(c1,c2). Fiz v € R and let vy, be a sequence of real numbers
satisfying

Yo =+ O(L;Y?). (3.12)
Set
L, T/ Pn 1 ] L, L, ky
ty = 0 | L2 +n+<1> 3.13

where T € Ry is a fized constant. Then the periodic TASEP associated to the TASEP on a ring of size L,
with the step initial condition (3.9) satisfies, for an arbitrary sequence of integers ky, satisfying 1 < k, < Ny,

n—oo

> _ 1/3,.. )
on (1= pu)2 /) - x) felr el G

for every fixed x € R. Here Fy(x;71,v) is the distribution function defined in (4.10) below: It satisfies
Fy(x;7,y) = Fe(x;m,v+ 1) and Fo(x; 7, —v) = Fa(x;7,7).

The term (1 — py) Ly (1 — kn/Ny) = p (1 = pn)(Ny — ky) in (3.14) is due to the delay of the start time
of the particle indexed by k,,: the particle with smaller index starts to jump (due to the initial traffic jam)
at a later time, and hence the number of jumps, =, (t,) — =, (0), through the same time ¢, is smaller as
we see in (3.14).

The scaling (3.13) of time has the following interpretation. The shocks for the periodic TASEP with step
initial condition are generated at a certain time, max {zﬁT’;’ ﬁ} on average, and then move with speed
1 — 2p,, on average to the right. This can be seen either from the periodic DLPP in Section 2 or by solving
the Burgers equation. On the other hand, the particles move to the right with speed which is asymptotically
equal to 1 — p,, on average, which can be seen, for example, from the leading term (1 — p,,)t, in (3.14). Since
pth" times on

n

the relative speed of a particle to the shocks is p,, a particle have encountered the shocks
average after time ¢,. Let us write (3.13) as

Pnln TVPn  11/2 kn
_ L bl o 3.15
I [ Tl :|+’}/ -5 (3.15)

and consider its integer part and the fractional part. The above theorem shows that the limit is the same if
~r, is shifted by integers. Hence we may take +,, so that v, +1— J%L € (—1/2,1/2]. Then {%L}/ﬂ is the
integer part of (3.15), and it represents the number of encounters with shocks by time ¢,. This depends on
7, but not on ,. The fractional part v, +1 — J%’ on the other hand, represents the relative time remaining
until the next encounter with a shock. Here the term 1 — £ is again due to the time delay by the particle

Ny,
indexed by k.

3.4 Current for step case

Theorem 3.4. Fiz two constants ¢; and co satisfying 0 < ¢1 < ¢o < 1, and let (N,, L,) be an increasing
sequence of points in B(cy, ca) which tends to infinity. Set p,, := Ny, /L,,. Then the TASEP on a ring of size
L,, with step initial condition (3.9) satisfies the following results where T € Rso,v € R, and x € R are fized
constants.



(a) Suppose p, =1/2+ O(L,'). Let

mo = Lal, v € (=1/2,1/2] (3.16)
and set
t, = 27L3/2. (3.17)
Then we have
I (tn) — t, /4 nl/2
lim P "g/3) [+ ‘T/S'/ > —z | = Fy(r3z;7,7). (3.18)
e prl (1 = pn)?/ 3ty

(b) Suppose |pn —1/2| = |Ny /L, —1/2| > ¢ for a constant ¢ > 0 for all n. Let m,, be an arbitrary sequence
of integers satisfying —N, +1 <m,, < L, — N,, and set

L 1-2 L
fy = —n 1= 2ul7_paje| _ dLn | (3.19)
11 =2pu| | \/pn(1— pn) 1-2p, 1-2p,
for v € R. Then we have
m tn*nlfntn n 2* 1*271, n2
i [ Jat) = o= pt  mal/2 = (= 2dmaf2 N\ s g
n—o00 pi/3(1 *pn)2/3t}/3

The proof is given in Section 10.

In the above, we have a different parametrization of time from (3.13). This is because the site is fixed,
and hence the shock, which travels with speed 1 — 2p,,, arrives at the given site once every ufT"pn‘ units of
time on average, if p, # 1/2. If p, = 1/2, the shock stays at the same site for all time on average.

4 The limiting distribution functions

In this section we describe the limiting distribution functions appeared in the main theorems in the previous
section. Throughout the paper, log denotes the usual logarithm function with branch cut R<g. Let Lis(2)
be the polylogarithm function. It is defined by Lis(2) := > ,o ;—k for 2] < 1, s € C, and it has an analytical
continuation

Li(z)—z/ooxs_ldx »€C\R (4.1)
NT(s) Sy et —2z =b )

if Re(s) > 0.

4.1 The flat case

The limiting distribution for the flat case is defined by, for 7 > 0,

Fi(z;7) = ¢ et DHmA2()+4s()+B(2) oy (1 - /C<1>) L er (4.2)
’ ? ) 2wz’
The contour of integration is any simple closed contour in |z| < 1 which contains the origin inside. The
terms involved in the formula are defined as follows.
Set

Ay(z) = —\/%Lie,p(z), As(2) 1= —%Q?Lim(z), Asz) = —plog(1l-2),  (43)
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Figure 5: Picture of S 1ot (points with negative real part) and S ;igh (points with positive real part) when z = 0.5¢'.

and

B(z) := ﬁ /OZ (Lil/;(y»dy. (4.4)

The integral for B(z) is taken over any curve in C\ R>;. These four functions are analytic in z € C\ R>1.
The operator ngl) acts on 62(5’2,1,3“) where S joft is the discrete set defined by

Sirey ={£ € C: e=€/2 = z,Re(€) < 0}. (4.5)

See Figure 5 for a picture. It is easy to check that S, jef is contained in the sector arg(§) € (3n/4,57/4) in
the complex plane and it has the asymptotes arg(§) = +i37/4. In order to define the kernel of the operator
ICQ), we first introduce the function

3

W

Here —oo denotes —oo + i0 and the integration is taken along a contour from —oo to £ which lies in the
sector arg(w) € (3w/4,5m/4). Note that e=w*/2 ¢ R>4 for w in this sector, and hence Lil/g(e*“ﬂ/z) is defined
for such w. Also note that from the definition of the polylogarithm function, Li; 5(s) = O(s) as s — 0.

U, (&x,T) = —7753 + x€ — Lil/g(e_wz/Q)dw, arg(€) € (3n/4,5m/4). (4.6)

Therefore, the integral in (4.6) is convergent. We finally define the kernel of IC,(Zl) by

eqlz (51 ?"E’T)‘i’qlz (52 59377')

(61, 6) = KD (€1 G m) = ——p gy

£1,& € 5 tett- (4.7)

To show that ICgl) is a bounded operator and its Fredholm determinant is well-defined for |z| < 1, it is
enough check that e¥=(&%7) — ( exponentially fast as |€] — oo on the set S, lefy. Since the asymptotes of
the set S. et are the lines arg(§) = +i3w/4, we see that Re(—17&% 4 x€£) — —oo like a cubic polynomial in
the limit. On the other hand, the integral term in the formula of W, (£; 2, 7) is of order O(£71) since

2 log (1 — 2" /2) dw
m/ Lijjo(e™ /Q)dw = /R ()0 (w—f)Qﬂ'i’ § € 52 left) (4.8)

here and in the rest of this paper, the orientation for the line Re(w) = 0 in the integral fRe(w):O is from
0 —ico to 0 4 ico. The above identity can be checked by using the power series expansions of the integrands
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Figure 6: Left: The three dashed curves are the density functions of F (71/3x; 7) for 7 =1, 0.5, 0.1 from left to right. The
solid curve is the density function of Fgog(22/3x).

Right: The dashed curves are the density functions of F} ( -7+ ”\1//; 71/2g: 'r) for 7 = 0.1, 0.5, 2.5 from left to right. The solid

curve is the standard Gaussian density function.

e(*u2+w2)/2 dw
w—u 27

and noting that \/% I e—w/2dy — fRe(w):O for all u satisfying arg(u) € (3w/4,57/4). It is

also easy to see that the Fredholm determinant det (I — ngl)) is uniformly bounded for all z in a compact
subset of |z| < 1, and it is analytic in |z| < 1 since the set S, jor, depends on z analytically. We therefore
conclude that Fj(x;7) in (4.2) is well defined, and is independent of the choice of the contour.

As mentioned in Section 1, the distribution function Fj(x;7) agrees well with Prolhac’s formula (10) in
[34] if we evaluate the functions numerically. However, the rigorous proof that they are the same is still
missing.

The function F}(x;7) satisfies the following properties:
(a) For each 7 > 0, Fy(x;7) is a distribution function. It is also a continuous function of 7 > 0.

The only non-trivial part is to show that Fy(x;7) — 0 as * — —o0, and this can be proved by comparing

the periodic TASEP with the TASEP on Z and using the known properties for the later. A proof for the

stationary initial condition is given in Appendix of [25]. The flat and step initial condition cases are similar.
In addition, a formal calculation using the explicit formula of F; indicates that the following is true.

(b) For each z € R, lim,_,o Fy (7Y/32;7) = Faop(2?/z).

(c¢) For each z € R,
lim F T i 12, - 1 ’ -v*/2g 4.9
—T+ —7 ; = — . .
1o ( NG T ) \/T/ e Y (4.9)

These are consistent with the cases of the sub-relaxation scale t < L3/2 and the super-relaxation scale
t > L3/2. These properties will be discussed in a later paper [3]. See Figure 6.

The one-parameter family of distribution functions, Fj (7‘1/ 3x;7), interpolates Fgor and the Gaussian
distribution function. There are other examples of such families of distribution functions in different contexts
such as the DLPP model with a symmetry [5] and the spiked random matrix models [26, 8]. However, the
distribution functions F;(7/3x;7) seem to be new.

4.2 The step case
The limiting distribution function for the step case is defined by, for 7 > 0 and v € R,

Fy(z;1,7) = %e“”Al(zHTAz(z)HB(Z) det (I - IC@) ;—?, z €R. (4.10)
miz
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2
Figure 7: Left: The dashed curves are the density functions of F» (Tl/3x - Z—T;‘r, 'y) for fixed 7 = 0.1 and three different

values of v = 0.2, 0.4, 0.5 from left to right. There are two solid curves. They are the density functions of Fgyg(z) (left) and
Fgug(x)? (right).

Right: The dashed curves are the density functions of Fp( — 7 + %7—1/21; 7,7) (dashed curves) for fixed v = 0.2 and three
values of 7 = 0.05, 0.25, 1 from left to right. The solid curve is the standard Gaussian density function.

The integral is over any simple closed contour in |z| < 1 which contains the origin inside. The functions
A1(2), A2(z) and B(z) are same as the flat case. The operator K2 acts on the same space 0%(S; 1ett) as in
the flat case, and its kernel is given by

e®= (€152, 7)+®2 (32, 7)+ 3 (63 —n?)

En(&r +n)(n + &)

K:,(ZQ) (§1a§2) = K:g2)(51,£2;x77-7 ’7) = Z ) §1a§2 S Sz7left7 (411)

WGSz ,left
where

1 2 [¢
(1)2(5;1',7') = _77-53 + {)3§ - \/>/ Lil/2(€_w2/2)dw> f € Sz,left- (412)
3 T J_ oo
The function ®,(&;z,7) is same as the function U, (&;x,7) for the flat case, except that the coefficient of
the integral part is doubled. As before, the operator and its Fredholm determinant are well-defined. The
function Fy(x;7,7) is well defined as well, and is independent of the contour.
The function Fy(x;7,7) satisfies the following properties:
(a) For fixed 7 and v, Fa(x;7,7) is a distribution function. It is a continuous function of 7 > 0 and v € R.

(b) Fy(x;7,7) is periodic in v: Fy(z;7,7v) = Fo(z; 7,7+ 1).

(¢) Fa(w;7,7y) = Faz; 7, —).

The property (a) is similar to the flat case. For the properties (b) and (c), note that v appears only
as e3 (&= in ICEQ) in the formula of Fy(z;7,7v). Since e=€i/2 = » and e /2 = 2 for &1 € S:eft and
7 € S right, We obtain the property (b). On the other hand, the property (c) follows by observing that Jos
is the product of two operators and then using the identity det(I — AB) = det(I — BA).

It is believed that the following additional properties hold. See Figure 7.

(d) For each fixed € R and v € R,
2 Fove(x), —-1/2 <y <1/2,
lim F, <71/3x—7;r,v> ={ vele: et (4.13)
70 AT (Foup(®))”,  v=1/2,
where Faug is the Tracy-Widom GUE distribution.

(e) For each fixed x € R and v € R,

lim Fy (TJr L/4:177'1/2;7', ’y) = L /I eny/Zdy. (4.14)
T—00 \/5 V2 o
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The limit (Fgyg)? in (4.13) when v = 1/2 + Z is due to the fact that in the large sub-relaxation time scale
L < t < L*/? the limiting distribution is (Fgyg)? if the tagged particle and the shock are at the same
location (see Section 2).

5 Transition probability for TASEP in Xn(L)

As mentioned in Introduction, if we only consider the particles in one period in the periodic TASEP, their
dynamics are equivalent to the dynamics of the TASEP (with N particles) in the configuration space

XN(L) = {(.131,.232,"' ,Z‘N) EZlel <Xy < -+ <IN <.131—|—L}. (51)

In this section we compute the transition probability for the TASEP in X (L) explicitly for general initial
condition. As in [36, 35, 38], we solve the the Kolmogorov equation by solving the free evolution equation
with appropriate boundary conditions, which arise from the non-colliding conditions in the Kolmogorov
equation, and an initial condition. The change of the TASEP on Z to the TASEP in the configuration space
Xn (L) is an additional non-colliding condition zy < 7 + L. This results in an extra boundary condition
for the free evolution equation, and introduces a new feature to the solution.

Let Py (X;t), for X,Y € Xn(L), denote the transition probability that the configuration at time ¢ is X
given that the initial configuration is Y. We have the following result.

Proposition 5.1. For z € C, define the polynomial of degree L,

¢(w) = w™ (w4 DIV - 2, (5.2)
and denote the set of the roots by
R, ={weC:q (w)=0} (5.3)
Then, for X = (z1,-- ,zny) € Xn(L) and Y = (y1, - ,yn) € Xn(L),
N
1 wI T (w4 1) Tt glw dz
Py (X;t) = ¢ det | — . 4
v(X51) %e lLZ w+p 2miz (54)
weER, ij=1

The integral is over any simple closed contour in |z| > 0 which contains 0 inside and p :== N/L.

Let us check that the integral does not depend on the contour. Since ¢.(0) = ¢.(—1) = —2z% # 0,
the points 0 and —1 are not in the set R, for every z # 0. Moreover, for |z| # p?(1 — p)1=F, we see
that —p ¢ R,. Therefore, the entries in the determinant in (5.4) are well defined for z # 0 satisfying
|z| # pP(1 — p)*~P. Note that since ¢.(w) = L(w + p)w™N "1 (w + 1)2=N=1all roots of ¢,(w) are simple for
z # 0 satisfying |z| # p?(1 — p)!=7. Hence R, consists of L points for such z. We now show that the entries
in the determinant have analytic continuations across |z| = p?(1 — p)'=?. The entries are of form

1 —N+1 1 —L+N+1F F
L SR (L2 w _ 5 Fw) 65
weER, w+p wER. qz(w)
where
F(w) = w! =N (w4 1)@ty LoN=1tw (5.6)

The function F(w) is analytic for w € C\ {—1} since j —i+ N >0 forall 1 <i,57 < N. Since w = —1 is
not a zero of ¢, (w) for every z # 0, we obtain by the residue theorem,

3 F(w) :ﬂ{ F(w)dw_f1 F(w) dw (5.7)

S5 ¢i(w) wt1|=r =(W0) 21 Jjyq1j=c ¢(w) 27

13



where R is large and e is small so that all roots of g, (w) lie inside the annulus € < |w + 1| < R. Since we
may take R arbitrarily large and e arbitrarily small, we find that the right-hand side of (5.7) is analytic in
|z| > 0. Therefore the entries in the determinant in (5.4) have analytic continuations in |z| > 0, and the
formula (5.4) does not depend on the contour.

Remark 5.1. The formula (5.4) is reduced to the transition probability for the usual TASEP on Z if L >
TN — 1 + 2. In this case, —x; +y; +i—j+L —N—12>0 for all i,j, and hence F(w) in (5.6) above is
entire. Thus, the integral over lw+ 1| = € in (5.7) is zero. On the other hand, the first integral is, for a fized
R, analytic for |z| <r since as z — 0, the roots of q,(w) converge to 0 and —1. Here r is any fized positive
constant such that r* < max|1)=g |[w™ (w + )X N|[E=N_ Thus by the residue theorem the integral over z
in (5.4) is same as the integrand evaluated at z = 0, and hence (5.4) becomes

det

N
o d
% wl T (w 4 1) Tt T gt w . (5.8)
|lw|=R 27‘1’1 o
3,j=1
After the change of variables w+1 = 1/¢, we find that (5.4) becomes

j—i e~y “1o1) d§
det [?2_6,(1 L S et i

This is same as the formula for the transition probability of the TASEP on Z obtained in [36, 38].

(5.9)

Proof of Proposition 5.1. For an N-tuple X = (21, %0, -- ,2x) € ZV, set
Xi = (xl,l"z,"' s Tim1,Ti — L Tiqq, ,xN), 1<i<N.
The transition probability Py (X;t) is the solution to the Kolmogorov equation

d

N
T =Y (Py(Xist) — Py (X;1)) Ox,exn (1) (5.10)
=1

with the initial condition Py (X;0) = dy (X).
Following the idea of Schiitz, and Tracy and Widom, we consider the function u(X;t) on Z¥ x Rx
(instead of Xn (L) x Rx() satisfying the new equations (called the free evolution equation)

N
—u (Xit) = (u(Xist) —u(X;t)), X ezV, (5.11)
=1

together with the boundary conditions

w(xy, w1, im1 + L, Tiq1, 0 N t) = w(@y, 0 i1, Tie1, Tig1, 0 TN L) (5.12)
fori=2,---,N, and

w(zy,x2, - ,xn—1,21 + L —1;t) =u(xy — 1,29, ,ay_1,2y =21 + L — 151), (5.13)

and the initial condition
u(X;0) = 0y (X) when X, Y € Xn(L). (5.14)

Then Py (X;t) = u(X;t) for X,Y € Xn(L). The change from the TASEP on Z to the TASEP in Xy (L) is
the extra boundary condition (5.13).

14



We now show that the solution is given by

where

N
1 fl(l‘z) dz
X;t) .= det | = R R — 5.15
ue ?{_,« ‘ [L 2 w+p 2miz’ (5-15)
weR, ij=1
fij(zs) = w?! = (w4 1)~ Tty tidgtw, (5.16)

Here we suppress the dependence on w, t and y;. We need to check that (5.15) satisfies (a) the free evolution
equation (5.11), (b) the boundary conditions (5.12), (c) the boundary condition (5.13), and (d) the initial
condition (5.14).

(a) To show that (5.15) satisfies the free evolution equations (5.11), it is enough to show that the deter-

minant satisfies the same equation. The derivative of the determinant in ¢ is equal to the sum of N
determinants of the matrices, each of which is obtained by taking the derivative of one of the rows.
But

d
qp (@) = wfij(@:) = ((w+1) = 1) fij(2:) = fij (@i = 1) = fij(@:)- (5.17)
Hence we find that (5.11) is satisfied.

To prove (5.12), we replace z; by x;—1 + 1 and add the (i — 1)-th row to the i-th row. But

fij(@io1 + 1) + fi1j(wi1) = %Hfij(xi—l) fij(@iz1) = fij(xio1). (5.18)

L
w+1
This implies (5.12).

To prove (5.13), we set oy = 21 + L — 1, and we multiply the N-th row by 2* and add it to the first
row. But since 2% = w™ (w + 1)L for all w € R,,

ZLfNj(.’El + L — 1) + flj(xl) = wN(u) + 1)L7NfNj(£L'1 + L — 1) + flj(l'l) = flj(xl - ].) (519)
Hence (5.13) is satisfied.
It remains to check the initial condition (5.14), i.e., for X,Y € Xy (L)

N
1 J—it1 1)~ Tity;ti=j
7{ det lL yo W) ] = 5 x). (5.20)
|z|=r

ol w4+ p 2riz

5 =1

By (5.7), the entries of the determinant are
f  Fwar g P
lwt1j=r @=(W) 271 Jjpqq)=e ¢z (w) 27i

F(w) = w]?iJrN(w + 1)*$i+yj+ifj+L7N716tw'

where

Here R is large and ¢ is small so that all roots of ¢, (w) = w™ (w + 1)X=N — 2F lie inside the annulus
€ < |w+ 1] < R. Writing

L4 oE w N (w+ 1)V
wN(w + 1)L—N 1= 2lwN(w+ 1)L+

w - N 1)L-N
7:(w) L w™ (w+ 1) 7 for |w+ 1] =,
1—z7LwN(w+1)L-N

for lw+ 1| = R,

15



the left hand side of (5.20) can be expressed as

N
.y . 1d d
f det 7{ w i (w + 1)L S L g (i) 4 By (4, ) © (5.21)
|z|=r |lw+1|=R 2mi ij=1 2miz
where o iy
’ lw+1|=R 1—zhw=N(w+1)~L+N 2mi’
and N L N1
EQ(i ]) :% wl it (w+1)_wz+y3+l_]+ —N— dﬂ (5 22)
’ lw1|=e 11—z LwN(w+1)L-N 2mi '
Note that X,Y € Xy (L) implies
ey —L+i<z; <y —N+4, yn —L+j<y; <yn —N+j,
fori,j =1,2,--- ,N. Now we use these inequalities to simplify (5.21). We consider two cases separetely.

Case 1. Assume that zny > yn. Then
—zi+y;+i—j—L+N-1<—-ay+yy —1< -1

Also note that j —i — N < —1. These two inequalities imply that F1(i,j) = O(R™!) as R — oo. Since
Ei(4,4) is independent of R for all R > Rq for some Ry = Ry(|z|), we find that E;(i,j) = 0 for all
1<4,j <N and all large enough R. Hence we find that (5.21) becomes

N
. . .d d
jé det f{ wi =i w 1)t 1S L) - (5.23)
|2|=r lw|=R 2mi - 2miz
q N
= det % w! " (w + 1)_’”i+y1+i_j_1—1l), (5.24)
|lw|=R 2mi ij=1

where in the second equation we take |z| = 7 — +00 and 2z~ FEy(4,j) — 0. We now note that (5.24) is
exactly the initial condition for the TASEP on Z (see (5.8) and (5.9) when ¢ = 0). Hence it is equal to
Oy (X).

Case 2. Assume that zny < yn. Then
—z;i+yj+i—j+L—-N—-1>yy—azy—1>0.

In this case the integrand of (5.22) is analytic at —1, and hence F5(i,j) = 0. On the other hand, as
|z| =r — 0, 2XE1(4,§) — 0. Hence (5.21) becomes

N
.y - dw dz
det Jj—1 1 —xityj+i—j—1 " LE .. 9
j%z|r ¢ lfwlRw (er ) 2mi T 1(1’1) o 2miz (5 5)
)=

2mi

N
= det f w? " (w + 1)—xi+yj+i—j—1d7w. .
v 1,j=1

This equals to dy (X) as discussed in the first case.

Hence the initial condition (5.20) is satisfied.
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6 One-point distribution for TASEP in Xy (L) with general initial
condition

We now derive a formula for the distribution function of a tagged particle from the transition probability
for an arbitrary initial condition.

Proposition 6.1. Let Y = (y1,y2, - ,yn) € Xn(L) be the initial configuration of the TASEP in Xn(L).
Let X(t) = (z1(t),- -+ ,zr(t)) be the configuration at time t. For every 1 <k < N,

Py (z(t) > a)

N
-1 (k—1)(N+1) 1 j—it+1l—k 1)¥i—Ji—at+k+1tw d
(e g 1w : o

omri L w+p Z1=(k=1L
i,j=1

weER,

for every integer a. The integral is over any simple closed contour in |z| > 0 which contains O inside. The
set R, is same as in Proposition 5.1, and p = N/L.

We prove Proposition 6.1 using the following lemma whose proof is given after the proof of the proposition.

Lemma 6.1. Let w; € R, for j =1,--- ,N. Then, for every integer a,

> det [w; (w; + 1)—wti) Y

3,j=1
XeXnN(L)
T=a
N N . (6.2)
= (—1) DIV y(k-1)L H w;+ 1)~ H (wj + 1)~ det [w; "]
Proof of Proposition 6.1. Lemma 6.1 implies that for w; € R,, j=1,---, N,
> det [wy (w; + 1) “] o1 =J(@) = fla+1) (6.3)
XeXn(L)
TE=a
where
N AN
fla) = (_1)(k—1)(N+1)Z(k—1)L H w;k(wj 4 1)7oth L get [w;z]i’j:f (6.4)
j=1
If |fw; +1] >1forall j =1,---,N, then f(a) = 0 as a — 400, and hence by telescoping series, we obtain
Z det [w; " (w; + 1)~ ]m‘:l:f(a). 65
XeXn (L) (6.5)
TR >a
Now since Py (zx(t) > a) = > xexy(r) Py (X;t), we find from (5.4) that
TR>a
Jj—i+1 1 —zi+y;+i—j tw N d
Py (zx(t) > a) = Z fdet [ v (w+1) : ¢ z
w4+ p 2miz
XeXn (L) weR, ij=1
TE>a (66)

N j+1 S tws
E: Z wj + 1)%77e*i g
f det UJ] + 1) i +Z ’L ,J=1 H (L7 ) 2 Z .
w1, ,wNER, XEXN (L) =1 (w; + p) miz
TE>a
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Note that by Rouché’s theorem, the equation w® (w + 1)1~ — 22 = 0 has no zeros in |w + 1| < 1 if |2]
is large enough. Thus we can find a contour large enough so that |w + 1| > 1 for all w € R, for z on the
contour, and apply (6.5) to obtain

Py (xr > a;t)
(1)) 1) k-DVHD) % Z ﬂ Wit (w; 4 1w atktlgtug det | }]N dz (6.7)
= et |w; " —_—.
. J Jig=1 J1-(k=1)L
w1 R, o1 L(w; + p) Iz 2
After simplifying the integrand by using the linearity of the determinant on columns, we find
Py (z > a;t)
(_1)(k—1)(N+1) 1 wj—i+1—k(w + 1)yj—j—a+k+1etw N dz (6.8)
= i %det 17 Z w+p A—(k—1)L"
weER, i,j=1

The last formula again does not depend on the contour again (cf. (5.7)), and we obtain the Proposition. [
Now we prove Lemma 6.1.

Proof of Lemma 6.1. Set
A j)y = L5 (i )T fori £y
wj_k(wj +1)"k fori=k.
This is the (4, j)-th entry of the determinant on the left hand side of (6.2) after we set x = a. We proceed

by taking the sum of the determinant of A(®) in the following order: 41, Zpi2, - ,ZN,T1, T2, Tp_1. The
summation domain is

04 <Th1 <Tpyo < - <ay<zi+L<zo+L<---<axp_1+L<a+lL. (6.9)

First fix x1,--- , 2, and xgy9, -+ , 2N, and take the sum over 11 = a+1,--- jxp4o — 1. Since zpyq is
present only on the (k4 1)-th row, it is enough to consider the (k + 1)-th row:

Tp42—1 Tp42—1

> AL = 3wyt w4 )T

Tp1=a+1 Tp41=a+1

w;kf2(wj + 1)—a+k+1 _ w;k72(wj + 1)—1‘k+2+k+2

= w; P w; + 1) = AO (k1 2,)

for j =1,2,---, N. By adding the (k + 2)-th row to the (k + 1)-th row, we find that

Tryo—1

> det[a00)]

3,j=1
Tpr1=Tr+1 J

— det [A(l)(i,j)} "

4,5=1

where
—k—2 . —a+k+1 P
AWy = P DT, fori =k L
A (4, 5), for i # k + 1.

Note that the entries of A®) in row k and k + 1 contain a while that in row i # k,k 4+ 1 contain only z;.

Similarly, summing over xx102 =a+2,--- , 43 — 1, we have
Tpy3—1
> AV +2,5) = wF B (wy + 1) = A (4 3, 5)
Tpto=a+2
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for j=1,2,---, N, and we find that

Tp43—1  Tpya—1

S Y det [A(O)(z',j)yv

1,]=
Trro=0+2 xpt1=a+1 J

= det [A@)(z',j)} "

ij=1

where
—i—1y, —a+k+1 -
A(Q)(i,j): w; (w; +1) , fori=k+1,k+2,
A (G, 5), fori#k+1,k+2.
We repeat this process to sum over xgy1,Zg42, - ,Tn, and then x1, -+, xx_1, and find that
N N
3 det [A“))(z',j)]  =det [A(N‘”(i,j)] ,
XeXn (L) =t W=
Tr=a
where )
wy T wy + 1) TR < < k-1,
ANTDG Gy = ¢ A (i) = wi P (wy + 1)7* TR if i =k,
wy T (wy + 1) TR if k+1<i<N.

Note the difference of the formula for ¢ < k — 1 and for 4 > k 4+ 1. This is due to the summation condition
(6.9).
Now since the kth row satisfies

A(N_l)(k,j) _ w;kfl(wj + 1)—a+k+1 o wjfkfl(wj + 1)—a+k’

we have N N N
det [A“V—”(i,j)] — det [A“V)(i,j)} — det [A(N) (z‘,j)] , (6.10)
ij=1 i,j=1 ij=1
where
—i—17, —a+k+L—N+1 . . -
AN (i) = wy” 1(w]—|—1) , f1<i<k-1,
wi T (wy + 1)L if k<i<N,
and
wjfifl(wj + 1)7a+k+L7N+1’ if1<i<k-— 1,
AN, 5) = w7 wy + 1) 0, ifi=k,
w; ' (wy + 1) TR ifk+1<i<N.

So far we did not use the condition that w; € R,. We now use this condition to simplify (6.10). For
wj € R,, we have wév(wj +1)L=N = 2L and hence

wj—i—l(wj + 1)—a+k+L—N+1 _ wj—i—l—N(wj + 1)—a+k+1ZL’ 1 S i S k—1.

After row exchanges we obtain, setting # := (k — 1)(N —k + 1),

N .
= (—1)#zF~DE get [wj_z_k(wj + 1)7“+k+1]N (6.11)

i,j=1"

ij=1

det [AUV) (3, j)}

Similarly,

= (—1)#2(=DL get [wfi*k(wj i 1)—a+k+1—6ri<1>}N

det [A(N)(i,j)}N j i,j=1

4,j=1
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where ¢ is the delta function. Noting the factorization of the matrix as

N
—i— —a —0; : : N —i— —a N
wi g )G = [50G) 48+ DIy fu T )T
we find that N
e .. — —1— —a N
det [A(N) (i, g)L,jzl = (—1)#z*" DL det [w; " F(w; + 1) +k]i)j:1 . (6.12)
It is direct to evaluate the determinants in (6.11) and (6.12), and we obtain (6.2). O

Remark 6.1. If we take L large enough in the formula (6.1), we recover a formula for TASEP on Z. More
precisely, assume that L > max{a —yg,(a —y1 +1—k)/2} + N if k> 2, and if L >a—y1 + N if k = 1.
Then it is possible to show that the formula (6.1) becomes

N
o _ d
det ]{ w T (w + 1)yjfjfa+ketw—w, . (6.13)
|lw|=R 2mi o
i,j=k
This is the probability that the k-th particle is located on the right of or exactly at site a for the TASEP on
Z with initial configuration Y = (y1,y2, -+ ,yn). See, for example, [35] for the formula whenY is the step

initial condition.

7 Simplification of the one-point distribution for flat and step ini-
tial conditions

The formula (6.1) we obtained in Proposition 6.1 is not easy to analyze asymptotically. In this section, we
simplify the formula for the flat and step initial conditions, which are well-suited for asymptotic analysis.
Before we state the results, we first discuss the set

R,={weC:q,(w) =0}, where ¢, (w) = w™ (w4 1)LV - 2F, (7.1)
introduced in (5.3). This is a discrete subset of
Yi={weC: |wfflw+1'"" =|z|}. (7.2)
It is straightforward to check that for z satisfying
0< 2] <ro:=p’(1—p)'~", (7.3)

the set ¥ consists of two non-intersecting simple closed contours, which enclose —1 and 0, respectively.
Indeed, if we fix # and write w = 1€l it is easy to check that |w|?|w 4 1|'~* is increasing as a function of r’
in the interval 7/ € [0, p]* and is equal to 0 when 7' = 0. Similarly, if we write w + 1 = "€ |w|?|w + 1|}~
is increasing as a function of 7/ in the interval v/ € [0,1 — p] and is equal to 0 when " = 0. From this we
find that when |z| is small enough, 3 consists of two contours, one contains 0 inside and the other —1 inside.
As |z] = 0, these contours shrink to the points —1 and 0, respectively. As |z| increases from 0 to rg, these
two contours become larger but they do not intersect, and when |z| = rg, they intersect at w = —p. We can

1For all v/ < p, we have

(p—r")(1 — ")+ 2r' (1 + p) cos? g
/(1 +7'2 4 21/ cos 0)

-p

d — 1
o plogr’ + 3 > 0.

log ((1 + 7' cos 8)% + 72 sin® 0)) =
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Figure 8: Illustration of Xjes; (the left contour),

Zright (the right contour), R, jef (the points on the Figure 9: Illustration of Yieft, Yright, Rz,lefh and
left contour), and R, ;ight (the points on the right R, right with L = 24, N = 8 and z = rge™/?7 =
contour) with L = 24, N = 8 and z = 0.5e™/27, %e”i/w. Note that the contours intersect at w =
Note that p = 8/24 = 1/3, and the two contours are —p=—1/3.

on the either side of the line Re(w) = —p = —1/3.

also check that for |z| < rg, the two disjoint contours are in the half planes Re(w) < —p and Re(w) > —p,
respectively. Let us denote them by Xjer, and Xyigne respectively. Thus, for 0 < |z| < 7g, the set R, is the
union of two disjoint sets, R, = R, jeft U R, right, Where

R, et := R, N{w € C: Re(w) < —p}, R, sight := R. N{w € C: Re(w) > —p}. (7.4)

Note that when z = 0, L — N roots of of ¢,(w) are at w = —1 and N roots are at w = 0. Since the roots,
after appropriate labelling, are continuous functions of z, the set R, jof; consists of L — N points and the set
R, right consists of IV points. See Figure 8.

We also define two monic polynomials of degree L — N and N,

QZ,left(w) = H (’LU - u)7 QZ,right(w) = H (w - U)' (75)

UER 1eft VER. right

Note that gz, left (w)QZ,right (w) = (g (’LU)

7.1 Flat initial condition
Fix an integer d > 2. We consider the TASEP in Xy (L) with the flat initial condition where
L = Nd. (7.6)

The average density of the particles is denoted by p = N/L = 1/d.

We assume that 0 < |z| < rg as in (7.3). The set R, jet consists of L — N = (d — 1)N points and the
set R, rignht consists of N points. Note that the union R, = R, jert U R right is the set of the roots of the
polynomial ¢, (w) = w™(w + 1)F=N — 2L = (w(w + 1)1V — 24N which is the same as the union of N
sets Dy = {w € C: w(w + 1)1 = 24?™*/NY | =0,1,--- N — 1, of d elements. For each k, there are d
2mik/N and it is easy to check that one of them satisfies Re(w) > —p
and hence is in R, yight, and the rest d — 1 roots satisfy Re(w) < —p and hence are in R, jer,. This defines a
(d —1)-to-1 map from R, jef; t0 R, right. Therefore, for any u € R, jef;, the following set

roots of the equation w(w +1)4~1 = z%e

V(u) := {v € R, yight : v(v + 1) = u(u+ 1)1} (7.7)

consists of 1 point.
For z satisfying (7.3), define the function

HUERz.righc (v + 1) FhdFL=N=d/2HL (f(y 4 p)) =/ 2et

)
HUGRz,right HUGRz,left, VU — U

C](\})(z) =
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where \/w is the usual square root function with branch cut Rq, and w™/? = (y/w)" for all n € Z. Also
define the operator K él) acting on ¢2(R, jefc) by the kernel

KW (u,u') = Wf;(;f)l(v')’ u, v € R, eft, (7.9)

where v’ is the unique element in V' (u'), and the function f; : R, — C is defined by

qz,right (w)w*N*’”Q (fw + 1)*a+k+p_1 etw

w+p , w e Rz,leftv
= 7.10
fi(w) d right(w)w_zv—k+2(w + 1)—a+k+p’1etw (710
? s w e Rz right -
w+p ’

Theorem 7.1. Fiz an integer d > 2. Consider the TASEP in Xn(L) where L = Nd with the flat initial
condition
(21(0),22(0),--- ,zn(0)) = (d,2d,--- ,Nd) € Xn(L). (7.11)

Then for every k € {1,2,--- ,N}, t > 0, and integer a,

dz

7.12
2miz’ ( )

P (zy(t) > a) j{c Y(z) - det (I+ K(U)
where the contour is over any simple closed contour which contains 0 and lies in the annulus 0 < |z| < rg :=
pP(L—p)t=r.

Proof. When y; = z,;(0) =jd, j=1,--- ,N, (6.1) becomes, after reordering the rows i — N —i+ 1,

N
P (zx(2) 27717{(1 tlz w' ™ (w(w + 1)) f (w )] Zl_(dki.z_l)y

wER

ij=1
where
(—1)(E=D(N+D+N(N-1)/2
Cy =
LN

and N—k+2 +k4d ot

~ —N—-k 1)@ w

fi(w) ::w (w+1) c , weER,.

w—+p
By the Cauchy-Binet/Andreief formula,

P(xk(t) > a)

N
Qlef{ Z H (w; —wy) (wi(w; + 1) — w;(w; + E[f w;) m

wi, -, WNER, 1<i<j<N

(7.13)

Since the summand contains the factors w;(w; + 1)1 — w;(w; + 1)1, we only need to consider the cases
when w;(w; +1)4~1 are all distinct. We now take the contour to be in 0 < |z| < p?(1—p)1~°. Let us denote

the elements of R, yight aS R yight = {v1,- - ,vn}, and define
U(vj) = {u € Ry jefe : w(u+ 1)1 = v;(v; + 1)1 (7.14)
for each v; € R, yight, j = 1,--- , N. The set U(v;) consists of d —1 elements (see the discussion above (7.7))

By the symmetry of the integrand in (7.13), we may replace the sum by N! times the sum of the terms with

wj E{Uj}UU(’Uj)7 j=1,--- N. (715)
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P (xk > a;t) = Q]{ H ('Ui('Ui + ].)d_l — 'Uj(’l}j + ].)d_l)

27 _
Z=r1<ici<nN

N
> I (wi—w, ]:[ W (7.16)

w; €{v; YUU (vj) 1Si<jSN
j=1,-,N
Now we re-assemble the terms with respect to the number of roots chosen from R, je. Suppose I is the
index set such that w; € U(v;) for i € I and w; = v; for j € J = {1,2,--- ,N} \ I. For the notational
convenience we write w; = u; for ¢ € I; hence u; € U(v;). Then

I wi—w) =00 I wi—we) [ @5—v) [ (wi—vy) (7.17)

1<i<j<N i<i/ j<i’ icl,jeJ
iilel j.i'ed

where n(I,J) is the number of pairs (¢,j) € I x J such that ¢ > j. We now express (7.17) in such a way
that the indices of the products are only chosen from /. Recall the function g right(w) = [[,c . e (w—v)
defined in (7.5). It is direct to check that

H (uz . Uj) _ HHie] QZ,right(ui) (718)

i€l jeJ iel Hi’e[(ui —vy)

and

(—1)n(I’J) H1§i<j§N(Ui —vj5)
i<i’ her (i = vi) Iier jes (vi = v5)

g9'es (7.19)
(_1)n(I,J)+|I\(\I|—1)/2 H1g¢<j§N(Ui — ) [T i< (vi —vir)

i3/ €l
HiGI q.lz ,right (U’L)

Combining (7.17), (7.18) and (7.19), and using H " fi(wy) = [Licr f1(us) [es fi(v;), we obtain

N ~
T (w —wj)Hﬁ(wj)

1<i<j<N

[T i<or (i —wir)(vi —vir)

IIa1-1)/2 T 7 (o, o o TT L) e rigne (ui) 105,
= (-1 r:[f 0 I eI
ui) 4
0

1<i<j<N ( )qz r1ght( ) HiEI Hi'él(ui - vi/)

{ : }
Ui = Vir 1y er
where in the last equation we applied the Cauchy identity

]l Hl<z<]<l( —z;)(yi — vj)
ij=1 ngz,ggl(mi + yj)

o fi(u
_ Hfl(vj) H Vi — v H 1 qZ I‘lght

j=1 1<i<j<N il (vi)d. rlght(

det { (7.20)

i + Y

Note that f(w) = fl (W) gz right (W) for w € R, 1ot and f1(w) = fl(w)q;}right(w) forw € R, yighs. Therefore
we obtain

N N
I wi—w) ] fiws) =] A ]I (v-—vj)det{K()(u“ul)]__ . (7.21)

a'el
1<i<j<N j=1 j=1 1<i<j<N nre
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Taking the sum over all subset I of {1,2,--- , N} we find

Z H (w; —wj) H fi(w;) = H fi(v;) H (v; — vj)det(l—i—Kgl)). (7.22)

wje{vj}u%uj) 1<i<j<N 1<i<j<N
J=1,

Plugging this in (7.16) and comparing with (7.12), it remains to show that
N
1 _ 3 _ _
C](V)(Z) — ClZ(k 1)L H fl(’[)]) H (Ui — 'Uj) (Ui(l}i —+ ]_)d 1 _ Uj(vj + 1)d 1) ) (723)
j=1 1<i<j<N

From the formula of C; and fi, the right hand side of (7.23) is

~N—k —a v, _ _
(= 1) =D+ (k=D)L H T ()0 (v + 1) 11 vi(vi + 1) —v(v; + 1)1

j=1 L(vj +p) 1<i<<N Vil
(7.24)
Now we simplify this expression.
First, noting that ¢. yight (W)gz tete (W) = g (w) = w™ (w + 1)L~V — 2L we find
/ N—1 L-N-1
, q.(v) LN~ Hv+1) (v+ p)
- rieht (V) = = , for v € R; right, 7.25
1 ’ ght( ) qz,left(v) QZ,left(U) ght ( )
because g, right(v) = 0 for such v.
Second, using the fact that v;(v; +1)?~1 are the roots of the equation w™¥ — 2z = 0 we obtain
N
H (v + 1) = (=1)NFLL (7.26)
And third, we have, for i # j,
(v 4+ 1)1 — (v, + 1)41
Uz(vz + ) Uj (U] + ) — H (Ui _ U) (727)

Ui—’l)j

since both sides are monic polynomials of v; of degree d — 1 whose roots are the elements of U(v;). Since
the left hand side of (7.25) is symmetric in ¢ and j, we obtain an identity

I wi-w= ] @-w. (7.28)

u€eU(v;) weU (v;)

We claim that

II II vei—u=I1 Il vvi-w (7.29)

1<juel(vy) 1<juelU(v;)

Indeed, noting that v; € R, 1oy and hence Re(v;) > —p while any u € U(v;) C R, 1ery satisfies Re(u) < —p,
we find that both sides of (7.29) are analytic in z for |2| < rg = p?(1 — p)(*=P). In addition, both sides
converge to 1 as z — 0 since when z = 0, v; = 0 and U(v;) = {—1}. Since the square of the two sides are
the same due to (7.28), we obtain (7.29). Now from (7.27) and (7.29), we find

Vi (v; d—1 _ V5 (V5 d—1
11 (it 1) (w + DT _ 11 I v (7.30)

iy Vi — Uy
1<i<j<N VER right UER vight \U (v)
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Finally we have, for all v € R, yight,

[ w—w =d@w+p)(w+1)+2 (7.31)
u€eU (v)
since U(v) U {v} is the set of all the roots of w(w + 1)?~! = v(v + 1)9~!. By using an argument similar

to (7.29), we have
H Vo —u=/dw+p) (Vo +1)%2 (7.32)

ueU(v)

By using (7.26), (7.25), (7.30), and (7.32) we find that (7.24) is equal to

IJ_VI (Uj + 1)—a+kd+L—Netvi HUERZ,right HueRz,right VU —u
j=1 @z it (V) [ocr. g Vv +p) (Vo +1)472

Since gz teft (V) = [Luer. .., (v; — ©) by definition, we find that the above expression is same as CI(\})(Z). O

Remark 7.1. If we fix all other parameters and take L = dN — oo, the TASEP on a ring of size L with flat
initial condition converges to the TASEP on 7 with flat periodic initial condition ---,1,0,0,0,1,0,0,0,---.
——— ——

d d
It is possible to show that in this limit, the formula (7.12) becomes

P2, f1at (x5 (t) > a) = det (I + KO) (7.33)
where KW is the operator defined on the space L?(Zies, du/2mi) with kernel

('LL + 1)7a+k:detu 1
(U’ + 1)—a+kdetv’ u—v :

KW (u,u') = (7.34)
Here v = v'(u') € Zyignt s uniquely determined, for given u' € Yieg, from the equation u'(u’ + -t =
v'(v' + 1)L The contours Yy, and Yrignt are the parts of the contour |u(u + DL = r for any fized
0 < r < p(l—p)9t satisfying Re(u) < —p and Re(u) > p, respectively, where p = 1/d. The con-
tour Yieg, 45 oriented counterclockwise. By the analyticity, we may deform e to any small simple closed
counterclockwise contour containing the point —1 inside. Writing ﬁ = —Z;’;O %, we see that
KO (u,0) = — 3 e, Al ) Bly, o) where Au,y) = (u+ 1)1 and By, u/) = (u/ +1)v-Me—t"
Using the identity det(I — AB) = det(I — BA), we find that Pz, r1q¢ (1(t) > a) = det (I—L(l)) for the kernel

1 _ (U + 1)Iikd t(u—v d’LL
L )(xay) = }{(u—i—l)y—kd“e ( )TM’ T,y € Lica, (7.35)

where the contour is any small enough simple closed counterclockwise contour containing the point —1 inside
and v = v(u) s, for given u on the contour, is the unique point v in Re(v) > —p satisfying the equation
v+ 1) =u(u+ 1)t Whend=2,v=—u—1 and (7.35) becomes

1 _ (0 usn du
L( )(x,y) = fme ( )%, T,y € Z<a. (736)
This is the same kernel as the one in Theorem 2.2 (withny = ng = —k and the change of variablesu = —v—1)

of [11] for the TASEP on Z with period d = 2 flat initial condition. For period d flat initial condition, a
kernel similar to (7.35) is obtained for the discrete-time TASEP on Z in [10].
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Remark 7.2. We assumed that L = dN for the flat initial condition such as 1,0,0,1,0,0,1,0,0. More gen-

L
eral flat conditions may have L = fm and N = nm for integers { > n and m. For example, 1,1,1,0,0,1,1,1,0,0

corresponds to the case with ¢ =5, n =3, and m = 2. In this general case, the (d—1)-to-1 map froLm R jeft
to R, right described above the equation (7.7) becomes an (¢ — n)-to-n map. This makes the computation
complicated and we do not have a result for the general flat initial conditions. The situation is same for the
TASEP on Z: L = dN case was computed in [11, 10/, but the general case is not yet obtained.

7.2 Step initial condition

We now consider the step initial condition. In this case L > N are arbitrary positive integers and we do not
assume that L/N is an integer.
For z satisfying (7.3), 0 < |z] < ro, define the function

Hueszleft (_u)k_l H’UGRz,right (U + 1)_a+L_2N+ketv

c?(z) = (7.37)
N HueRz,lcft HUERz,right (U B u)
and the operator K2 acting on (?(R, 1efr) with kernel
1
K@ (o) — "€ R. e 7.38
z (U7’U,) f2(u) GRZ. (U*’U)(U/*U)fg(’l)), U, U € Jefts ( )
v z,right
where f5 : R, — C is defined by
. 2, —N—k+2 1 —a—N+k+1 tw
(qz right () )*w - +(7: + 1) € , w € R jeft,
= 7.39
fg(’LU) (q; right(w))2w7N7k+2(w + 1)70,7N+k+letw ( )
’ ) w e Rz,right~
w—+p
Theorem 7.2. Consider the TASEP in Xn (L) with the step initial condition
(21(0),22(0),- -+ ,zn(0)) = (-N+1,—-N+2,--- ,0) € Xn(L). (7.40)
Then for every k € {1,2,--- ,N}, t > 0, and integer a,
d
P (24(t) > a) = 7{ e () det (1+ K2 S (7.41)

where the contour is over any simple closed contour which contains 0 and lies in the annulus 0 < |z| < rg :=
pP(L—p)t=r.

Proof. The proof is similar to that of Theorem 7.1, but there are two main differences. One is the structure
of Vandermonde determinant in the formula due to a different initial condition. The the other is that we
do not have the d — 1 to 1 correspondence between the R, je, and R, yight since L/N is not necessarily an
integer. We use a duality between “particles” and “holes” for the step case.

Setting y; = x;(0) = —N + j, the equation (6.1) becomes

N
P(xk(t) > a) = 53 %det [ Z wi+j_2f2(w)1 Zlfscizfl)L’ (7.42)

 2mi
weR, ij=1
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where
(_1)(k—1)(N+1)+N(N—1)/2

LN

Cy = (7.43)

and N—k+2 N+k+1 t
—N-— 1)—a— w
Pow) = v (w;-+)p < weR. (7.44)

From the Caucy-Binnet/Andreief formula, we have

N N
det [ Z wi+j_2f2(w)] = % Z H — wj) Hf (wj). (7.45)

wER. wi, -, wNER; 1<I<G<SN

ij=1
By considering how many of the points wy,- -+ ,wy are in R, jefy OF R right, we find that (7.45) is the same
as
N 1 N
) -
Zm > [T (wi—wp)? I falwy). (7.46)
=0 w1, WER, tery 1<I<GIN j=1
Wi41, WNER: right
Note that we may assume in the sum that wq,--- ,wy are all distinct since the summand is zero otherwise.
Consider a term in the above sum. Fix [ distinct points wi,--- ,w; in R, 1er and N — [ distinct points
W1, -, W 0 R, vight. Observe that since |R, yight| = N, there are [ points vy, -+ ,v; in R, signt 80 that
the union of {v1, -+, v} U {wiy1, -+ ,wn} = Rsrighte. We may think wiyq, -+, wy as “particles” and
v1,- -+, v as “holes” on the nodes R, yight.- We now express the sum in (7. 46) in terms of [ points wy, -+ ,w;
in R, jefs and I points vy, -+ ,v; in R, yighe. Note that for (N —1)! permutations of wy41,--- ,wx give rise to

the same set of holes, and the [ holes can be labeled in !! ways. Hence (7.46) becomes

> % > I « H Fa(w)) (7.47)

1=0 w1, W ER, Jest 1<I<GSN
1)11"'77)l€Rz,right
where we assume that vq,---,v; are distinct, and w41, -+ ,wy are any points such that {vy,- -, v} U
{wit1,-- ,wn} = R. sight- Note that
I N
2 2 2 2
[T wi—w)>= [ wi—w)® JI (i—w)*I] I (wi—w)> (7.48)
1<i<j<N 1<i<j<l I+1<i<j<N i=1j=I+1

Similarly to (7.18) and (7.19), we also have

i q,,z ri v
H (wi i wj)2 _ (71)1\’(1\771)/2 HUeRz,rlght ) ght( ) H (U'L . 1)j)2

7
I+1<i<j<N Hi:l(q;,right(vi))Q 1<i<j<l
and LN
l . \2
H H (w; — w')2 _ Hi:l(QZ,rlght(wl)) ' (7.49)
J 1 1 5
i=1j=1+1 [Tiz Hj:l(w’i - v5)
Therefore, (7.48) is equal to
e Lhicicja(wi = wi)? (v — v;)? : q right (
(_1)N(N /2 = <{7 1 H q = ( )) H q;,right(v)' (750)
[Ticy Hj:l (wi —vj)? i=1 \1zright VER: right
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Note that fo(w) defined in (7.39) is given by fa(w) = qf7right(w)f2(w) for w € Ry ey and fo(w) =
qé}right(w)zfg(w) for w € R, right. We have

H ljjf (w;)

1<i<j<N
_ [licicj<(wi — w] Vi — 7
= (-NWEDREEs H I () (). (7.51)
1_.[2 1 ]-_-[] 1 (wl - rU] UERz.right
We fix w, - - - ,w; and take the sum over all possible vy, -+ ,v; in R, yight. Using the Cauchy determinant

identity (7.20), we find

Z H1§i<j§l(wi - wj)2(vi - Uj) H falw;)
1 ] .
01, € R right [Lici TTjmi (wi = v))? i f2(v0)

! _1q!
LY w[E)) o fEe)
V1, 0 € Ry right w; — Uj i,j=1 ’U.)] — i,j=1 (752)
!
, -1
“ndet | Y fa(wi) f2(v) — 11 det [ 2) (w;, w; )y .
(w; —v)(w; —v) T )=
VER. right ij=1
Plugging (7.51) and (7.52) in (7.47) and then checking (7.42), we obtain
02(_ )N(N 1)/2 B dz
P (zy > a;t) = Tj{ H (f2(V)@% yigne (V) - det (I + Kiz)) DL (7.53)
|z[=r VER right
Comparing this and (7.41), it remains to show
Co(~)NVVDREDE T (fa(0)a g () = € (2). (7.54)
vER; right
This equation, after inserting (7.43), (7.44), and (7.37), is equivalent to
(~)FmDEADEDE T g () [T (0 =)
VER: right UER left (7,55)
_ H uF1 H L(U+p)'UN+k72(”U+1)L7N71.
UE R left vER right
Using (7.25), this equation is further reduced to
(_1)(k—1)(L+1)Z(k—1)L — H uk—l H Uk_l, (7.56)

UE R 1eft VER; right

which follows easily by noting that R, jefe U R right is the set of the roots of wN(w + 1)L_N — 2zl =0, and

hence w? (w + 1)L~V — 2L = HueRz,left (w—u) HveRz,right (u—v).
O

Remark 7.3. If we replace k by N —k and let L and N go to infinity (proportionally, for a technical reason),
the formula (7.41) becomes the one point distribution for TASEP on Z with step initial condition. Denoting
by Zx the k-th particle from the right, we find

Pz step (Z1(t) > a) = det (I + K@) (7.57)
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where K®) is an operator on L*(T_y,du/2ni) with kernel

KO = f e
u,u’) = —
’ r, VF(v+1)=ak+letv(y —v) (v — v) 27i

(7.58)

The contour Ty is any simple closed contour with the point 0 inside but the point —1 outside, and I'_1 is any
simple closed contour with —1 inside and 0 outside. We assume that I'g and I'_y do not intersect. Writing
g:ﬁi;a =W—u) ca % and using the identity det(I + AB) = det(I + BA), we can see that this is
equivalent to the formula, for example, in Proposition 3.4 in [9] with a(t) =t and b(t) = 0.

8 Proof of Theorems 3.1 and 3.3

In this section, we prove Theorems 3.1 and 3.3 by computing the limits of the formulas (7.12) and (7.41) at
the relaxation scale. These formulas are of form

y{cl@(z)det (I+K§”>) dz 49, (8.1)

2miz’

where we used the variable z instead of z, and the contour is any simple closed contour in the annulus
0 < |z| < rog := p?(1 — p)' =7 which contains the point 0 inside. It turned out that we need to scale the
contour such a way that |z| — ro at a particular rate in order to make both terms C](\Z})(z) and det (I + Kéi))
converge. The correct scaling turned out to be the following: we set

zl = (—1)Vr)z. (8.2)
The integral involves the sets (7.4):

R, ={we C:w™(w+1)F"Y —zF =0},
Ry, et = R, N {w € C: Re(w) < —p}, (8.3)
R, vight = R, N{w € C: Re(w) > —p},

and these sets are invariant under the change z to ze!>™/~. From this we find that the integrand in (8.1) is
invariant under the same change, and hence (8.1) is equal to

7{(31(\? (z) - det (I + Kﬁ“) 2(71717 i=1,2, (8.4)
where for 2z, z = z(z) is any number determined by (8.2). The contour is any simple closed contour which
contains 0 and lies in the annulus 0 < |z| < 1. We compute the limits of C](\?)(z) and det (1 + Kéi)) under
the condition (8.2) for each fixed z satisfying 0 < |z| < 1 where other parameters are adjusted according to
the flat and step initial conditions.

In order to make the notations simpler, we will suppress the subscript n in N,,, L,,, p,, for the step case and
write N, L, p instead, unless there is any confusion. Now we consider the asymptotics of (8.4) as L, N — oo
(or equivalently, n — oo in the step case). Some parts in the formula are same for ¢ = 1 (flat) and ¢ = 2 (step)
and we will consider the asymptotics of these parts first and then consider the remaining parts separately
for i = 1,2. Among the large parameters L, N (and n), we use N to express the error terms.

We first consider the sets Ry jefy and Ry yight in the large N limit. Under the scale (8.2), we have |z| — 1o,
and then these two sets become close at the point w = —p (see Figure 9 when |z| = rg). As Figure 9
suggests, the spacings between the neighboring points of Ry jef; and R righs are of order O(N *1) (since there
are O(N) points on a contour of finite size), but the spacings of the points near the special point —p are
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larger. Indeed it is possible to check that the spacings near —p are of order O(N G 2). We first show that,
assuming (8.2),
N1/2
pv1l—p

for the points near —p, where the set S, jef;, is defined in (4.5):

(Rz,lcft + P) ~ Sz,lcft (85)

Seten = {6 €7¢/2 = 2, Re(€) < 0} (8.6)

There is also a similar statement for R, ,ign:. The precise statement is given in the following lemma whose
proof is postponed to Section 9.1.

Lemma 8.1. Let z be a fized number satisfying 0 < |z| < 1 and let € be a real constant satisfying 0 < € < 1/2.
Set z' = (—1)Nrlz where vo = p?(1 — p)'=P. Define the map My et from Rgjere N {w : |w + p| <
pV/T=pN/* =2} 10 S, 1ot by

Mpytets(w) =&, where £ € S, 106, and | — Nlp/Qg\/wi—i—pp) < N3e/4-1/2 log N. (8.7)
Then for large enough N we have:
(a) M ey is well-defined.
(b) Mnese is injective.
(c) The following relations hold:
SO ™Y € I(Muver) € SO 7Y, (8.8)

where I(Mn 1eft) := Mn 1ot (Rztere N {w @ |w+p| < py/1— pN5/4’1/2}), the image of the map My jett,
and 9., = Sateft N{E 1 €] < ¢} for all ¢ > 0.

z,left :
If we define the mapping My right 0 the same way but replace Ry jere and Sy ety by Rz right and S right
respectively, the same results hold for My right-

In the next lemma, we consider the products

II w-w, I[I -, I Il e-w (8.9)

UE Ry teft VE Rz right VE Ry right WE Rz left

in the large N limit. These factors appear in both C](\i)(z) and K" (see (7.5)). The limits are given in terms

of the functions .

1 . 2 2
Brete (€, 2) == — | Ly (ze@ v >/2) dy,  Re(€) >0, (8.10)
and
Lo (€2-y2)/2
Dright (&, 2) = —E Liy /o (ze v ) dy, Re(¢) <0, (8.11)

where the integral contour from —oo to F¢ is taken to be (—oo, Re(F&)] U [Re(FE), F¢]. Note that along
such a contour |ze(6*~¥")/2| < 1 and hence Lil/g(ze(f2*92)/2) is well defined. Furthermore, note Li; /5(w) ~ w
as w — 0. Thus the integrals are well defined. We remark that

hleft(gv Z) = bright(_g, Z)v for Re(ﬁ) > 0. (812)

We also note that for £ € S 1er, we have /2 = z, and hence byight (€, 2) = f\/% ffoo Lil/g(e*yQ/z)dy for
for such &, which is the integral in the definition of ¥,(&;2,7) in (4.6) and also @, (&;z, 7) in (4.12), up to a
constant factor.
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Lemma 8.2. Suppose z, z and € satisfy the conditions in Lemma 8.1.

(a) For complex number &, set wy = wy(€) = —p + p/T — pEN~Y2. Then

H Vy —u = (Vuy + 1)FNedhen&2) (1 4 O(N<~1/2)) (8.13)
uUE R left
for each fized € € C satisfying Re€ > 0, and
[T vo—wn=(Vun)Vethum@ (14 O(NY2)) (8.14)
VE R right

for each fixed & € C satisfying Re& < 0. Moreover, for every w € C which is an O(1)-distance away
from Tiey U Eyignt for all N (note that the contours depend on N ),

H Vu—u=Nw+1)EN(1 +O(NY2)), if Re(w) > —p,
UE Ry left
' 8.15
[[ vi—w=("0)¥1+O0(N"12),  if Re(w) < —p, (&1
VE Ry right

as N — oo.

(b) Fiz ¢ > 0. The estimate (8.13) in (a) holds uniformly for |£| < N¢/* satisfying Re& > ¢ after we
change the error term to
O(N<"Y%]log N). (8.16)

The estimate (8.14) also holds uniformly for |€| < N¢/* satisfying Re& < —c after the same change of
the error term.

(¢) For large enough N, we have

HueRzyleﬂ (\/TU)N HUERz,right( v + 1)L7N
HUERz,righc HUeRz,left VU — U
_ 1 z (Lil/
where B(z) = 4= [,

Mdy is defined in (4.4).

Y

= BB (1 + O(NT?) (8.17)

We point out that throughout the section, all error terms O(-) depend only on |z|, not the argument of

The proof of Lemma 8.2 is given in Section 9.2.

8.1 Flat initial condition

We prove Theorem 3.1. Note that in this flat initial condition we always assume that p = d~! for some fixed
de ZZQ.
We apply Theorem 7.1 with

k:kNa

t TN3/2,

1
N = (8.18)
1=,
a=(1-p)t+knd—zp 31— p)?33 = (1 = p)t + knd — 7p7'1/3xN1/2,
p

where 1 < ky < N, and 7 € Ryg,x € R are both fixed constants. Here we assume that a € Z. However,
the argument still goes through if a is not an integer except that the error term in Lemma 8.3 should be
replaced to O(N¢~'/2) due to the O(1) perturbation on a. This change does not affect the proof.
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8.1.1 Asymptotics of C](\})(Z)

Recall the definition of CJ(\})(Z) in (7.8) and rewrite it as the product of three terms

HuERz,lcft( v _U)N HUERz,right( VU 1)L_N

Cz(\})1( )= Ja— ’
' HUGRz,right HUGRz,left v—u
1
¢ (z) = , (8.19)
A [loer, e VA +p)(Vo+1)472
s = [[ v=o™ JI (espiieserter,
UE Rz lett VE R right
Using Lemma 8.2 (¢), we find that
cgvlfl(z) = eBE (1 + O(N2)) (8.20)

where € € (0, 3) is an arbitrary constant defined at the beginning of Lemma 8.1.
On the other hand, by using (8.14) with £ = 0 (and hence wy = —p) and (8.15) with w = —1, we obtain

CJ(\},)2(Z) — e_%hright(ovz) (1 + O(N€—1/2)> . (8.21)
It is direct to check that Byigne (0, 2) = £ log(1 — z) = —2A3(2) (see (4.3)). Hence we find
1y (z) = e (1 + O(N“l/Q)) . (8.22)

Finally, we have the following result for C](\i)?)(z). Its proof is given in Section 9.3.

Lemma 8.3. Suppose z, z and € satisfy the same conditions in Lemma 8.1, and a,t,k satisfy (8.18). Then
for large enough N, we have

C](\}’)g(z) — o7 PeAL(2)+TA2(2) (1 + O(N2€—1)) . (8.23)
Combing this with (8.20) and (8.22), we obtain the asymptotics of C](\})(z)
C](\})(Z) _ eTl/S.ZCAl(Z)+TA2(Z)+A3(Z)+B(Z)(1 4 O(Nﬁ—l/Q))’ (824)

where A;(z) and B(z) are defined in (4.3) and (4.4).

8.1.2 Asymptotics of det (I + Kél))

Recall that

KO () = fl(vf)l((z)—w (8.25)

where v € R, yight 1S uniquely determined from u' € R, 1oty by the equation

o' (' + 1) =0 (0 4 1)47 (8.26)
and the function f7 is given by
gl(w)QZ,rightJ\(]w)’ w € Ryt
(w+ p)w
fl (’LU) = ~ , (827)
g1 (w)qZ)right(w) = R .
(U) +p)wN 3 z,right
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with §1(w) := w=*2(w + 1)=@+r+r"" v Using (8.26), the Fredholm determinant of KV is equal to
det (I + Kél)) where

2 ha (u)
K(l) N — M\
) = )
with
gl(w)QZ,rightj\(]w)’ w e Rz,left;,
(w+ pw
hi(w) = , (8.28)
gl(w)qz)right(w) w e R )
(w + p)wN ) z,right
and
1 (w)wkHTN 2 IVI=p] (4 4 1) (=D (k+[7N/2/VT=p])
9 (w) = gl(_p)(_p)k+[TN3/2/m](_p + 1)(d—1)(k+[TN3/2/M) . (829)
The proof of the following lemma is given in Section 9.4.
Lemma 8.4. Let 0 < e < 1/2 be a fized constant. We have the following estimates.
(a) For u € Ry et satisfying |u+ p| < py/T— pN/471/2)
N1/2 1._¢3,._1/3
hi(u) = — = efment(£:2)=37EHT 2l (1 L O(N<1/2]0g N)) (8.30)
pv 1= p§

where £ = % and Bignt (€, 2) is defined in (8.11). The error term O(N</2log N) does not

depend on u or &.

(b) For v € Ry yigns satisfying |v + p| < py/T — pN¢/4=1/2,

1 PP(L=P) b (Coythrci—r/2ac Ne—1 N
= en (@57 =02l () 4 (N2, 8.31
where { = 7N;/\j%p), and Bieri(C, 2) is defined in (8.10). The error term O(N<~Y/?log N) does not

depend on v or (.

(¢c) For w € Ry, satisfying |w + p| > p\/T — pN</4=1/2,

m(w) =0 M), we Ry, (8.32)
and ) »

oy =0, w € Ravigi. (8.33)
Here both error terms O(e*CN&M) are independent of w.

Lemma 8.4 implies that

Pright (€,2)+Fb1ert (¢,2) = § €2 +71/ we 4 §7¢3 /B¢

KW (u,u') = — (1 + O(NY2log N ) 8.34

. . 1/2 u 1/2 1)/ .
for all u,u’ € Ry en satisfying [u+ p|, [u'+ p| < pv/T — pN</4, where £ := Np%\/f';p) and ¢ := % with
/ Lo d—1 _ . 1(0 d—1 _ 3e/4—1/2 o N'Y2(u+p)
V" € Ry right defined by v/ (v +1)*"1 = o'(v/+1)*"'. Note that ( = —n+O(N ) where n := =

since [u’ + p| < py/T — pN¢/4. This implies, using bie: (¢, 2) = hrignt (—C, 2) from (8.12), that (8.34) equals
ehright(gvz)“rbright(naz)_%7—53+7—1/3x£_%7—7]3+7—1/3xn

K} = - E€+n)

(1 +O(N2]og N)) . (8.35)
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On the other hand, we also have I?;l)(u,u’) = O(e_CNSEM) when |u + p| > p/T— pN/* or |u’ + p| >
pv/I— pN¢/%. Hence, together with Lemma 8.1 which claims that the {&: —p+ py/T — pEN"Y2 € Ry jesc } N
{£:1¢ < NE/4} converge to the set S, 1ofr, we expect that

Jim_det (I + K;U) = det (I - /cgU) (8.36)

where Kgl) is the operator defined on S, jefy with kernel

Bt (€.2) Fhrigne (7,2)— b3 47326~ Lrn 41/ 3an

€ +n)

K(g,n) = (8.37)

Since e=€°/2 = 7 for £ € 5. 1eft, we have brigne(§,2) = —\/%7 ffoc Li1/2(e_y2/2)dy for such £, and hence the

kernel KtV is the same as (4.7) with z replaced by 7'/32.
In order to complete the proof of (8.36), it is enough to prove the following two lemmas.

Lemma 8.5. For every integer l, we have

Jim T ((f(;l))l) =T <(—/cgl))l> . (8.38)

Lemma 8.6. There exists a constant C which does not depend on z, such that for alll € Z>1 we have

Z det [f(él)(wi, wj)]

w1, , W € Ry left

l
<ct. (8.39)

i,j=1
Assuming that Lemma 8.5 is true, we have

g B )] = 3 e[k

l
ij=1
w1, W € Ry left &1, ,61ES 2 lett ’

for any fixed . Then by applying Lemma 8.6 and the dominated convergence theorem, we obtain (8.36).

It remains to prove Lemma 8.5 and 8.6.

Proof of Lemma 8.5. We only prove the lemma when [ = 1; the case when [ > 1 is similar. Fix e such that
0 < e < 2/5. The upper bound 2/5 is related to the number of terms in the summation (see (8.41) and (8.45)
below) hence needs to be modified accordingly if I > 1.

Note that Lemma 8.1 implies that for any u € Ry jef satisfying |u + p| < p/IT — pN€/*, there exists a

/
unique § = M(u) € S, jere such that ‘5 — %‘ < N3¢/4=1/2 We have

K6

‘ d

(1)
S (5,@\ <c (8.40)

uniformly for all £ satisfying dist (£, S, jetr) < N3/471/21og N; this follows from the exponential decay of the
kernel along the S, jefy. Here dist (w, A) denotes the distance from point w to set A. Thus we obtain

N1/2 w N1/2 u -+ 3
(TN T ke s ont i sl
EET(MN eft)

u€E Ry, Jeft
lutp|<pvI—pNe/4
(8.41)
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where I(Mp jere) is the image of the mapping My jefy defined in Lemma 8.1. By using the upper bound of
(M 1ef) in Lemma 8.1 (c), all the points in I(My jes) satisfy [¢] < N¢/%4-1. Thus we have |[[(My jef:)| <
i i , = Sz7leﬂ;. Since

I i .
CN¢/2. The lower bound of I(M y ef;) in the same lemma also implies limy o0 I (M N 1eft)

> e <c (8.42)
EES. left
we obtain 1/2( ) 1/2( )
K (N vip) N utp ) . KO (€, €) (8.43)

uER Jeft

lutp|<pvT=pN€e/4

where we also used the upper bound of € which gives 5¢/4 — 1/2 < 0
Now for each u = —p + py/T — p€ € Ry et satisfying |¢| < N4, by applying Lemma 8.4 (a) and (b) we

have
(8.44)

- N'Y2(u+p) NY2(u+p)
K(l) — @) 1 Nefl/Ql N
z (u5u) ICZ pm ’ pm ( +O( Og ))

where the error term O(N<~1/2log N) is independent of u. Therefore we have

1/2 1/2
o) (N/ (u+p) N (u-l—p)) < ONP</1=1/2 o4 N

K (u,u) + —
'”Eg,left “e;eft p 1 - p p 1 - p
lutp|<pvT=pNe/4 lutp|<pvT=pNe/4

(8.45)

The last estimate we need is

> E@w -~ 3 KPwu)| < CLe oY (8.46)
UE Rz left uE R, Jeft
lutp|<pvI—pNe/4

which follows from Lemma 8.4 (c) and the fact that there are at most L — N points in the summation. By

combining (8.43), (8.45) and (8.46), we have
i (1) - _ 1)
Jim Y0 KP(wu)=— Y K. (8.47)
UE R left EES lett
O
Proof of Lemma 8.6. First we have the following inequality
3 S kP wu)r<c (8.48)

UERZ 1ot \| U ERz lett

where C'is a constant which is independent of z. This follows from the fact that the left hand side converges

to
> S kP e (8.49)

€E€S2 et \| §/E€Sz tett

as N — oo, which can be shown by using Lemma 8.4. Since the argument of this convergence is almost the
same as the proof of Lemma 8.5, we omit the details. The above limit is bounded and hence (8.48) holds.
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Now we prove the lemma. By the Hadamard’s inequality, we have

l

l
<TI./ > 1B w2 <L S0 1KY (wiw)? (8.50)
=1

det [f(;l)(wi, wj)}

l
1,j=1

i= 1<5<1 =1 \| wERg lett
for all distinct wy,wa, - ,w; € Ry 16t As a result,
1
l
(1)
Z det [K( )(11)2,11)J)LJ_:1 < Z H Z [Kz (wi, w)[?
w1, , W € Ry left w1, W E R Jefr 1=1 || u/ ERz et
. (8.51)
- X SR P
UE RS lety \| U €RZ 1ot

and (8.39) follows immediately. O

8.1.3 Proof of Theorem 3.1

In summary, under the scaling (8.18), we have (8.24) and (8.36). These two imply that (8.1) with ¢ = 1
converges to Fy(7/3x;7), where F(z;7) is defined in (4.2). This proves Theorem 3.1.

8.2 Step initial condition

We now prove Theorem 3.3.
We apply Theorem 7.2 with

Pn = Nn/Ln7
N, 1 1 (8.52)
tn = = N1/2:| + =5 VNn + = (Nn — kn),
I [\/1 — P I3 p%( )
and
= (1= pn)tn — p'r:l(Nn —kp) — 051/3(1 - pn)Q/thvlz/Bv (8.53)

where p,, € (c1,c2) with fixed constants ¢, ¢o satisfying 0 < ¢; < ¢g < 1, and v, = v+ O(N,, N, /2 ) for fixed
~v € R. As we mentioned before, we suppress the subscript n for notational convenience, but we still write
Yn to distinguish it from ~y, which is a fixed constant.

We also assume a = a,, given in (8.53) is an integer so that the Theorem 7.2 applies.
8.2.1 Asymptotics of CI(\?) (z)
Recall the definition of C](\?)(z) in (7.37) and rewrite it as the product of the two terms

HuERz,left (_u)N HvERz,z-igm (2) + 1)L7N

Civh(2) = :
N1 HueRz,left HUERz,right (U - u) (8 54)
Cvh@ = [[ (o ] @wsp e,
UE R, left VE Rz right
By applying Lemma 8.2 (c), we have
@) (z) = 22C) (1 n O(NH/?)) . (8.55)

On the other hand, for C](\?,)Q (z), we have the following result which is analogous to Lemma 8.3.
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Lemma 8.7. Suppose z, z, and € satisfy the same conditions in Lemma 8.1, and a,t satisfy (8.52) and (8.53)
with 1 <k < N. Then for large enough N, we have

C](V2’>2(z) _ /3 AL(2)+T A2 (2) (1 I O(Ne—l/z)) _ (8.56)
Combining with (8.55) we obtain

C](\?)(z) _ o7/ A1 (2) 47 A2 (2)+2B(2) (1 n O(Ne—1/2)> _ (8.57)

8.2.2 Asymptotics of det (I + Kf))

Recall that

KZ(Q) (u, u’) = f (u) Z (u — ’U) (ull_ ’U)fg (’U) s U, S Rz7left, (8.58)

VE Ry right

where fs is given by

G2 (w) gz, right (w))?
(w ¥ p)gng ) w e Rz,leftv
folw) =< _ , ) (8.59)
92 (w)(qZ,right (’U))) R
(w ¥+ p)ng ) w e z,right

with go(w) := wN=F+2(w 4 1)2=N+k+letw  Note that w¥ (w + 1)X~N = z% for all w € R,. Therefore the
Fredholm determinant of Kéz) is equal to det (I + Kz(z)) where

1

K (u,u') = h "€ Ryt 8.60
z (u,u) 2(“) ERZ (U—U)(Ul—’l})hz(’l))’ u,u € Jleft ( )
v z,right
e (1) (g (0))°
92 (W )\qz,right (W
(w + p)ngN ) w e Rz,leftv
ha(w) = , 9 (8.61)
gQ(w)(qz,right(w)) R
('lU + p)wQN ) w € z,right
with

()™ [T (4 1) E N [AY]

§2(*p)(*p)N{ﬁN”2] (1— p)(L—N){ﬁNlﬁ] :

g2(w) = (8.62)

Similarly to Lemma 8.4, we have the following asymptotics for he(w). See Section 9 for the proof.
Lemma 8.8. Let 0 < € < 1/2 be a fized constant.
(a) When u € Ry ety and |u+ p| < py/1— pN¢/4=1/2 e have

ho(u) = VR e20risne(€.2) =57+ P0e 45987 (1 4 O(N1/2 [og N)), (8.63)
pv1—pg
where & = % and Brigns s defined in (8.11). The error term O(N<~'/2log N) is independent of

u or €.

(b) When v € Ry yight and [v+ p| < py/1— pN/4=1/2 e have

3 3/2
L _pi-p e2ent () +57C° =7 PaC=37C* (1 L (N2 ]og N)), (8.64)

ha(v) (N3/2

where ( = N Pwte) and Bieg, is defined in (8.10). The error term O(N¢~1/21og N) is independent of
pVI=p

v or (.
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(¢c) When w € R, and |w + p| > py/T— pN/4=/2 we have

ha(w) = O(e= M), w € Ry et (8.65)
and . e

ha(w) O(e ), W E Ry right- (8.66)
Here both error terms O(e_CNSEM) are independent of w.

From Lemma 8.8 and Lemma 8.1, we expect, as in the flat case, that

Jimdet (I + K?) = det (I — K1) (8.67)

where ICEZ) is an operator defined on S, jesr With kernel

e®=(Eum P m)+ @ (7! P, m)+ (€8 —n?)

K®\(&, &) = 8.68
P& &) UESZ e TG (8.68)

and .
@. (6750, 7) = 7€ + /0t - \/z / Liya(e™ ?)dw, €€ S.pen (8.69)

is defined in (4.12). The rigorous proof is similar to that of (8.36), and we omit the details.

8.2.3 Proof of Theorem 3.3

In summary, under the scaling (8.52) and (8.53), we have (8.57) and (8.67). These two imply that (8.1) with

i = 2 converges to Fy(7/3x;7,7), where Fy(z;7,7) is defined in (4.10). This proves Theorem 3.3.

9 Proof of Lemma 8.1, 8.2, 8.3, 8.4, 8.7, and 8.8

9.1 Proof of Lemma 8.1

We prove the results for My ers. The proof for My yight is similar.

(a) Let w be an arbitrary point in the domain of My jer,. We first show that there exists a £ in S jef

satisfying ‘5 — % < N3¢/4=1/210g N when N is sufficiently large. Write w := —p 4 p/I — pnpN—1/2

where |n| < N</* and Ren < 0. Since w € Ry ey, it satisfies g,(w) = 0 and hence we have

N L—-N
(—p—l—p\/l — pnN_1/2> (1 —p+py/1- pnN_l/Q) =zl = (—I)NlroLz.

Since 19 = (1~ p)' =7, 2 = pN (1~ )"V, and

N L—-N
(17 \/17;77)]\7*1/2) (1+\/1p7p77N1/2) =z (9.1)

When nN—1/2 is small and N is large, the Taylor expansion yields that

e~ /2AHEN() — 4 (9.2)

38



where En(n) is the error term satisfying En (1) = O(n> N~1/2). Note that
En(n) = O(N3</471/2) uniformly for || < N¢/4, (9.3)

hence uniformly for w in the domain of My ;. The above calculation implies that n%/2 — En(n) =
—log |z 416 for some 6 € R. Note that since z is a constant satisfying 0 < |z| < 1, we have Re(—log|z|) > 0,
and hence there is a constant ¢ > 0 such that Ren < —c for all 1) satisfying (9.2) and satisfies || < N/4. Now
let ¢ be the point satisfying Reé < 0 and £2/2 = —log|z| +i6. Then & € S, e and 1?/2 — En(n) = £2/2,
which implies that |n? — £2| = O(N3/4=1/2). Note that Re& < —c for some (possibly different) constant
¢ > 0. Hence |n+&| > |Re(n + &)| > ¢ for a positive constant uniformly for n and . There we find that
|n — &| = O(N3/4=1/2). This proves the existence of ¢.

We now show the uniqueness of such . Suppose that there are two different points & and & in S, jest
satisfying |£ — 7], |¢’ —n| < N3¢/4=1/21og N. From the fact that e=€/2 = ¢=€”/2 we have €2 — €2 > 4m. On
the other hand, |€ —€'| < € 5|+ |¢' — | < 2N*/11/2log N, and |¢ +¢€'| < [€ —n| + € — ] +2ln| < 3N/
These two estimates imply that |£2 — £2| < 6N~/2log N. This contradicts with the previous lower bound
4. Thus for sufficiently large N, there is a unique £ € S, o satisfying [€ —n| < N3¢/4=1/21og N. The map
M lefs is thus well-defined.

(b)  To show that My s is injective, we show that if w := —p + py/T — ppN~Y/2 and w' = —p +
oI — p’ N=1/2 are two different points in the domain, then & = My et (w) and & = My e (w') are
different. Note that ||, |n/| < N¢/%. Since w and w’ are solutions of the polynomial equation w® (1—w)t=N =
(—=1)Lrl2, by noting (9.1) and (9.2) in (a), we find that

—1*/2+ En(n) =logl|z| +i61,  —(1)?/2+ En(1') = log |z| +16; (9-4)

for some real numbers 0 and 0 such that |01 —602| > 27, Now [€2—(&)2| > |n?—(0')?|—|€2—n?|— (€)% —(n')?].
Since [¢ —n| < N3¢/41/2]og N by the definition of ¢ (see (8.7)), and we have |¢],|n| < N4, we find that
€2 — %] = O(N"'/2log N). We have the same estimate for |(¢)? — (/)?|. On the other hand, from
(9.4), |n? — ()?| > 47 — 2|Ex(n)| — 2|Ex ()| > 47 — O(N3¢/4=1/2) from (9.3). Therefore, we see that
1€2 — (¢')?] > 41 — O(N“Y/2log N). Taking N — oo, we find that ¢2 and (¢/)? are different, and hence &
and & are different.

(¢) The definition of My jefy already gives

N/ApN3/4=1/2 100 Ne/4 4
I(Mneft) € S ot C 5, et

for sufficiently large N. To prove the other inclusion property, it is enough to show that for every & €
e/4

Sﬁﬁe/ffl, there exists 7 satisfying |€ — 7| < N3¢/4=1/21og N and (9.1). Indeed, if such 7 exists, then w :=

—p+ pyT=pnN~1? lies in Ry jere N {w; |w + p| < py/T—=pN/*1/2} since || < [ — €]+ [¢] < N/* — 1+

N3¢/4=1/21og N < N¢/4, and (8.7) is satisfied. Now, in order to show that there is such an 7, it is enough to

show that, by using e=€"/2 = z and taking the logarithm of (9.1), the function

2

P(n) := Nlog (1 —/1- pnN_l/Z) +N(p~t—1)log (1 + lefpnN_l/2> + % (9.5)
has a zero in inside the disk | — & < N3¢/4=1/21og N. Since nN~1/2 is small, we have (see (9.2)) P(n) =
—n?/2 + En(n) + £2/2 for i in the disk. The function Q(n) = —n?/2 + £2/2 clearly has a zero in the disk
and |Q(n)| = |n — &||n + €|/2 > cN3/41/21og N on the circle | — &| = N3¢/4=1/21og N. Here we used that
Re & > —c for some positive constant ¢ and hence 7 satisfies the same bound for a different constant. Since
|Ex ()] < O(N3</*=1/2) (see (9.3)), we find that |Ex(n)| < |Q(n)| on the circle, and hence by Rouché’s
theorem, we find that P(n) has a zero in the disk. This proves Sﬁﬁz/f:*l C (M 1eft)-
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9.2 Proof of Lemma 8.2
We use the following simple identities in the proof.

Lemma 9.1. Let Yie 0ur be a simple closed contour in the left half plane Re z < —p which encloses ety =
{u: JulPlu+ 1|17F = |z|,Reu < —p} inside so that ieseout encloses all points in Ry e inside. Then for
every function p(z) which is analytic inside Liete out and is continuous up to the boundary,

> s = (- Npn Lt PO 96)

UE Ry left Dleft,out U(U + 1)qz (’U,) 27”

where gz(u) = uN (u + 1)L=N — 2L, Similarly, let Syight.ous be a simple closed contour in the left half plane
Rez > —p which encloses Syight = {u : |ul’lu+ 1|'"7 = |z|,Reu > —p} so that Syightous encloses all
points in Ry sight. Then for every function p(z) which is analytic inside Yyight out and is continuous up to
the boundary,

> =Ny +1ab D 0.7

’L)GRz,right Eright,out 'U('U + 1)qz (U) 27Ti .

In particular, when p(z) =1, we find that

u+p du v+ p do
0= % ——— d 0= 7§ _vtp dv
S U+ D) 2 S v(v +1)ga(v) 27i (9-8)

dpw) _ (N | L-N\gz(w)+z" _ L(w+p)
Proof. Note that W = (E + ot )q ) = w(w+f1)) (1 +

Z plu) = élewom Mdl - szlcft - p(u)(u+p) du + Lzl %Em_m p(u)(utp) du

right,out
L
Z

gz (w)

). Hence by residue theorem,

& qz(u) 2mi w(lu+1) 2mi w(u + 1) gy (u) 27
u z,left
O
We now prove Lemma 8.2.
(a)  Applying the identity (9.6) to the function p(u) = log(wy — u) and using (9.8), we obtain
> log(wy —u) = (L — N)log(wy +1) + Iy 9.9)
UE Ry left
where
o e Lsz 1Og<N1/2(wN—u)> u+p du (9.10)
N S /1 —p w(u+ 1)gg(u) 2mi’ ’
It is now enough to prove that if Re& > 0, then
In = brert (2, ) (1 + O(Ne_l/z)) : (9.11)
For this purpose, let
pa = p—apy/1—pN~1/2 (9.12)

for some real constant a satisfying a?/2 < —log|z| and a < Re&. By Lemma 8.1, we can deform the contour
Zleft,out to —pa +iR:

—pat+ico 1/2 o
Iy = La" / log (Y- lwx — ) utp du (9.13)
/1—0p u(u+ 1)gg(u) 27i

—pa—ico
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We then split the integral into two parts, | Imu| < py/1 — pIN¢/3=1/2 and [Tmu| > py/1— pIN¢/3=1/2 where €
is the fixed parameter satisfying 0 < € < % as defined in Lemma 8.1, and estimate them separately. For the
first part, note that if u + p — 0 as N — oo, then

ta(u) = u (L +u)"™N — (=p)N(1 - p)* V2

ut p\V ut p\ 2N
N L—N
= (—p)N(1- 1- 1 -
(o) (1 - p) [( o) (14 422) ] 0.1
= i (e_mN(u-FP)z-*—O(N(uﬂ)B) B z)
z
since N/L = p. Hence changing the variables u = —p + p\/I — ppN~/2, the first part of (9.13) for

|Imu| < py/T — pN¢/3-1/2 is equal to

at+iNe/3
_ d
. / log(€ — 1) ——t—— (1 + O(N1/2) 21
a

SATe —7]2/2_ 2 .
o ‘ : 1 " (9.15)
= — — Ll e—1/2
B Z/u—ioo log(& —n) e~m?/2 — ¢ 27ri(1 +OWN )-
To compute the second part, note that for u = —p, + iy with |y| > py/T — pN</371/2 (recall that
L_ N(|_ 5L-N
ry =p( p) )
u (u + l)L—N‘ _ pN(1 = po)b=N <1 . y2>N/2 (1 . y2>(LN)/2
rg pN (L= p)t=N a (1= pa)?
2\ N/2 2 (L=N)/2
y y (9.16)
() ()
Pa (1= pa)?

2¢/3
2 C]@CQN y2

for some positive constants C; and C5. Since the last bound in the above estimate is > 2 for all large enough

N, we find that

uN (u+ 1)LV
7L

¢z ()

2L CreC2N* "y (9.17)

N | =

_ 1‘ >
for same u. Also since wy —u = (£ — a)N"2p/T—p + iy and Re(¢ — a) > 0, we find |wy — u| <
CN~Y2 4 |y| < 2Jylfor all large enough N and |wy — u| > Re(é — a)N~/2p\/T—p > CN~'/2 and hence
there is a constant C3 such that

1
[log(wy — u)| < B log N + C5 + log |y (9.18)

for all large enough N. Also noting the trivial bound |u + p| < |u(u + 1)| for such u, the absolute value of
the second part of the integral of (9.13) satisfying | Imu| > p\/T — pN¢/3=1/2 is bounded above by

_ c log N +C5 +lo
C4L1/26 CyN? /3/ g ; g|y|dy (919)

yER;|y|>N</3 Y

for some positive constants Cy4,Cs. This is bounded by C'e=CN*"* for some positive constants C,C’. By
combining (9.9), (9.13), (9.15) and (9.19), and comparing with (8.13) it remains to show that

a-+ico
nlog(§ —n) dn
hleft(f,z) = —Z /afioo me, (9.20)
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ie.,
a+ioco

1 _
L (€-4)/2) qy — /
Tﬂ- 11/2 (ze ) Yy o

To prove (9.21), it is sufficient to show that the coefficient of 27 matches in both sides for all j > 1.
Therefore (9.21) is reduced to the following identity (after absorbing /7 into £ and y)

nlog(§ —n) dn

. 21
e~"*/2 — 2 27 (9-21)

ico

1
V2T

Note that the right hand side of (9.22), after integration by parts, equals to

e /2 dn
— 9.23
/Re(n)c<Re(s) s —mn2mi ( )

which is the integral representation of Faddeeva function and hence matches the left hand side of (9.22),
We finished the proof of (8.13). The proof of (8.14) and (8.15) are similar.

s q
s /2 e 2y = / nlog(s — n)e"z/Q—n,. (9.22)
—c0 Re(n)=c<Re(s) 27

(b)  Consider the estimates (9.15) and (9.19) in the proof of (a). We set a = 0. Note that in the proof
of (a), we chose a so that a < Re¢, and this condition is satisfied since we assume that Re£ > ¢ > 0. The
equation (9.15) remains the same:

iNe/3
n e—1/2 dn
_ 1 _ 1 N . 9.24
- tog(s — ) (1 O 2 (9.24)

Since ¢ < |€ — n| < 2N¢/3, we find that the above is equal to
Bree (€, 2) + O(N<"/?log N). (9.25)

On the other hand, (9.18) is unchanged since CN~'/2 < |wy — u| < 2|y|for all large enough N as before.
The other case is similar.

(¢) We first find an integral representation of the logarithm of the left hand side. By using (9.7) with
p(v) =log(v — u),

> logw-w= (N bg(—“”Lsz; (thvplkf;:(;)u);z)'

UERz,right UE R, 1eft right,out
UE Ry left

Exchanging the sum and the integral, applying (9.6) with p(u) = log(v — u), and then using the residue
theorem, the above becomes

Z log(v —u) =N Z log(— (L—N) Z log(v+1)

VE Ry right UE Rz lett VERZ right

UE Rz lefy
N = N gy Y AR
5 (v +1)gz(v) \ Jsipon W+ 1)g(u) 27 ) 27

right,out

(9.26)

Hence (8.17) is obtained if we prove that the last double integral term is —2B(z)(1 + O(N<~1/2)). By using
(9.8) and replacing the contours to vertical lines, it is enough to prove that

2, 2L o N1/2 —u) (v+p)(u+p) du dv _ e—1/2
Lz //1 & < V1i—p ) v(v + 1)gu(v)u(u + 1)g,(u) 271 271 2B(z)(1+O(N )
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where the contours are appropriate vertical lines, which we choose as follows. Note that the sign is
changed since we orient the vertical lines from bottom to top. Fix two real numbers a < b in the in-
terval (—y/—log |z, /—log|z]). We take the line —p + apy/T — pN~1/2 4+ iR as the contour for u and the
line —p + bpy/T — pN~/2 +iR as the contour for v. The double integral is similar to the integral (9.13)
considered in (b). We estimate the double integral similarly as in the proof of (b). We change the variables
asu=—p+pyI—ppN~Y2 and v = —p + py/T — p(CN~/2 and split the integral into two parts: the part
in the region {(n,¢);|n| < N</3,|¢| < N¢/3} and the part in the region {(1,¢); |n| > N3 or [¢| > N¢/3}. As
in (b), it is direct to check (see (9.14)) that the integral for first part is equal to

Clog( n) dl% e—1/2
// (e=m*/2 — 2)(e=C*/2 — 2) 27ri27Ti<1+O(N )-

Here the contours for  and ¢ are Re(n) = a and Re(¢) = b respectively. The second part is O(e’CN%/s).

We skip the details here since the analysis is an easy modification of the estimate (9.19). Now it remains to

_ n¢ log(¢ —n) dn d¢
=z // (9.27)

e /2 — 2)(e=¢*/2 — 2) 2mi 271’

prove

i.e., to prove the following identity

i (Lll/z a— - // nelog(—m _dn & (9.28)

2m e=/2 = 2)(e=C?/2 = 2) 2mi 2mi’

By comparing the coefficient of 2zt in both sides, it is sufficient to show

1 2 2 dn dC
- log(¢ — m)etkn+ic?)/2 41 46 9
2m(k + 1)Vkl // ¢ log(¢ —m)e 27 27 (9-29)

for all k,1 > 1. In fact, after integrating by parts (with respect to dn and d¢), we have

k-'—l //nglogc 7] (kn +i¢? )/2 2 dT] dC

27i 27

:// QU+ )/2i7i§+// oUnticty/2 41 A€ (9.30)
(—n 27i 2mi n—C 2mi 27
// (kn24ic?y2 dn d¢ 1
2mi 2w 9kl

9.3 Proof of Lemma 8.3 and 8.7

First consider Lemma 8.3. From the definition, log (C](\}’)g(z)) is equal to

_% > log(—u)+ Y ((L;N—a—l—k;p_l)log(v—l—l)—l—tv) (9.31)

UE Ry left VE Ry right

plus an integer times 27i. Using (9.6) with p(u) = log(—u), using (9.7) twice with p(v) = log(v + 1) and
p(v) = v, using (9.8), and then changing the contours to a common vertical line, we find that

_% > log(-u)+ Y ((L;N—a—|—]<;p_1>log(v+1)—|—tv>

UE R 1eft VE Ry right

(G1(w) = Gi(=p))

By /pmo _ (wtp) dw
—p—ioo w(w + 1)gg(w) 2mi’
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where
L—-N

Gi(w) = —g log(—w) + <

Note that the part of the integral involving G (—p) is zero due to (9.8) and hence it is free to add it here. We

change the variables as w = —p 4+ p\/IT — pEN /2. As in the proof of Lemma 8.2 (a), we split the integral

into two parts: |¢] < N% and |¢] > N/* where 0 < ¢ < L is a fixed real number. The second part is

2
almost same as the case of Lemma 8.2 (a) and we obtain the estimate O(e_CNE/Z)

details. However, the analysis of the first part is more delicate and requires higher order expansions and the

+a-— k:p1> log(w + 1) — tw. (9.32)

. We do not provide the

symmetry of the integrand.
A tedious calculation using Taylor expansion and (8.18) shows that for w = —p+4 with § = O(N</4~1/2)

Gi(w) — G1(—p)

1 1
=G (—p)d + 72G/1/(—p)(52 + 76G”’(—p)53 + E{N3/26% + O(N3/%6%)

32(1— p))?

71/3xN1/25 N (1 2

= — + —

pVI—p 4p*(1 —p) VI=p
+E1/N1/252 + EgN(SS +Eé’N3/254 +O(N56/471)

TN1/2> 5 +

where Ei, E{, EY and EY are independent of § and all bounded uniformly on N. Hence we find that for
w = —p+ py/IT— pEN~Y2 with |£| < N¢/4,
T 2 A71/2 1/3 L. PT 3
2N — z P
5 f_pﬁ +( T x§+4§+3(17p)£
+E1N_1/2€2 +E2N_1/2€3 +E3N_1/2§4 +O(N5e/4—1)

Gi(w) — Gi(—p) = — (9.34)

where F; is independent of £ and uniformly on N for all ¢ = 1,2,3. A careful calculation shows that Es =

6%, which is the only E; term which makes nonzero contribution to the O(N~'/2) in the integral (9.38).

We also have, after calculating the next order term in (9.14), for z = —p + 6 with J € iR,

ZL — 1
qz(w) = — |:e 2p2(1—p)
z

Hence for w = —p + py/T — pEN~/2 with € € iR satisfying |¢] < N</4,

3p3(1—p)2

No24_—20=1_ N§® 4 E,N§*+O(N§°) _Z} (9.35)

G(w) _ 1 1e4 200l @ N Al N O )
zL 27 ] P 9.36)
_ 65/% (1 32\?% 6,652/52/j SEONTVE BN+ O(N56/43/2)> : (
It is easy to check that for same w,

We now evaluate the first part of the integral using the above estimates. Noting that the integration domain
is symmetric about the origin and hence the integral of an odd function is zero, we obtain

/_p+ip 1_pNE/4(G (w) — Gy (— ))Mdﬂ
—p—ipy/T=pNe/4 ! 1n=f w(w + 1)gg(w) 271
iNe/4
_ 1/3,.¢2 (3—8p)T .4 Z ﬁ 9.38
/_iNe/4 (T S 6(1 —p) ¢ e=€%/2 — 2 27 (9:38)

1-2p)r [N -2 4
+ ( p)T/ _ZC; 5675 +O(N2671).
6(1 —p) J_inesa (€7€7/2 = 2)27 2mi
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Here one needs further use the symmetry of the domain to find the error bound O(N?¢~1). More explicitly,
one find that the O(N~'/2) term, after using this symmetry and then integrating by parts, equals

iNe/4 _ g2
i 11-2 £/2 11-2 d
N—1/2/ ( 14 ze 56 14 z 54 _ E2 < 54) 76

Civera \ 12T —p(e=€2—2)2° 4 T—pe €22 e=€%/2 — » 27i (9.3
iNe/4 '
_ 1-2p z _ON</2
— _N 1/2 5 =0 CN )
12¢/T—p \e6%/2 — ZE _iNe/4 (c )
After integrating by parts the last integral, we find that (9.38) is equal to
iNe/*
1 z d¢
1/3,.02 L _ca 9 L o(N2eY, 9.40
/_1N6/4 (T 7 37-5 ) e=€%/2 — z 2mi +0( ) (6.40)
A direct calculation shows that
9 z d¢ 1 .
= T =A 9.41
S € ez = gl = 412 (9.41)
and d 5
4 Z .
——————— = ——Lig/a(2) = —342(2). 9.42
L€ e = Ja o) = 3402 (9.42)
Thus the lemme is proved.
The proof of Lemma 8.7 is similar. The only difference is that if we define
Go(w) = (k— N —1)log(—w) + (a + N — k) log(w + 1) — tw, (9.43)
we should have
1 T 1 pT
Go(w) — Go(—p) = —=¢€2 [NUQ} + (—71/356 e — 3> + error terms 9.44
2(w) = Ga(=p) = =€ | o= £ 598+ 5 ¢ (9.44)

which replaces the Gp(w) estimate in (9.33). Other estimates are the same. We omit the details. In the
final formula, the error term is slightly different from Lemma 8.3. This is due to the O(1) perturbations of
the coefficient and the integer part appeared in t¢.

9.4 Proof of Lemma 8.4 and 8.8

Consider Lemma 8.4 first.

(a) By using Lemma 8.2 (b), we find that

QZ,rigR;(u) _ ehright(z,f) (1 —|—O(N671/2 log N))
u

uniformly in |¢| < N¢/*. Thus we only need to show
g1(u) = e 5T T g (1 + O(N“/210g N)) (9.45)

for all u € Ry g such that |u + p| < py/T — pN</471/2,
By taking the logarithm, it is sufficient to show that

<2+ [%Dlog (i‘p) + ((d—l) <k+ {%D +k+p1—a> log (11“:[1)) +t(u+p)

_ _%ng +71/32€ + O(N“210g N),  (9.46)
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which is further reduced to, after inserting (8.18) and also dropping the O(1) constants 2,p~! and the
notation [-] in the coefficients which only gives an O(N¢/4=1/2) error,

N3/2 1—p)3/? VI— 1 1
u log <u> + (—(Q)TN?’/Q—&—'OTl/ngl/Q) log <u+ ) + = TN3/2(u 4 p)
1—p —p p p 1—p pPV1I—p

1
= —§7'£3 +7'32¢ + O(N“21og N).  (9.47)

Similarly to (9.34) (without the E; terms), this equation can be checked directly by using Taylor expansions.
We omit the details here.

(b)  The proof is the same as part (a) except for the part g, ;.. (v)/ v~ which we use the following identity
(see (7.25))

q/z,right(v) B vEN L(v+p)

N e (v) v(v + 1)

(9.48)
and then apply Lemma 8.2 (b).

(c) Suppose that u € Ry e, and satisfies |u + p| > py/1 — pN€/4=1/2 We first estimate the following term

j—2 jld—1)—a+(k+1)d

1

g1 (u) = < u ) (u+ ) (tutp) (9.49)
—p I—p

where j = [TN3/2/\/T — p]. We have the following claim.
Claim: Let I' be the contour |u|?|u + 1|'*~? = constant. Let ¢ be a real constant such that 0 < ¢ < 1 — p.
Then the function |u+ 1|~°eR¢* increases as Reu increases and u stays on I', u € I'. For ¢ > 1 — p, the same
holds for the part of I such that |u + p|> > p(c — 1+ p).

Proof of Claim. Write u = x + iy, ¥,y € R. Since |u|’|u + 1|'7* is a constant, we have

px (1-p)(z+1) Py (I-p)y B
(m2+y2 " (x+1)2+y2>dx+ <x2+y2 " (a:+1)2+y2>dy0' (9:50)

Now
_ clx+1) cy
dlog (Ju 4 1|~ ¢eRe :<l—>dx—d .
s | ) (x+1)2+ 2 @+ 1Z+y2
Inserting (9.50), we can remove dy-term and find, after direct calculations, that
d 2 1—p— 2
710g(|u+1‘7C€Rcu):(l‘+p) +,0( p C)+y )
dx 22+ 2px + p + Y2
It is easy to check that the derivative is non-negative under the conditions of the Claim. O

Taking the absolute value of (9.49), and noting that |u||u+ 1|(*=*)/7 is a constant since u € R, jcf; (recall
that N/L = p = d~1), we find, after substituting (8.18), that the absolute value of (9.49) is
C‘U + 1|3d72|u + 1|—(1—p)t+71/3$@N1/26tReu

for some constant C' > 0. Since Ry jef is bounded, |u + 1|3d_2 is bounded. On the other hand, since
tN~' = O(N'/2), the above is bounded by

_ t
C (|u 41|~ +ON 1>eRe") (9.51)

46



for a different constant C'. Applying the Claim with ¢ = (1—p)+O(N 1), we find that for u € Ry es satisfying
lu+ p| > py/T— pN¢/4=1/2(9.51) is the largest when |u + p| = p\/T — pN/4=1/2, Hence the absolute value
of (9.49) for the same range of u is bounded above by the value when |u + p| = p/T — pN</*=1/2. Now for
U € Ry opr with [u+p| = py/T — pN¢/4=1/2 we had proved the asymptotic formula (9.45). Noting that ¢ here
is given by £ = %. Then [¢| = N4, and it is also direct to check that Re(¢%) > 0 since u € Ry et
and wu is close to —p: see Figure 5 for the limiting curve of R,. Hence we find that (9.49) is bounded by
0(67CN36/4).

We now consider the term q”fiﬁ(u) in (8.28). We apply (9.7) to p(v) = log(—u + v), where the branch cut
is defined as before, i.e., along the non-positive real axis so that p(v) is analytic for v such that Re(v) > —p,
in particular, for v inside ¥ight,out. Then

_ptico e (u _ w> (w+p) dw (9.52)

u+p ) ww+ 1)g,(w) 27i

3" log(~u+v) ~ (L~ N)log(—u) = —Lz* / .
€ Ry sight —p—ioo
where the minus sign in front of the integral is due to the orientation change when we deform the contour
from Xyight,out to —p + ¢R. Similar to the proof of Lemma 8.2 (a), we split the integration contour into two
parts: |ITmw| < py/T — pN¢/>=1/2 and |Imw| > py/T — pN¢/5=1/2, In order to evaluate the first part, we
u / . w / .
set £ = %. Then [£| > N/ We change the variables 1 = %. For this first part, we have
In| < N¢/5, and hence (9.36) and (9.37) can be applied, and hence the first part is equal to

iNe/® . d
/ log (1 — ”) S A— (1 + O(N36/5—1/2)) =

_iN¢€/5 g 67772/2 —Z 27

where the error term is uniform in 7. Since |n|/|§] < N~¢%Y, we may use the Taylor’s theorem to the

logarithm and find that the above integral is of order O(1/|£|) and hence is bounded by O(N~¢/%). On the
_ (wtp)N'/2
T p/1-p

—iN€/® ico L
w—u 4 n dn
—p(l = 1 — 9.53
Pl =p) (/—ioo * /izvs/f)) o8 (u + p) Gz (w) w(w + 1) 27i (9.53)

where w = w(n) = —p + /T — ppN /2. We now estimate the integrand. First we need a lower bound of
|Re(u) + p|. Since Ry jefe is contained in the contour Yo = {u;|u™ (u + 1)2=N| = |z|L}, we will find the
lower bound for u € Yjeg satisfying |u + p| > p/T — pN/4=1/2. Tt is now straightforward to check that
the contour Y. intersects any vertical line Rew = constant at most twice. In addition, we know from
Lemma 8.1 that the part of Ry jes in |u + p| < py/T — pN/471/2 converges, after a rescaling, to a part of
S 1eft- From this and the estimates in Lemma 8.1, we can see that the part of the contour Xi.s satisfying
lu+ p| > py/T — pN/*=1/2 is on the left of the vertical line Re z = —p with distance at least CN¢/4~1/2 for
some positive constant C. Hence for u € Y satisfying [u-+p| > N/471/2 we have | Re(u)+p| > ON</471/2,
This fact together with the trivial bound |u| < C imply

€/20

other hand, in the second part, we use the same change of variables 7 and the integral becomes

e/a—1/2 - |U—W lw+p|+C
CN < u+p‘ < C Ne/4—1/2 (954)
for all w satisfying Rew = —p. Thus we find
‘log (er”) ‘ < Clog|w + p| + Clog N < Clog || + C'log N. (9.55)
We also recall the estimate we did in (9.17), which gives
ZL ‘ 2¢€/5
< Ce N -2 9.56
el o (9.56)
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Note that the exponent here is slightly not the same as that of (9.17) since we have a different e here. By
plugging in both estimates (9.55) and (9.56) and also the trivial bound |w(w + 1)| > C' in (9.53), we get an
upper bounded e=N*" of (9.53). Together with the bound for the integral on the first part of contour, we
immediately obtain that
qz,ri ht(u) —e/4
Combing this and the bound of (9.49) we obtained before, and the trivial bound |u+ p|~! < CN/2=¢/4,
we have (8.32). The case of R, yight is similar. This completes the proof of Lemma 8.4.

The proof of Lemma 8.8 is similar. For (a), note that

1 2, 2p—1
L) =S N arror s (059)

Nlog <_“p> +(L - N)log (

This implies

1 1 -1
[TNl/Q} (N log <u> + (L — N)log ( ut )) =——¢2 { T Nl/Q} —I—LTf?’—&— error terms .
-p

Vvi—p —p+1 2 1—p 3(1—p)
(9.59)
Also note that ~
~Qz(u) — ¢~ G2(u)+Ga(—p)+ error terms (9.60)
92(=p)
where Gy is the function defined in (9.43). By combining (9.44), (9.59) and (9.60), we obtain
ga(w) = e—%‘r&g-‘r‘rl/?’m&-l-%'y{?-l- error term _ (9.61)

Then we apply Lemma 8.2 (a) and obtain (8.63). The rest of the arguments are similar to those of Lemma 8.4.
We omit the details.

10 Proof of Theorem 3.4

This theorem follows easily from Theorem 3.3. We only prove part (b). The part (a) is similar and easier.
For notation simplification, we omit the subscript n, except for ~,.
We write ¢ defined in (3.19) as

N[ 7 1 1
t=—= Nl/Q] + =N+ = (N — k), 10.1
p? L/l—p p? p2( ) (10.1)

where k = k,, is an integer sequence such that 1 <k < N and 7, is a sequence given by
Yo =7+ j4xp?3(1 = p)2B 3N 4 pN~! 4 eNT? (10.2)

with some integer j = j, and an error term e = ¢, satisfying 0 < ¢ < 1. Note that j and € appeared in 7,
and k are both uniquely determined by the equation (10.1). Furthermore, by comparing (3.19) and (10.1),
we see that j is uniformly bounded, and

Yo =7+j+ON2). (10.3)

Note the following equivalence between the particle location (in the periodic TASEP) and the time-
integrated current

() > iL+m+1 <= Jy(t) > iN+ (N +1—k)+mxme<o (10.4)
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for all i > 1 and all k such that 2 (0) <iL 4+ m.
It is direct to check that

2k(0) + (1= p)t — p~ (1 = p)(N — k) —zp™/3(1 — p)*/3¢!/?

) (10.5)
=iL+m+1+ep”
with the integer i given by
i = san(1 —2p) | L2207 papef [TNW] +3J. (10.6)
p(1=p) vVi=p
Theorem 3.3 implies that
Jim P (ag(t) 2L +m+1) = Ey(rY3; 7,y + ) = Fa(r' 3z 7, 7). (10.7)
bde el
Therefore, by the equivalence relation (10.4), we obtain
lim P (J,,(t) > iN 4 (N + 1 — k) + mxm<o) = Fo(r32;7, 7). (10.8)

L—oo

It remains to show that
iN 4 (N +1— k) 4+ mxm<o = p(1 = p)t — |m|/2 4 (1 = 2p)m/2 — p?/3(1 — p)? 3zt 4+ O(1).  (10.9)

(More precisely, O(1) is equal to 1 — p — e.) This follows by multiplying p to both sides of (10.5).
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