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Abstract

The KPZ fixed point is a (141)-dimensional space-time random field conjectured to be the universal
limit for models within the Kardar-Parisi-Zhang (KPZ) universality class. We consider the KPZ fixed
point with the narrow-wedge initial condition, conditioning on a large value at a specific point. By
zooming in the neighborhood of this high point appropriately, we obtain a limiting random field, which
we call an upper tail field of the KPZ fixed point. Different from the KPZ fixed point, where the time
parameter has to be nonnegative, the upper tail field is defined in the full 2-dimensional space. Especially,
if we zoom out the upper tail field appropriately, it behaves like a Brownian-type field in the negative
time regime, and the KPZ fixed point in the positive time regime. One main ingredient of the proof is
an upper tail estimate of the joint tail probability functions of the KPZ fixed point near the given point,
which generalizes the well known one-point upper tail estimate of the GUE Tracy-Widom distribution.

1 Introduction

1.1 Background and motivation

The KPZ fixed point is a (14+1)-dimensional space-time random field which has been proven or conjectured
to be the universal limiting space-time field of a large class of interface growth models in the Kardar-Parisi-
Zhang universality class [BDJ99, Joh00, TW08, TW09, ACQ11, BC14, BCG16, MQR21, QS22, Wu23, DZ24,
ACH24]. It was first rigorously constructed in [MQR21], and could be viewed as a marginal of the directed
landscape [DOV22] which is a universal random metric for the Kardar-Parisi-Zhang universality class. There
have been many studies on the properties of the KPZ fixed point [CQR13, CHHM23, Dau24, QR22, BPS23,
LW24, FL24, DDV24, DT24]. In this paper, we mainly focus on the limiting behaviors of the KPZ fixed
point when the height function at a point becomes extremely large. More explicitly, if we denote HXFZ(x, t)
the KPZ fixed point with the narrow-wedge initial condition, what does HXP%(z, ) look like conditioning on
HXPZ(0,1) — 00?

This question was partly answered in [LW24, NZ22]. It turns out that, before the high point HXP%(0,1) =
L, there is a strip of size O(L~'/*) along the line between (0,0) and (0,1). Within this strip, the KPZ fixed
point fluctuates of O(L'/*) and the limiting fluctuation is given by the minimum of two independent Brownian
bridges. More explicitly, it is proved in [LW24] that
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HXP2(0,1) = L 3 — min {By(¢) + =, Bs(t) — '} (1.1)

in the sense of convergence of finite dimensional distributions when L goes to infinity. Here x € R, ¢ € (0, 1),
and B; and By are two independent Brownian bridges. The conditional distribution should be understood
as a limit of the distribution conditioned on {HXF%(0,1) € (L —¢, L+¢)} as e — 0. On the other hand, after
the high point, the KPZ fixed point returns to an unconditioned KPZ fixed point with the narrow-wedge

*Department of Mathematics, University of Kansas, Lawrence, KS 66045. Email: zhipeng@ku.edu
TDepartment of Mathematics, University of Utah, Salt Lake City, UT 84112. Email: ray.zhang@math.utah.edu



initial condition. This was proved for the convergence of the one-point distribution in [NZ22] as below
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h -
P (H*?(z,1 +t) — HXP2(0,1) < h | H*P%(0,1) = L) — Faur (tw + t4/3) =P (HKPZ(;mt) < h) (1.2)

as L goes to infinity. Here h,z € R,t € (0, 00), HXPZ denotes a new KPZ fixed point with the narrow wedge
initial condition which is independent of H¥P% and Fqug is the GUE Tracy-Widom distribution.

The two results above imply that HXP%(z,¢) has two different limiting behaviors before and after the
conditioned high point. Both the scaling exponents and the limiting fields are totally different in these two
time regimes. Therefore, it is very interesting to understand how the transition occurs. The main goal of
this paper is to investigate the limiting behaviors of HXP%(z, ¢) near the high point (0, 1), as HXP%(0,1) goes
to infinity. Our main result is a limit theorem for the conditional field {H*P%(z,¢) | HXP%(0,1) > L} near
the point (0,1) as L — co. We are also able to show that the limiting field, which we call the upper tail field
of the KPZ fixed point, interpolates the Brownian-like field (1.1) and the KPZ fixed point, as we expect in
the discussions above. It is a new field to the best of our knowledge, and is different from some other known
transitional field from Gaussian Universality to KPZ Universality, such as those reviewed in [Corl6].

There are also recent large deviation results in the upper tail regime which are relevant to this paper.
For example, [GH22] considered the one-point limit shape of the (solution to) KPZ equation at the time
t = 1 when the solution becomes large at the point (0,1). [GLLT23] also studied the KPZ equation and
obtained the large deviation rate function of the solution in the weak noise regime under the deep upper tail
condition. [LT23] proved the n-point fixed-time large deviation principle and characterized the space-time
limit shape of the KPZ equation in the upper tail. [GHZ23| proved the Brownian bridge limit of the geodesic
in the directed landscape and continuum directed random polymer in the upper tail region. Most recently,
[DDV24] and [DT24] studied the upper tail large deviations of the directed landscape and the associated
marginals. There are also related results for the periodic KPZ fixed point. [BL24] obtained the limiting
conditional field before a conditioned large height location for the periodic KPZ fixed point. Note that when
the period goes to infinity, the periodic KPZ fixed point converges to the KPZ fixed point [BLS22]. Hence,
their result can be viewed as a generalization of (1.1) when the period does not necessarily go to infinity.

On the other hand, it is a natural question to ask the limiting behaviors of {HXP%(z,¢) | HXPZ(0,1) <
—L} as L — oo, which corresponds to the lower tail regime. The KPZ fixed point in the upper tail
and lower tail regimes behaves very different. For the KPZ equation with a narrow wedge initial condition,
predictions for the one-point limit and large deviations have been proposed in the physics literature [KMS16,
MKV16, KMS16]. Recently, [LT22] established the most probable limit shape for the KPZ equation before
a conditioned extremely negative value at the time ¢ = 2. However, the precise characterization of the
lower-tail limit for the KPZ equation or the KPZ fixed point remains an open problem.

1.2 Main results

The main result of this paper is about the limit of the rescaled KPZ fixed point near a conditioned high
point. The limit HY" (a, 7), which we call the upper tail local limiting field or the upper tail field for short
if there is no confusion, will be defined in Section 2.2 via its finite-dimensional distributions, and

/HET(O(,T) =HY (o, 7) — HYT(0,0), (a,7) € RZ. (1.3)

We also recall that HXP%(x,t) denotes the KPZ fixed point with the narrow-wedge initial condition. The
main theorem is as follows.

Theorem 1.1. Assume that &, 7 and B are constants.

(a) Conditioned on HXPZ(GL™1, 14 #L73/2) > L+ SL~1/2,

VL (HKPZ(aL*, 1++7L73/2) - L) - B+H"(a—a,7—7), (a,7)€R? (1.4)



in the sense of convergence of finite-dimensional distributions as L — oo. Especially, conditioned on
HKPZ(0,1) > L,

VL (HKPZ(QL*, 14 rL%2) - L) S H (o, 1),  (a,7) € R? (1.5)

in the sense of convergence of finite-dimensional distributions as L — oo.

(b) Conditioned on HXPZ(GL~' 1+ 7L73/2) = L+ SL~1/2,
VL (HKPZ(aL—l, 1+ rL3/2) - L) S B+HI (a—a,7—%),  (o7) € R (1.6)

in the sense of convergence of finite-dimensional distributions as L — oco. Here the conditional proba-
bility P (- | HXP%(z,t) = h) should be understood as lime_,o4 P (- | HXP%(z,t) € (h,h +€)). Especially,
conditioned on HXP%(0,1) = L,

VL (HKPZ(aL—l, 14+ rL%2) - L) S H (o, 1), (a,7) € R? (1.7)

in the sense of convergence of finite-dimensional distributions as L — oo.

Remark 1.2. Note the smaller scaling exponents in the equations (1.4) and (1.6) than those in the formulas
(1.1) and (1.2). Heuristically, we need to zoom in the small neighborhood of (0,1) to see how the two fields
in (1.1) and (1.2) transit to each other near the point (0,1).

Remark 1.3. The two limiting fields HYT and HY'T are slightly different when conditioning on HXPZ(AL™1 1+
FL73/2) > L+ BL=Y? and HXPZ(GL=1, 1 +7L73/?) = L + BLY/? respectively. Intuitively, it means that
the scaling is so small that the conditional field \/L (HKPZ(ozL_l7 1+ 7L73/2) - L) 1s sensitive to a small
change of VL (HXPZ(6L~1,1+ 7L=3/2) — L).

On the other hand, one can heuristically derive that the two statements in the theorem are equivalent.
For simplicity, we assume that & = 7 = 0. We show how one expects the second statement from the first and
the other direction is similar. Assuming the first statement, for points (a;, 7;) # (0,0), 1 <i <m,

lim lim P <ﬂ {HKPZ(aZ—L*, 1+7L3?) - L—L7'?3> L*I/Qﬂi} ’ LV2(HRP2(0,1) - L) € (8,8 + e)>

L—o00e—=0 !
i=1

P (N (B2 (il 1+ L 902) = L= LY2(8,+ ) N {22 (HP(0,1) - L) € (8,5 + ¢)

j)

= lim lim
e—0 L—o0 P (L1/2(HKPZ(0, 1)—L)e (B’B_’_ 6))
= lim P (ﬁl {H T (i, m) > B;} [HY(0,0) € (0,0 + e))
PO {HT T (a ) + HUT(0,0) > B N {HUT(0,0) € 0,0+ 0))) [ A
= Iy } P (HUT(0,0) € (0,0 + ¢)) =P <Q{H3T(am) 2&}),
(1.8)

where the last equation comes from a few properties of HUT and HYT which will be proved later: HVT(0,0)
is independent of H{ T (avi, 1) = HY (i, ;) — HYT(0,0), and all the random variables HY (c;, ;) and
HUT(0,0) have a sufficiently good joint tail probability function which is differentiable. This reasoning is still
heuristic due to the change of the order of limits in the first step, which we don’t have a short argument to
Justify. Instead, we prove the two parts of the theorem separately using the steepest descent method.



Remark 1.4. Assume (x,t) is a given point in R x Ry. Note that the KPZ fized point HXYZ has the
following invariance property (see [DOV22, Lemma 10.2] for example)

1
KPZ -1 —3/2 —1)2
H*(z+al™ " t+7L )+t+TL_3/2(x+aL ) o)
4 1/3KPZ( ,—2/31 —1 —17-3/2 1 —1\2 .
t/HY ?(at™ /L™ 14+ 71t L )+t+TL*3/2(aL )=,

where & denotes the equation in distribution. Thus, the convergence (1.4) can be generalized as follows.
Conditioned on HXP%(x + ALt + 7L73/2) 4t~ 1a® > tL + fL~/?,

VL (HKPZ(ﬂc +aL 4+ L7312 4t — tL) - B+H"(a—a,7—7), (a7)ecR? (1.10)

in the sense of convergence of finite-dimensional distributions as L — co. And similarly, conditioned on
HSPZ(g 4 QLY ¢+ 7L7%/2) 4t~ a? = tL+ SL7Y/2,

VL (HKPZ(I Yol Ut L) e tL) S B+ HIT (@ —a,7—7), (a7)€RE  (L11)

in the sense of convergence of finite-dimensional distributions as L — oo.

The proof of Theorem 1.1 is provided in Section 4.

The upper tail field VT (o, 7) obtained in Theorem 1.1 has the following properties.
Proposition 1.5. The upper tail field HU" (o, 7) satisfies:
(a) HUT(0,0) is an exponential random variable of parameter 2.

(b) For all z,7,0 € R, we have
P (H" (o, 7) > B) = 37 2P (HUT (—a, —7) > 1) . (1.12)

(c) The field HJT (o, 7) = HYT (a, 7) — HUT(0,0) is independent of HYT(0,0).

(d) At time T = 0, the spatial process HY T (o, 7 = 0) has the same distributions as Bis(2a) — 2|a|, where
Bys denotes a two-sided Brownian motion with Bys(0) = 0.

Remark 1.6. [t is not surprising that HYT(0,0) is an ezponential random variable. In fact, the upper tail
estimate of Faugr (see (3.9) and (3.10) for example) implies
. 1-— FGUE(L + ﬁLil/Q)

KPZ > —1/2 | yKPZ > — —26
IP’(H (0,1)> L+ BL~Y2 | H (0,1)_L) T (1.13)

for fized B > 0 when the large parameter L — oo.

Remark 1.7. The last property is due to Duncan Dauvergne. Through personal communication, Dauvergne
told us the property from the perspective of the Airy line ensemble techniques. We wverified the property
using the formulas obtained in this paper. These properties in Proposition 1.5 also imply the following
simple result: If X is an exponential random variable of parameter 2, and Z is a standard Gaussian random
variable independent of X, then P(X + v2aZ — 2a > f) = e 2PP(X + v2aZ — 2o > —f) holds for any
a >0 and B € R. It is an elementary exercise to verify this identity, and we skip the proof since it is not
needed for our argument.

The proof of Proposition 1.5 is given in Section 6.
If we zoom out the fields HYT or HJ'T, we are able to see the Brownian-like (for the negative times)

and KPZ type (for the positive times) behaviors. In other words, they are random fields on R x R that
interpolate a Brownian-like field and the KPZ fixed point. More precisely, we have



Proposition 1.8 (Large scale limits of HUT and H{T). Both HYT and HJT have the following large scale
limats.

(a) In the negative time regime,

Al () ) e () )

min {B;(—t) + x,Ba(—t) = x}, (x,t) € R X (—00,0) (1.15)

in the sense of convergence of finite-dimensional distributions as X — oo. Here By and Bs are two
independent standard Brownian motion.

both converge to

(b) In the positive time regime, both
ATIBHUT O35 ), ATV3HTT (A 3%, At) — HEPZ(x,1),  (x,t) € R x (0, 00) (1.16)

in the sense of convergence of finite-dimensional distributions as A\ — co. Here HXF?Z denotes the KPZ
fixed point with the narrow-wedge initial condition.
Remark 1.9. Both results can be extended to t = 0. In fact, using Proposition 1.5 (d), we have
Ly <A1/2X o) L i (Bu(V2Rx) — VEAIX]) = —Jx| = min{x, —x) (1.17)
— —0) = — , X) — X —|x| = min{x, —x .
vax 't U ve NN

and
ATV3UT (32/3x ) £ \~1/3 (Bts(2)\2/3x) - 2A2/3\x|) — —oolyo = HEPZ(x, 0) (1.18)

as A — 00.

Remark 1.10. One can easily recover the 1 : 2 : 3 scaling invariance of the KPZ fized point (with the
narrow-wedge initial condition) from (1.16). In fact, both H¥PZ(x,t) and ¢~ '/3HKPZ(2/3x, ct) are the limits

of
(C)\)—1/3HUT((C)\)2/3X7 cAt) = /3. )\—1/3HUT()\2/3 BN ct)

as A — 00, hence they have the same finite-dimensional distributions.

We can also see that Proposition 1.8 is consistent with the known results (1.1) and (1.2). In fact, since
Brownian bridges locally behave like Brownian motions, we have

e /2 (B1(1 + et) + Vex) , e /2 (B2(1 + et) — Vex) , (1.19)

converges to B1(—t) + x, Ba(—t) — x jointly on (x,t) € R x (—00,0), as € = 0. On the other hand, the KPZ
fixed point enjoys the 1 : 2 : 3 scaling invariance, hence

e V2HRPZ (e 3/2t) L HKPZ (x, 1) (1.20)
for (x,t) € R x (0,00). Thus, the fields HUT and H{T provide the transition between (1.1) and (1.2).
The proof of Proposition 1.8 is given in Section 5.

The fields HUT and HJT are new to our best knowledge. Since they are the limiting fields of the
KPZ fixed point near a conditioned high point, and the KPZ fixed point is expected to be universal in
the Kardar-Parisi-Zhang universality class, we expect HUT and HJT are universal local limits for all the
models in the Kardar-Parisi-Zhang universality class near a conditioned high point. In an upcoming work,
we are planning to verify it for the totally asymmetric simple exclusion process, which is one of the simplest



models in the Kardar-Parisi-Zhang universality class. It might be possible to verify the same limits for the
discrete polynuclear growth model, or equivalently, the discrete totally asymmetric simple exclusion process,
using the formulas in [Joh20, Liao22]. However, for other models, it would be more difficult to consider the
analogous upper tail limits due to the lack of exact formulas of the multipoint distribution of the height
function.

We conjecture that HUT and H{'T will also appear in the periodic KPZ fixed point conditioning on the
upper tail event. The heuristic reason is that the scaling window for the upper tail field is so small that the
periodicity might not be visable unless the period also shrink to the size of the scaling window. We leave
this verification as a future project.

Finally, by the same reason, we conjecture that HUT and HJT do not depend on the initial condition.
Below we heuristically show the reason why the information of the initial condition would disappear in the
same scaling window for #YT and H{T. If we change the narrow-wedge initial condition to the flat initial
condition, the limiting conditional random field of the KPZ fixed point before the conditioned high point
was also obtained in [LW24]. It turns out that the limiting field analogous to (1.1) is

1-1)Z (1-1)Z
V2 V2

where B; and Bs are two independent Brownian bridges and Z is a standard normal random variable
independent of By and By. Near t =1+ €t =~ 1,

min {El(t)erJr ,Bao(t) —x — } , (z,t) e R x (0,1) (1.21)

/2 (Bl(l +et) + Vex — ef/Zg) , €12 (Bg(l +et) — Vex + ef/é) (1.22)
still converges to By (—t)+x, Ba(—t) —x jointly on R x (—00, 0), as € — 0. The impact of the initial condition
(which appears as an extra drift Z) disappears when we zoom in the field near ¢ ~ 1 from below with the
1: 2 scaling. We conjecture that the same argument holds for a general initial condition. In other words, the
initial condition will not affect the limiting behaviors of the KPZ fixed point near the conditioned high point
(0,1). More precisely, the limit is always min{B;(—t) + x, B2(—t) — x} when we zoom in the conditional
field near the conditioned point from below. Another observation is that at the point (0,1), we have the
following asymptotics for any fixed S > 0 and sufficiently large L,

1 — Fgog(22/3(L + BL~1/?))
1-— FGOE(22/3L)
o= 2(22/3(L4BL7Y/2))3/2 (1.23)

P (Hfﬁz(ﬁ 1) > L+ BL~Y2 | HERZ(0,1) > L) -

a

Q

e,%(22/3L)3/2

IS 6725

which is the same as the tail probability of HYT(0,0). Here HKEZ denotes the KPZ fixed point with the flat
initial condition and Fgog is the GOE Tracy-Widom distribution. We also used the right tail asymptotics
of Fgor: 1 — Fgor(L) ~ We_%LS/Z as L — oo. See [BBDO08, Equations (25) and (26)] or [DV13] for
the right tail of the GOE Tracy-Widom distribution.

The above discussions suggest the following conjecture. Note that the assumption on the growth rate of

the initial condition is needed to ensure the existence of the KPZ fixed point at the point (0, 1).

Conjecture 1.11. Theorem 1.1 holds for the KPZ fixed point with a general initial condition which grows
sufficiently slower than the function f(x) = x® when |z| becomes large, and the upper tail field of the KPZ
fixed point is independent of the initial condition.

1.3 Multipoint upper tail estimate of the KPZ fixed point

The proof of Theorem 1.1 relies on an upper tail estimate of the KPZ fixed point on a cluster of space-time
points near a given point. In order to introduce the result, we first define an order < on R2.



Definition 1.12. We say (o, 7) < (o/,7') for two points (o, 7), (o', 7') € R?, if either one of the following
two conditions are satisfied:

(i) T <71';
(ii) T=1"and a < o.

Note that < is a total order. Any two points on R? are comparable by the order < and there is a unique
way to arrange a set of distinct points on R? by this order.

Now we introduce the multipoint upper tail estimate. For simplicity, we consider a cluster of points near
(0,1). The general case can be deduced to this case using the same argument as in the Remark 1.4.

Define the following rescaled KPZ fixed point near (0,1)

Hy(,7) = VL (B (aL !, 1+ 7L7%/%) - L) (1.24)

for (z,7) € R? and L > 0 satisfying 1 +7L3/2 > 0.

Proposition 1.13. Assume that (o1, 71) < --- < (Qm,Tm) are m points on the plane R?, and B =
(ﬁlv' T aﬁm) € R™. We have

m

167 L3/2e5 LY p (ﬂ {Hp (ctg, 7¢) > ﬁe}) — T(B; (1, 71), 5 (s Tm)) (1.25)

=1

and

167rL3/26%L3/23i5kP (ﬂ {HL (g, 7¢) > Be}> - %T(ﬁ; (a1, m1),- 5 (m, ™)), 1<k <m, (1.26)
=1

as L — co. The function T is defined in Definition 2.2.

One special case is that when m =1, T(B8; (o, 7)) = e37=28_ The above result implies

473/2
—§L/

P (Hg(a,7) > f) = efT27 . 2

_ 1.27
167w L3/2 ( )

as L — oo. If we further assume that (o, 7) = (0,0) and 8 = 0, this is the well known upper tail estimate
of the GUE Tracy-Widom distribution (see [TW94, BBDO08] for example). Intuitively, the upper tail of the
KPZ fixed point at a set of points near (0, 1) should have the same leading order as the one point upper tail
at (0,1), as long as the set of points are enough close to (0,1) and the bounds of the heights are also enough
close. The Proposition 1.13 justifies this intuition and further provides the proper scaling under which each
point in the cluster affects the approximation in a nontrivial way.

The proof of Proposition 1.13 is given in Section 3.

1.4 Strategies and structure of the proofs

There are two main technical parts in the paper. The first one is an asymptotic analysis of the joint tail
probability function with the upper tail scaling. The asymptotics of the joint distribution function before
the conditioned hight point was performed in [LW24]. However, the analysis was only performed for distinct
times, while the case of equal times was handled using a probabilistic argument based on the continuity of
the limiting field since there was a difficulty analyzing the formula when times are equal. Another related
paper [NZ22] considered the asymptotics of the conditional distribution after the conditioned hight point.
However, only the one-point distribution function was analyzed due to the complexity of the formula. In this
paper, we did a finer analysis with a different scaling and the analysis works for the multipoint distribution
case with general space-time locations, including possibly equal times. Including the general space-time



locations brings extra convergence issues of the integrals in the asymptotics analysis. We handled them by
using different types of contours on the two half planes (which breaks the symmetry of the formula) and
some careful estimate of the integrand along these contours. Another related analysis was performed for
the upper tail conditional limit of the periodic KPZ fixed point before the high point [BL24], which was
analogous to [LW24] and the asymptotic analysis was also limited to the case with distinct times.

The second main technical part is to show that the limit of the conditional joint tail probability functions,
the functions T, actually defines a nontrivial random field. We need to verify the consistency conditions of
the functions T for applying the Kolmogorov extension theorem. The verification is nontrivial. We were
able to prove the consistency combing the techniques from the asymptotic analysis and some probabilistic
arguments.

Below is the structure of the paper.

In Section 2, we first define the function T, the limit of the multipoint tail function of the KPZ fixed
point in the upper tail scaling. In subsection 2.2, we use T to define the multipoint tail probability functions
T, and then in Proposition 2.5 we show that T satisfy the consistency requirements for the Kolmogorov
extension theorem, hence they define a random field HUT. Part of the proof of Proposition 2.5 relies on a
tail estimate of the function T which is postponed in Subsection 2.3, see Proposition 2.9. Besides, we discuss
some properties the function T and the field HJT = HYT — HUT(0,0), such as the differentiability and the
changes of the formulas under a shift of parameters in Subsections 2.3 and 2.4.

Section 3 is the proof of Proposition 1.13 about the asymptotics of the multipoint tail probability function
with the upper tail scaling. We first prove a formula of the joint tail probability functions for the KPZ fixed
point, see Proposition 3.1. Then we provide the proof of Proposition 1.13 in Subsection 3.2. The technical
details involving the asymptotic analysis are postponed to Subsection 3.3.

In Section 4, we prove our main result, Theorem 1.1, using Proposition 1.13 and some properties of the
T function proved in Subsection 2.3.

Finally, in Section 5 and Section 6 we prove the properties of the fields #YT and H{'T listed in Proposition
1.8 and Proposition 1.5 respectively.

Acknowlegements

The authors would like to thank Duncan Dauvergne, Daniel Remenik, Tejaswi Tripathi, and Yizao Wang
for their comments and suggestions. Both authors were partially supported by NSEF DMS-1953687 and
DMS-2246683.

2 The function T and the upper tail field HY"

2.1 Definition of T

The function T(8; (o1, 71),- -+, (Qm, Tm)) is defined for B8 = (f1, -+, Bm) € R™ and (a1, 71), - - (am, Tim) €
R? satisfying (a1,71) < -+ < (Qm, Tm), where the order < was defined in Definition 1.12.

When m > 2, the definition involves a sum of contour integrals. There are 4(m — 1) contours appearing
in the definition. Let

in in out out
m,Ls """ 2,L7F2,L7"' 7Fm,L (21)

be 2m — 2 contours, ordered from left to right, on the left half plane {u : Re(u) < 0}, each of which goes from
00e™127/3 to 00el?™/3. Moreover, the point —1 lies between the two contours Fizer and I'9Y’. We similarly let

in in out out
m,R>" "Lt 2Ry 2 Ry 7Fm7R (22)

be 2m — 2 contours, ordered from right to left, on the right half plane {v : Re(v) > 0}, each of which goes
from ooe™™/5 to ocoe'™/>. Moreover, the point 1 lies between the two contours FiQ‘jR and Fgf‘Pt\. The symbols L
and R appearing in the subscripts of these contours indicate whether the contour lies on the left half plane



Im

in out out
3 L FQ L FZ ,L FB,L

// NS

Figure 1: Illustration of the I'-contours in the definition of T when m = 3.

or the right half plane. The symbols in and out appearing in the superscripts indicate the relative locations
of these contours to infinity (—oo for the contours on the left half plane and oo for those on the right half
plane). The angles of these contours are chosen to guarantee the convergence of the integrals along these
contours in the definition. Especially, we would like to point out that when the times are strictly ordered
71 < Ty < -+ < Ty, the angles of the right contours could be chosen to be the +7/3. However, to ensure
the formula is still valid for the case of possible points with an equal time, we need to bend the contours on
one side (the side depends on how one chooses the order of the spatial parameters). See [Liu22a] for more
discussions on this issue.

See Figure 1 for an illustration of the contours when m = 3.

We also introduce some notations below.

Assume W = (wy, -+ ,w,) € C™" is a vector, we denote
aW +b= (awy; +b, - ,aw, +b) € C" (2.3)
for any a,b € C. We also denote the concatenation of two vectors W = (wq, -+ ,w,) € C* and W' =
(wy, -+, wy,) € C"
WUW = (wy,- - wn, W), wl,) € CHY. (2.4)

Especially, when n’ = 0 we write W U@ = W, and when n’ = 1, we write, for w’ € C,
WUw = (wy, - ,wp,w'), and w UW = (' wy, - ,wy). (2.5)

W = (wy, - ,w,) € C"and W = (i0y, - ,W,) € C" satisfying w; # w; for all 1 <4,j < n, denote
the Cauchy determinant

n

C(W,W) — det |:1~ _ ( )n(n 1)/2 Hl<z<]<n(wj - wj)(wj - ’LDZ) (26)

wi — wj:|i,j—1 [Ti<ij<n(wi — ;)

Note that the dimensions of W and W need to match in the above Cauchy determinant. A simple calculation



also implies

R _
Wi —W; w,;—w;,
CWUW'; W UW') = det
1 . e 1 ...
w;/_wj w;/_“jjl-/ (27)
L 1 1<ii<n
1<i’,5'<n’
N T (wi — ) (@ — @)
=cw;wcwswh - I R

for any W = (11, ,w,), W = (i1, ,,) € C*, W' = (w},--- ,w,), W = (@}, ,0,) € C"' satisfy-
ing w; # Wy, wj, # W;, w; # Wy, and wy, # @, for all 1 <4,j <nand 1 <, 5" <n'.

For the Cauchy determinant, we have a very simple inequality, which we state in Lemma 2.1 below.
Before we state the inequality, we introduce a notation. For two sets A, B C C, denote

dist(A4; B) :=inf{la — b| : a € A,b € B}. (2.8)
For simplification we also use the same notation for the distance of the coordinates in two vectors
dist(W; W') = min{|w; —w}|:1<i<n,1<i <n'} (2.9)

for any vectors W = (wy,--- ,w,) € C" and W’/ = (w},--- ,w/,) € C*. Note this is not the usual distance
of two vectors. For example, this function dist(W, W) is invariant under permutations of the coordinates of
W or W’'.

Lemma 2.1. Assume the two vectors W = (wy,--- ,wy,), W = (01, --- ,,) € C" satisfy dist(W; W) > 0,
then
|C(W; W] < ™ 2dist(W; W) ™", (2.10)

If we further have W' = (w},--- ,w!,), W' = (@}, --- ,0,,) € C" satisfying dist(WUW'; WUW’) > 0, then
IC(W LW ;W UW)| < a2 (/) /22040 2 aist(W L W W U W)™ (2.11)

Proof of Lemma 2.1. The first inequality follows from the Hadamard’s inequality

1 n n
det <~) <
Wi = Wi /=1 ]1;[1

The second inequality follows from the first inequality and the following simple inequality

z”: |w; —w,|72 < (n - dist(W; VT/)*Q)H/2 . (2.12)

i=1

[C(WsW')| =

7\ (n+n')/2
(n -; n > < nn/Q(nl)n /2 (213)
since the function zInx is a convex function on (0, co). O
Finally, for fixed 8 = (81, ,fm) and (g, 7¢), 1 < £ < m, we introduce the function

e—%T1w3+a1w2+ﬂ1’w’ /= 1’
f@(w):fé(w7ﬁ7 (04177'1)7"' a(amaTm)) = { (214)

_1 _ 3 _ 2 _
e~ 5 (Te—Te1)w + (e —ar—1)w +(Be Be—l)w7 2< 0 < m.

10



It is direct to see that if £ > 2 and (ay—1,7—1) < (au, 7¢), then fo(w) decays super-exponentially fast to
0 as w — oo along the directions e*27/3. In fact, the real part of the exponent of f; is approximately
—%(Tg —7_1)Re(w3) if 7p_1 < 7, or (ay — ap_1)Re(w?) if 7y_1 = 7y and ay_1 < oy when w grows to infinity
along the directions e*27/3, In both cases, the real part goes to —oo (at a rate of |w|? or |w|?). Thus
fe(w) decays super-exponentially fast to 0 along these two directions. Similarly, when ¢ > 2 the function
fe(w) grows super-exponentially fast to co as w — oo along the directions e/, ie., 1/f,(w) decays
super-exponentially fast to 0 along the directions e7/5,

Now we are ready to define T(3; (a1, 71), , (s Tim))-

Definition 2.2 (Definition of T). Assume that B8 = (81, ,Bm) € R™, and the m points (ay,7¢) € R?,
1 <0< m, satisfy (a1,71) < -+ < (Qn,Tm). 2= (21, ,2m—1) is a vector in (C\ {0,1})™~1 if m > 2.

(i) If m = 1, we define

T(f1; (a1, 7)) = €37 7201, (2.15)
(i) If m > 2, we define

T(ﬁ (a177—1 : amaTm))

ES (2.16)

n(B; 2 :
7{>1 7{1 nz>:1 (no!l- - mp,— 1) 1;[ 27r125 1—25)

2<<m

wheren = (ny = 1,na, -+ ,nm), 2= (21, "+ s Zm—-1), f>1 denotes the integral around a counterclockwise

oriented circle with radius larger than 1 and centered at the origin,

Kn(ﬁ;z) = (B;Z. (0[1,7'1) (am;Tm))
m—1 m () (&
du, 201 du,
1 _ ne 1 _ ng+1 e 1y
1;[ z) o H H (1 — Zp—1 _/m 27 1— 21 /F?UL@ 27

E22/1

m 4 4 m
H H / d”z(z) o Z / ( : H H (u e) fi(=1)
1-— Zo—1 in 2mi 1-— Z0—1 Fguf 27T1 ) (1)

=2i,=1 aip= fe(vl)
C(-1UV@;1uU®) ni"[ U@y Dy O Dy oo m); yim)
H (2.17)
and the vectors UY) = (ugz), R 512) VO = (v %e), . UW) for each 2 < ¢ < m. The functions fo,

1 <€ <m, are defined in (2.14).

We first note that the case when m = 1, the function T(81; (a1, 71)) equals to —2C(—1;1) f1(=1)/f1(1)
which can be viewed as the degenerated form of (2.16) if we set all the empty product to be 1 and set
U? =V =§in (2.17).

It is also easy to see that when m > 2, all the terms K,,(3;z) are well defined since the integrand
decays super-exponentially fast along the integration contours due to the factors of the f, functions, see the
discussions after (2.14).

We also need to verify that the integrals and summations in (2.16) are well defined. In fact, note that
(2.17) is independent of the specific choices of the I'-contours (as long as they satisfy the nesting assumption
and have the desired angles approaching to infinity described at the beginning of this subsection). We could
select these integral contours such that the distance between any two contours and the distance between any

11



contour to {1, —1} are at least d > 0. Then we apply Lemma 2.1 and obtain

IICn(Z'ﬁ)|
H (14 |ze—1])?m DY o LS,
‘Zz 1|n’5‘172i 1| et dt22ien,
- o Lyl [” (2.18)
H | fo1(u \
- Fn Ul-\out Fm UFout ‘fZJ,»l( )| 2m

m

2n
1"‘ |Zﬁ 1|) " Z;’L:an | | n?e
- II 5 |21 ™1 — zgq[rem e P

when m > 2, where C is a constant independent of n and z, and we used the fact that the functions f;(w)
decays super-exponentially fast along the left contours and grows super-exponentially fast along the right
contours as w — oo and hence each integral in the middle of the above inequality is finite. Thus, we see that
the right hand sides of (2.16) is absolutely convergent, and the function T is well defined.

Finally, we remark that the z; integral in (2.16) actually can be evaluated explicitly. In fact, noting

(2.17), the z; integral is (after we suppress other terms independent of z; in the --- part)
e 1 du? 2 du?
1— 1— —1\na 2 22
il( 2)(1=27) H (1 — / o 1—2 /F o7
i2=1 2,L 2,L
no (2) (2) (2.19)
) (T T DR
Pt 1—2 e 27i 1—2 rgu 27i 2mizy (1 — 21)

If we deform the z; contour to infinity, we see that any term involving fF‘“ or frin vanishes, and we end
2,L 2, R

with, after integrating z1,
(2)

ﬁ / / du,” (2.20)
Fout 2771 Fg&t{ 2mi ’

7,21

Therefore, we obtain the following result.

Proposition 2.3. When m > 2, we have the following formula for T(8; (a1,71), -, (Qm, Tm))-

. . 1 mot ng
T(B; (a1, 1), (A, Tim)) = il ~?§>1 n(B; 2) H m» (2.21)

ng! * M — 1')

ne>1 (=2
2<¢ Sm
where z = (22, , Zm—1), and
(57 )
-1 m du® e (15) na (2)
2 1—2z)™(1— )t Yi —
2L ( z0)™ ( Zy el_[gznl (1—2@ 1 /in 27 1—2p1 /Fom 271'1 1—:[ /Fom 2771
mo Ty (£) (Z) (2) m  ng
H H / d’UiZ- o Z / H/ H H fé z 1(—1)
5o 1—2p1 i 2mi 1—2p1 rou 27r1 rgu 27r1 Pyt Z f1(1)
m—1
C(-1uv@1uu®y. H CU® Ly, yO gy oo, yim),
(=2

(2.22)
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We could have used this formula as the definition of T function. The reason we prefer the formula (2.16)
in the definition is that the structure of (2.16) is more symmetric and aligns better with the pre-limit formula
of the KPZ fixed point.

2.2 Definition of the upper tail field HY"

Now we are ready to define the upper tail field HY™ using the Kolmogorov extension theorem and its joint
tail probability functions. We denote

T(/Bh e aBmv (a1>7—1)7 Y (am; Tm)) =P <ﬂ {HUT(aZ7TZ) Z BZ}) (223)
=1
for any m > 1, and m distinct points (a1, 71), -, (m, Tm) € R? and By, -, Bm € R. The function T is

explicitly given below.
Definition 2.4. Letm > 1. Assume (a1,71),"+ , (Qm, Tm) are m distinct points on R?, and B1,- -+ , Bm € R.
(i) If (a1, 1) < (a2, 72) < -+ < (Qm, Tm), and (ag, ) = (0,0) for some 1 <k < m, then

T(ﬁla e 767717 (alaTl)a R (am77—m))

(2.24)
= T(ﬁla e 7ﬁk717max{ﬂku O}u 5k+17 T 1577747 (alaTl)a Y (amu T’m))

(i) If (g, 1) < -+ < (@g—1,7Tr—1) < (0,0) < (g, T) < -+ < (@, Tm) for some 1 <k <m+1, then

T(ﬂlv e 1577747 (alaTl)a e 7(am17_m))

(2.25)
= T(ﬂla e 7Bk—17075ka e 7Bm; (alaTl); Tty (Oék—la'rk—l)a (Oa 0)7 (akaTk)a Ty (ammi))~
(i1i) More generally, assume that the points (a1, 71), , (Qn, Tm) are not necessarily ordered, and o € Sy,
is the unique permutation such that (g, Toy) < -+ < (o, To,, ), then
T(B1 - B (1) (@ Tn)) = T(Bors -+ s B (Ao T )5+ (A T )) (2.26)

where the right hand side is defined in the previous two cases.

Recall that < is a total order defined in Definition 1.12. Thus, Definition 2.4 gives the joint tail probability
functions of HUT for arbitrarily ordered points. We also note a special case when m = 1 and (a1, 71) = (0,0),
we have (recalling Definition 2.2)

T(8; (0,0)) =P (17(0,0) > g) = e 2mxt80h, (2:27)
Moreover, T has the following property by the equation (2.67) which will be proved later,
T(8; (e, 7) = 87 T(=f; (o, =), i (0,0) < (0, 7). (228)

We still need to verify that (2.23) actually defines a random field by checking the joint tail probability
functions satisfy the consistency conditions so that the Kolmogorov extension theorem applies. Note that
the Kolmogorov extension theorem works for the joint tail probability functions in the same way as for the
joint cumulative distribution functions, since the joint tail probability functions of the field HUT are the
same as the joint cumulative distribution functions of —HYT. The consistency of the joint probability tail
functions is proved in the following proposition. We note that the proof relies on Proposition 1.13 and the
first part of Theorem 1.1. They imply (also see (4.1))

lim P <m {HL(O‘bTé) > ﬁf} | HL(O7O) > O) = T(ﬁla o a/B’m; (011,7'1)7 T (amaTm)) (229)

L—oo
{=1
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for any Bx € R, 1 < k < m, as long as (ax, ), 1 < k < m, are distinct points on R?, where Hy, is the
rescaled KPZ fixed point Hy,(c, 7) := VL (HXP%(aL =%, 1+ 7L73/2) — L) as defined in (1.24). We emphasize
that the proofs of Proposition 1.13 and the first part of Theorem 1.1, including (2.29), does not depend on
the existence of the random field HYT but only uses the explicit formulas of Hj, and T.

Proposition 2.5. The function T has the following properties.

a) T(B; (o, T)) is a tail probability function for each (o, T) € R2, i.e.
(a) T(B;(a,T)) p y f f (o, 7) , d.e.,

Jim T () =1, lim T(B; (@, 7)) = 0. (2.30)
(b) For m > 2, we have R
ﬁlgnoo T(ﬂla e ’ﬂm; (alaTl)a Tty (am’Tm)) =0 (231)

and

lim T(ﬁl» to 75m; (OZ177—1)7 T (amaTm))
Bi——oo (2.32)

= T(Bla 76/67176]@4’17"' 76771;(04177-1)7"' 7(akflakalL(ak+177k:+1);"' 7(am7Tm))
foralll <k <m.

Proof of Proposition 2.5. We first prove (b) using (a), then prove (a).
Assume Proposition 2.5 (a) holds. Note that (2.29) implies

T(Br,- s Bons (@1, 71)s -+ 5 Qs Tn)) < T(Br; (e, ) (2.33)

Combining with (a) we immediately obtain (2.31).
On the other hand, (2.29) also implies

0 <T(B1y- s Bty Bt s B (@1, 71)y 5 (A1, Tho1) (k=15 The1)y = (Qomy Ton))
_T(ﬁh 76771;(04177-1)7"' 7(ama7—m))

= lim P | () {Hy(ap,) > Be} (| {Hr (o, ) < Bi} | HL(0,0) >0 (2.34)
04k

ngijr;OP(HL(ak,Tk) < Bk | Hr(0,0) > 0)
=1 — T(Be; (7))
Combining with (a) we have (2.32).
It remains to show Proposition 2.5 (a). The large 3 limit is easier. We use (2.29) and obtain

A P(Hy(0,7) > 6) _ 3, 2

; =l > > < Ii = .
T(ﬂy (OJ,T)) LIEI;OP(HL(avT) = ﬁ | HL(Oa O) = 0) = LlL)H;o ]P)(HL(O70) > 0) € (2 35)
where we used the asymptotics (1.27) in the last equation. The above inequality implies that
lim T(3; (o, 7)) = 0. (2.36)

B—00

The other limit when 8 — —o0 is more complicated. We consider four different cases.

Case 1: =7 = 0. In this case by (2.27) we have T(3;(0,0)) = e=2ma{#:0} which is 1 when § < 0.

Case 2: 7 > 0. We need an inequality in the notation of the directed landscape [DOV22]. The directed
landscape L(y, s;x,t), 0 < s < t, x,y € R, is a “random metric” which has the following relation to the KPZ
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fixed point £(0,0;x,t) 4 gKPz (z,t), where 2 means an equation in law. It also has the following triangle
inequality
L£(0,0;2,t) > L(0,0;y,s) + L(y, s; x, 1) (2.37)

for any s < t and z,y € R. Moreover, £(0,0;y,s), and L(y, s;x,t) are independent. Finally, the one point
distribution of L(y, s;x,t) is given by the GUE Tracy-Widom distribution

T — 2
P(L(y,s;2,t) <h) =Faur <<t _Z)l/g + é — 5?4)/3) : (2.38)

Using the language of the directed landscape, we have, for any 7 < 79,
P (Hp (a1, 1) > 1, Hr (a2, 72) < f2)
=P (P2 (0n L7 14 1 L732) 2 Lo L2 B2 (0o L7 1 4 L 2) < Lt B 1712)

<P L£(0,0;00 L~ 147 L7%2) > L+ B L71/2 (2.39)
- L L7814+ 1 L7300 L7 1 + 7o L73/2) < (B2 — Br)L™Y/2
B2 — b1 (g —a1)? )

(72*7'1)1/3 (7'2*71)4/3

=P (Hg(a1,71) > b1) - Faur (

As a special case we have

2
P(HL(0,0) > O,HL(Oé,T) < B) < ]P(HL(0,0) > 0) -Faqug (7_16/3 + 7_(1/?)) (240)

when 7 > 0, and hence

2

P (Hy(a,7) < 8| H(0,0) > 0) < Foug <71€3 + T‘LB) . (2.41)

By taking L — oo and applying (2.29), we get

a2

1= Four (475 + 2 ) < TG (7)) < 1. (242)

We further take 8 — —oo and obtain the desired limit limg_, o, T(5; (o, 7)) = 1.
Case 3: 7 < 0. Note in this case we have, using Definition 2.4,

T(B; (a, 7)) = T(B,0; (a,7),(0,0)) (2.43)

which goes to 1 as f§ — —oo by Proposition 2.9 which will be proved in the next subsection as a property of
the function T.
Case 4: 7 =0 and o # 0. We first apply (2.39) and obtain

P(H(e,0) < B, Hp (o, —1) > 8/2) <P (Hp (e, —1) > 5/2) Faur (8/2) . (2.44)

By taking L — oo and applying (1.27), we have

. P(HLp(e,0) < B,H(a, =1) > /2) _2.g
Jim B (H, (0.0) > 0) <e 5 PFaur (8/2). (2.45)
This further implies
lim P (Hp (o, 0) < 8,Hp(a, —1) > 8/2 | HL(0,0) > 0) < e” 5 PFqug (8/2) = 0 (2.46)

L—oo
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as 0 — —00, where we used the left tail estimate of the GUE Tracy-Widom distribution Feur(8) =
e~ (3o’ gee [BBDO0S8]. On the other hand, the third case above implies

lim lim P (Hg (o, —1) < /2 | HL(0,0) > 0) = Bg@w(l —T(8/2; (a, —1))) = 0. (2.47)

B——o00 L—00
Finally we also note that

P(HL(aaO) < 6 ‘ HL(OaO) > 0)

<P (Hp(a,0) < B,Hp(a, —1) > 3/2 | HL(0,0) > 0) + P (Hp(cr, —1) < 5/2 | H(0,0) > 0). (2.48)

Combining the above argument, we obtain limg_, . lim oo P (Hz (e, 0) < 8| Hy(0,0) > 0) = 0, which

implies limg_, o T(8; («,0)) = 1. This completes the proof. O

2.3 Some properties of T

In this subsection, we discuss several properties of the function T.

We first note that the parameters B¢, oy, 7¢, 1 < £ < m, only appear in the functions f,; in the definition of
T, and these functions are exponential functions which are differentiable arbitrarily many times with respect
to the parameters. One might wonder whether this property passes to the function T. This actually is true,
and we state it in Proposition 2.7. It follows from the following lemma about the change of the order of
integral/summation and the differentiation.

Lemma 2.6. Suppose p is a complex measure on a space §2, and x € R is a fixred number. If
/ [FOV)ers ™) au(W)] < o, / [FOW)g(W)ers ™| ()] < oo (2.49)
Q Q

fory € (x — b,z +9) for some § > 0, then

d

o / F(W)evdMap(w) = / F(W)g(W)e*dMW)dpu(w). (2.50)
Y y=z 9 Q

Proof of Lemma 2.6. We need the following simple inequality

e’ —1

w

‘ <e-(leY|+1), weC. (2.51)

Now assuming this inequality holds, we prove the lemma. We write

w elz+e)g(W) _
/ FW)e¥"Mdu(W) = lim [ F(W) dp(W)
[9) e—0 Q €
y== (2.52)
e(@+a)g(W) _ jzg(W)

d

dy

=lim | F(W)g(W dp(W
i J (W)g( 07 (W)
Note that for any € € (—3/2,9/2), we have, by using (2.51),
+e)g(W w
elEtea)g(W) _ ozg( )‘ <e. exg(w)’ (|eeg(W)| + 1)
eg(W) (2.53)
<e. emg(W)’ <|e%g<vv>| F e B9 4 1) _
Moreover, the assumption in the lemma implies
/ \E(W)g(W)e - ewg(m‘ (|e%9<W>| +]e= 59| 4 1) du(W)] < oo. (2.54)
Q
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Therefore the dominated convergence theorem applies on the right hand side of (2.52) and we can take the
differentiation within the integral. This proves the lemma.
It remains to prove (2.51). We prove it by considering two different cases. The first case is |w| > 1. In

this case, we have
eV —1

’ <lev =1 <le¥|+ 1. (2.55)

The second case is that |w| < 1. Note that (e¥ — 1)/w is analytic. Hence, its maximal norm within the disk
is obtained at the boundary

e’ -1 v w—+1
< max |———| = max |e" —1<e+1<e+]|e”t. (2.56)
w lw'|=1| w = e
Combining the two cases we get the desired inequality. O

A simple corollary of Lemma 2.6 is that we can take the derivatives with respect to the parameters
of T inside the summand and integrand, more explicitly, the derivatives can be taken to the function

Iz r—2 H” 1 ?Eum; ffa;) which is the only part containing the parameters. Note the assumptions of Lemma
v

2.6 are satisfied as long as the parameters are within the interior of the domain {(a1,71) < -+ < (@m, Tm)}-

Proposition 2.7 (Differentiability). The function T(B; (a1, 71), ", (Qm,Tm)) is a smooth function on all
the parameters B, oy, 70, 1 < € < m, within the domain {(a1,71) < -+ < (Qn,Tm)}. Moreover, the
derivatives can be taken inside Ky, in (2.16) when m > 2. More explicitly, let D denote the differentiation
operator with respect to any of these parameters, and D* denote the k-th differentiation which could be with
respect to different parameters, we have

DkT(ﬁ (06177'1) : am7Tm))
m—1
1 dz 2.57)
DFK,. (8; z) o (2.
f;l f;l ne>1 “Nm— 1) ( 51;[ 2#12@(1—25)
2<4<m

where D*KC,,(B; ) has the same formula as for Kn(B; z) in (2.17), except that we need to replace the factor

m N, fe(uﬁl)) f 1 Mm u )) f1 —1) . ;
| Huzl fz(vf)) }1((1 ) by DT/, | f (N)) f1((1)) in the integrand of (2.17).

The next property of T involves the shift of parameters. The functions f, have a nice invariance property
under the shift of parameters, which passes to the function T. This property is explicitly stated below.

Proposition 2.8 (Shift on parameters). Assume that 81, - ,Bm € R, and (o, 71) < -+ < (@m, Tm) are m
ordered points on R2. Then we have

22

T(/G7 (041,7'1)7"' a(amva)) =e3" QBT(ﬁl Bv aﬁm _57 (Oé]_ _d77-1 _72)) ,(Oém _d7Tm _72)) (258)

for any B,a,7 € R. Moreover, if D¥ denotes the k-th differentiation which could be with respect to different
parameters among {a, -+, &m, Bi, s By 1y »Tm }, then DT has the same shift property as T. More
explicitly, if

T(/Ba (ala Tl)v Tty (am,’Tm)) = DkT(ﬂv (041,7'1)7 R (O[m, T’m))7 (259)
then

T(/Bv (ath)a e 7(am77—m)) = e%+_2é7—(51 _37 e 7Bm _B; (al _duTl _%)7' o 7(am _daTm _%)) (260)
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We remark that for the second part of this proposition, if we take
am

T(B; (a1, 1), () = BB

T(ﬂ? (041,7'1),"' 7(am;7-m))7 (261)
then we have

T(/Ba (0[1,7_1),' o ,(Oém,’Tm)) = e%Tk_QBkT(ﬂl - ﬁ]ﬁ e 75m - Bkv (al — g, T1 — Tk)7' o 7(am — Oy Tm — Tk:))
(2.62)
for any 1 < k < m.

Proof of Proposition 2.8. We first consider the proof of (2.58). It is a direct check when m = 1. For m > 2,
note that the functions f;, 2 < £ < m, are invariant if we shift the parameters 5, (or ay, 74), 1 < ¢ <m, by
the same constant. See the definition of f; in (2.14). Hence the shift of parameters only affects the function
fiin (2.17) and we have

Icn(/g - Ba zZ; (al - 6‘77—1 - 71)7 R (am - &aTm - 'f_)) = 67%++2ﬁlcn(/6; z; (04177_1); Tty (Oéma’rm)) (263)
where 8 = (81, -+ ,Bm) and 8 —B= (81 —B, B —B) Inserting it to (2.16) we get the desired property.

The proof of (2.60) is similar. We apply Proposition 2.7 and the differentiation can be passed to the
exponential function

mo Ny u mo Mg U fl 1
P[] H f H-]] H . f((l)) (2.64)

(=21i,=1 ff ) (=21ip= 1f£ )

where H is some function independent of the parameters ay, 8¢ and 7, 1 < £ < m. Thus the above expression
has the same shift property as that without the differentiation. (2.60) follows immediately. O

Finally we are interested in the tail behavior of the function T. When m = 1, T is an exponential function.
When m = 2, we will see that T has some nontrivial tail behaviors. We can assume that oy = 81 =71 =0
or as = B3 = 75 = 0 by the Proposition 2.8.

Proposition 2.9. Assume that 7 > 0 and o« € R are both fized. Then we have

T(0, 3; (0,0), (o, 7)) — €3772F

(s422)"/2

/4 s +lal(2-14223 )+ 17— _

7\/7?ﬁ5/46 ER—p | ‘( ) (lJrO(@ 3/4)>’ a0, (2.65)
or3/4 5 p3/2 1.

e T (1 ot). o =0,
™

and

2\3/2
7'3/4 _Eﬂ_;ﬂ ‘(ﬁ_l_;'_ﬁ)_l +8
s 3 1/ I\ 7 2 3T . —-3/4
Jegpac " ’ (1+0=), ato (2.66)
2r3/% g2 4.
—\/;ﬁ5/4e Ve A (1—1—0(5 3/4)), a=0,

when B — 0.
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Proof of Proposition 2.9. Note that the shift property in Proposition 2.8 implies that
T(fﬂa 0; (7057 *T)a (07 0)) = ei%TJFQBT(Oa B; (Oa 0)7 (av 7_))’ for any (07 0) = (av T)' (267)

Hence the two formulas (2.65) and (2.66) are equivalent. Below we only show (2.65).
We apply Proposition 2.3 and write

T(0, 8 (0 0), (e, 7))
du; dvl ) " fo(ug)
(n!)2 H/Fouc 2mi /Fouc 271'1 —LUV1U)CU;v) H fa(vy)

nz i=1 (2.68)
nZl ’I’L' Fout 27T1 Fout 2mi ngi’jgn(ui — ’Uj)2 i1 (’U/Z + 1)(’01‘ - 1) i1 fg(’Ul‘)
where U = (uy, -+ ,up) and V = (vq,- -+ ,v,) and we applied the Cauchy determinant formula (2.6) in the

second equation. The function fo(w) = e~ 3w +ow’+8w 55 defined in (2.14).

Now we deform the contours Fg“ﬁ and Fg:‘ﬁ to I’iQYjL and I’iQYjR respectively. Note that the u;-contour passes
the pole —1 and the v;-contour passes the pole 1 during the deformation. Hence the deformation can be
expressed as

du; d
[ [ S R s = 1) (2.69)
Pout 2mi W 2mi
2,L 2,L
where - - - is the suppressed integrand for simplification and Res(f; 2z = a) is the residue of f at the point a
R = 2.70
es(fiz = a) = § F)50 (2.70)
and similarly
dv; dv;
R oo —~ —Res(--- v = 1), 271
/F omi / o om Restosu=1) 271)
2,R 2,R
here we have the — sign in front of the residue since the orientation of the contours I's'’; and I‘iQIjR are from
00e™127/5 t0 00el?™/%. See the beginning of Section 2.1. Note the factor [licicjcn(ui — u;)?(v; —v;)%. So

if two deformations on the left contours end at evaluating the residue, say at u; = 1 and u; = 1, then the
integrand vanishes. Similarly we at most evaluate the residue at 1 once when we deform the right contours.
Also note the integrand is symmetric in wg,- - ,u, and in vy, -+ ,v,. We can write (2.68) as a sum of four
terms

T(0, 3;(0,0), (o, 7)) = To + Ty + Ty + T2 (2.72)

where T is the term obtained without evaluating any residues

Ty = rtt / du; / dv; [Ti<icjcn (Ui — U% —w;)? ﬁ ; Uz +1) ﬁ Ja(uq)
>1 w27 Jpn 27 H1<”<n(u ey (u; + -1 i fa(vi)’
(2.73)
T, is the term with one v; integral converted to the residue at 1. There are n such terms and by symmetry
we assume v,-integral becomes the residue at v, = 1. After simplification, we have

du;
T—263Taﬁz 2nH/ gzln/ 27r1

H1§i<j§n(ui — u;)? H1§i<j§n—1(vi —v;)? . H;-L:f(vj — D +1) TTE, fo(w)
[licicn Ilicjcn 1 (ui —v;)? [T (wi = 1) (us + 1) H;:ll f2('Uj).

(2.74)
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Similarly, T_; is the term with one u; integral converted to the residue at —1

T, =2edTre s Y (=" ﬁ/ du; f[/ dv;
! (n—1)2n AL J 2qi AL [ 2ni
n>1 i=1 2,L j=1 2,R
Iiciciona1 (i — 1) Thcicjcn (i — v5)? . 10 (s — 1) (us + 1) . 1) fa(u)
H1§ign—1 ngjgn(ui —v;)? H;L:1(”j —1)(vj +1) H?:l Ja(vy)

And finally, T is the term with one u; integral converted to the residue at —1 and one v; integral converted
to the residue at 1

27— d ?
-’ Qﬂz 2I_I/m 2:1H/1n 2771

n>1

(2.75)

(2.76)

H1§i<j§n—1(ui ) Hl<z<]<n 1 ( - Uz+1) 1 J2(ui)
[licicn 1 Thicjen 1 (ui— ”J) 1;[ )(vi +1) g fa(vi)

Now we apply the steepest descent analysis for each term as 8 becomes large. Recall that fo(w) =
e~ w’+aw’+Bw  Note that when o = 0 and 7 = 1, the integral of f2(w) along the contour F;‘L is the
Airy function of 8. It is a classical textbook exercise to analyze the asymptotics when 5 — oco. The same
exercise (after a shift and rescale of the w variable) actually implies

\/P/T zﬂ 203 aB
/in ( )f2( )27n = 2&(57)/1/)4 -3 sttt (1+O(ﬁ_3/4)) (2.77)

when 8 — oo provided g(u) is an analytic function to the left of FiQIjL independent of 3 and it at most grows
polynomially when u — oco. Similarly,

2\3/2
1 dv g /B )T )
/ 1) B 2w T amEiA (1 +O(B" 4)) (2.78)

when 8 — oo provided g(v) is an analytic function to the right of FiQ‘jR independent of 8 and it at most grows
polynomially when v — co. Note that both expressions decay like e~ 38%2/7 Which is super-exponentially

small when 8 becomes large. This implies that in the summations of T; functions, i = 0,41, 2, the leading
term comes from the term with the least number of integrals, i.e., the summand when n = 1. Inserting the
above asymptotics in the T; functions when n = 1, we get

2\3/2

7'3/4 2 (6+ﬂ72>3/2 2a3 | ap
T = _\/;rﬁwﬁ_g ST A (1 +O(5_3/4)) ;
3/4 (5+a—2)3/2 3 (2:79)
T, =T : —2 T ze _oBilria-p (1 +O(B*3/4))
Rk |
pra2)??
Ty = e%-r—%’ +0 6_% T1/2
Inserting these asymptotics to (2.72) we arrive at (2.65). O
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2.4 Properties of HyT

Recall the random field H{T (o, 7) = HYT (o, 7) —HUT(0,0). We first prove that the field H{' T is independent
of HYT(0,0). It follows from the following lemma and the fact that HYT has continuous tail probability
functions by the definition (thus the non-differentiability at 8 = 0 of the tail probability functions does not
affect the independence).

Lemma 2.10. Assume m > k > 1, and (a1,71) < -+ < (Qg—1,7k-1) < (0,0) < (g, %) < - < (@m, Tm)
on the plane R%. The joint density function of HY™ (e, 7¢) and HYT(0,0) exists and is given by

. 8m+1 m
(1) Hmp (Q {H6" (e, 7e) > B} () {#V"(0,0) > ﬂ})
=Q1(Br, - B (a1, 71), -+ s (s T)) - Q2(B), B #0,

where Q1 is a function independent of (3

(2.80)

1(_1)m+18m+1 R
= 5 < - T y Ty -1, M y sy Pmy
208, - 05,00 » (A Br—1, B, B B

(a1, 7m1), (@1, TK-1), (0,0), (ay Tk), - -+ s (s Tin))  (2.81)

Ql(ﬁl?"' aﬁm;(ala’rl)f" 7(QM7Tm))

and Q4 is given by

Q2(B) = (2.82)

0, B < 0.
Proof. We first note that the function @; is well defined by Proposition 2.7.

In order to show (2.80), it is sufficient to show that, by the change of variables, the joint density function
of HYT (a1, 71), -+, HY (am, Tm), and HYT(0,0), exists and is given by

m am+1 m
(1) +1mp (Q {H" (or, ) > B} () {HY7(0,0) > 5})
=Q1(B1 =B, B — B (1, 71), 5 (i, Tin)) - Q2(B)

when 8 # 0. Note that when 5 < 0, the probability IP’(ﬂznzl {HUT(OQ,T@) > Bk} N {’HUT(O,O) > ﬁ}) is
independent of 8 by Definition 2.4, hence the left hand side of (2.83) is zero which matches its right hand
side. When 8 > 0, the left hand side of (2.83) equals to, by the definition 2.4,

{2626, B >0,

(2.83)

8m+1

m+1
A T R, M1

T(Bla"' 75}6717675167"' 75m7

(ala Tl)> Tty (Oék,l, Tk*l)a (05 0)7 (aka Tk)7 Tty (Oém, Tm)) (284)
Note the definitions of @1 and Q2. Thus (2.83) is a property of the shift of parameters of the derivative of
the function T, which follows from Proposition 2.8, or more explicitly the equations (2.61) and (2.62). O
Remark 2.11. A simple corollary of this proposition is that the joint density function of HYT (a1, m1), -+,
HIT (tm, Ton) exists and is given by Q1 since Qq is the density of HYT(0,0).
Below we also provide a formula of the joint tail probability functions of H{'T.

Proposition 2.12. Let m > 2. Assume that (a1, 71) <+ < (Qn, Tm) are m points satisfying (o, ) =
(0,0) for some 1 <k <m, and B1,---,Br-1,Bk+1, "+ Bm € R are fized. Then

10

Pl () {H (7)) =B} | = T205: T(Brs- s B (@1, 71), - 5 (@, i) (2.85)

1<<m Br=0
£k
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Proof of Proposition 2.12. Note that H{T is independent of HYT(0,0) as proved at the beginning of this
subsection. Thus

P n {Ho " (ae,m0) > Be} | =P ﬂ {HE (e, 70) > Be} ‘HUT(O% =0,7,=0)=4
1<é<m 1<4<m
ik 1k

=P| () {H (@) 2 B+ B} [ H T (@ =0,m = 0) = 3| (286)

1<4<m
ik
. % 5k:0]P> (mlfégm {HUT(O‘fa Tf) > ﬂé + B})
= 5 _
o5, P (HUT0.0)> B+ 5)

for any B > 0. Recall Definition 2.4. The denominator of the right hand side is given by
9] 0

| T+ 5:(0,0) = ——| e 24P = _9p—28 2.87
0B 1gr=0 (/Bk P ( )) Op 18e=0 ( )
and the numerator is, by Proposition 2.8,
0 R .
a0 T(ﬂl+ﬂ7"'36m+ﬂ;(a1771)3"'7(am77—m))
OBk 1Br=0 (2 88)
~ 8 :
— o282 T . . o .
aﬁk B=0 (/817 aﬂﬁu(ath)v 7(am;Tm,))
Combing the two equations we complete the proof. O

3 Proof of Proposition 1.13

3.1 Tail probability formula of the KPZ fixed point

The starting point of the proof is an explicit formula of the multipoint distribution functions of the KPZ
fixed point HXP%(z,t), with the narrow-wedge initial condition. If ¢ = ¢ is fixed, the process HXP%(x,t = ()
is equivalent to a (rescaled) parabolic Airys process with finite-dimensional distribution functions expressed
as a Fredholm determinant with an extended Airy kernel, see [PS02, Joh03]. In this paper, we need the
finite-dimensional distribution functions of the full field HXFZ%(x,¢) in the space-time plane. While there
are no explicit formulas for a general initial condition so far, the finite-dimensional distribution functions of
HXPZ(z. 1), the KPZ fixed point with the narrow-wedge initial condition, were recently obtained in [JR21]
and [Liu22a]. We will use a variation of the formula in [Liu22a] to prove Proposition 1.13. More precisely, we
will use a joint tail probability formula instead of the regular one proved in [Liu22a]. Such a tail probability
formula for the KPZ fixed point was not explicitly written before, although similar expressions of the same
nature have appeared in [LW24] and [BL24]. We state the formula in the following proposition, and include
its proof for completeness.

Proposition 3.1. Assumex = (x1, -+ ,Zym),h = (h1,- -+, hy) are two vectors in R™ and t = (t1,--+ ,ty) €
R™. Moreover, the points (x¢,t¢), 1 < £ < m, are ordered in the half plane R x Ry: (x1,t1) < (w2,t2) <
- < (Tm, tm), where the relation < is defined in the Definition 1.12. We have

P (ﬂ{HKPZ(ﬂ%tO > he}) = (=" j{>1 e >1D(h;z) 1:[ %Z;(i?;zﬂ’ (3.1)

/=1 (=1
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where

1
D(h;2z) = D(h; z; (x1,t1), -+ (T, b)) = nz>:1 mDn(z,h), (3)
€:1€7 ,m
with
Dn(h7 Z) :Dn h, zZ; (l‘l,tl), R (.’Em,tm))
m—1
= (1—2z)™(1— Z[l)"“l
=1
m 4 n
171 (- / dgy) / H/ dgl
1=2 i1 1-— Z0—1 Z‘L 2mi 1-— Z0—1 CZ).ut Ch, i (33)
T (! / i) e / dny,) H / dm
=2 ip=1 1— Z0—1 ‘ienR 271'1 1 — 21 C?ut Cir
(1) ﬁ (0) (e+1). .. (0) (¢ 1) H H (ﬁ(é))
CEW un iUt
(=1 l=11ip= 1F€(7712)
where the notations &, = ( %z),"' , 7(15) and n, = (nge)’ e ,77,%)) We also set £(m+1) =9+t = 0. The
function C represents the Cauchy determinant defined in (2.6), and the functions
6*%751C3+I1C2+h1§7 (=1,

Fy(Q) = Fu(Ghs (w1, t1), -+ 5 (T, ) == o=t )@= )CHhe—he-)C 9 < g < . (34)
The integration contours are given as follows. The contours Ciny,---,Cy, C1 1, CSY",--- ,CoM are con-
tours on the left half plane {¢ € C : Re¢ < 0} ordered from left to right. Each of these contours goes from
o0e 127/3 to 00el?™/3 . Similarly, the contours C’Tif;,R, e ,C’;‘}R, Ci R, Cg}g, e ,C’%‘ftR are contours on the right

half plane {¢ € C : Re¢ > 0} ordered from right to left. Each of these contours goes from coe™ /5 to ooel™/5.
See Figure 2 for an illustration of the contours when m = 2.

Proof of Proposition 3.1. We will need a variation of the multi-dimensional distribution function formula in
[Liu22a] shown below. This variation was first explicitly written down in [LW24, Equation (2.4)].

(”h {HXP% (2, 1) > hz}ﬂ{HKPZ (Tys tm) < hm}>
=1

— m, 1% %
>1 >1

Note the summation allows some ny to be zero. The function D,,(h;z) is defined in (3.3)!, and when some
ng = 0 we should view the corresponding empty product as 1. One further observation is that the summand
in (3.5) vanishes if any 1 < £ < m — 1 satisfies n, = 0 since the z, integral equals to zero (by deforming

1 i ng
!-~-nm!) n(hiz 1;[ 2mize(1 — 2¢)

n1>0
{=1,--,m

IThe original formula has the usual choice of contours in the definition of Dy, (h;2z) where the angles going to infinity are
+27/3 (for Cy 1, contours) and £7/3 (for Cy g contours). When some times become equal, then the contours need to be bent
according to the order of (x4, 7¢) under < to ensure the decay of the integrand (see the discussions after the Definition 2.25 in
[Liu22a]). In this paper, we bend the contours at the beginning so that the integral is well defined in the definition of Dn,(h; z)
for all ordered points (z¢, t¢) under the ordering <.
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Im

// RSN

Figure 2: Illustration of the contours in Dy, (h; z) when m = 2.

the zy contour to infinity). This observation was also made in [LW24, Section 3.2] and [BL24, Lemma 2.3].
Thus the right hand side of (3.5) satisfies the following relation

)™ 1% ]{ 1 p (h~z)7ﬁ1L
>1 0 I e )2 L 2mizg(1 — )
1 2 dz
m 1 1.2 74
= —Dﬁ(h§z§ (1,t1), - (Tm—1,tm—1)) —
j{l ?{>1 niz1 (nq!- - 112 g 2mize(1 — 2z¢)
l=1,--- m—1
e f S et T
z e —
>1 >1 i ~"'nm!) e 2mize(1 — 2¢)’

2,
1,---,m

(3.6)

where the first sum comes from the case when n,, = 0 and the second sum comes from the case when n,, > 1,
and the notations n, h, Z represent the vectors n, h, z after removing the last coordinate respectively. Note
that the left hand side of (3.5) satisfies the simple relation

m—1
(ﬂ {H "% (2, t0) > ho} [ {H (2, tn) < hm}>
=1

=P < ﬁ {HKPZ(xZ7t£) > hg}}) —P <ﬂ{HKPZ(x4,t5) > h£}> '
=1 =1

Compare the two equations (3.6) and (3.7). And note that Proposition 3.1 is a well known formula for
1 — Fgur when m = 1, see [Liu22a, Equation (23)] for an example. The case for general m then follows by
a simple induction on m using (3.6) and (3.7). O

(3.7)

We also need a formula of the derivative of the tail probability formula. Note that Lemma 2.6 allows us

24



to take the derivative inside the integral and we obtain the following proposition.

Proposition 3.2. Assuming the same notations as in Proposition 3.1, we have

e 1 o m g,
—P HPZ (24, t,) > h 7{ 7{ (z,h) || —2—
Ohy, (Q{ (e, te) = he} L >1 m>1 (n1!--nm!)? ah 1;[ omize(l — z0)

(3.8)
for any 1 < k < m, where %Dn(z,h) has the same formula as Dy (z,h) in (3.3), except that we need to

(5(2)) 5 n Fl(gw))
replace Hle 1 m by By ITi/= Fy (me))

3.2 Proof of Proposition 1.13

Now we prove Proposition 1.13. When m = 1, it follows from the known result of the right tail estimate of
the GUE Tracy-Widom distribution. In fact, it is known that the one point distribution function of HXP?Z
is given by the GUE Tracy-Widom distribution

h z?

It is also well known that, see [BBD08, Equation (25)] and [Liu22b, Equation (3.4)] for example, the GUE
Tracy-Widom distribution satisfies the following upper tail estimate

_4713/2 s/ , 67%L3/2 )
1= Foun(L) = Ty (14 O], Fouw(l) = 57— (1+0L7) (3.10)

as L. — co. Combining the above two results, we immediately obtain Proposition 1.13 when m = 1.
Throughout the proof below, we always assume m > 2.
We write, using Proposition 3.1 and Proposition 3.2,

16732357 p (ﬂ {HL (e, 70) > 5e}>

1 3/2 mt dz (311)
— _167L%2e3L Dy (b 2 S
7{1 ]{>1 b= (n! - np!)? n(hiz) e:l_[1 27ize(1 — 2¢)
and
41r3/2 a -
16mL%/2es ™" P ﬂ {Hp (g, 7¢) > Be}
B \,_,
m—1 (3.12)
1 ar3/2 O dz,
= (-1 m?{ f — = 16xL??est D, h; z T e
( ) o1 -1 7;1 (nl'nml)2 aﬁk ( ) g QTI'IZg(l—Zg)
/=1, ,m
with the notations the same as in Proposition 3.1 but with the parameters chosen as follows
w:agL*l, tg=1+TgL73/2, heZL-i-ﬁgL*l/z, £=1,---,m. (3.13)

It turns out that each term in the summand converges as L — co. More precisely, for ny > 1 we define

I@n(,@; z) = I@n(ﬁ; z; (a1, 71),  y (Qmy Tim)) := 0, (3.14)
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and for n; = 1 we define
Kn(8;2) =Kn (ﬁ; P01, 1), (s Ton)
_2H 1— z)™ (1 — 2z, 1)nen

T (2, e 0
1— 21 pin 27l 1— 21 Fous 2711 a fl

0=2i,=1

(3.15)
il ([ e ) o
(=2ip=1 1_Zf 1T, 27” V=21 Jogy 271 | Jm /7
-1y @100 [T uyen,yougen ] T 204 0D
) ; 1
=2 0=21ip= lff )

where the functions f; are defined in (2.14), and for notation convenience we set Nm+1 = 0 and U (m+1) —
V(m+1) — (). The integration contours are chosen specifically in the following way. Let I {rei‘%/ 3ir>
0} with orientation from coe™ 27/ to coel?™/3, and

. 2 2 2 2
I'g = {yi:cot;<y<cot5ﬂ}u{1 cot — 5 + rel™/5 r>0} {i.cot;+rem/5 r>0} (3.16)

with orientation from coe /% to coel™5. Then we define
My =-1-a+Ty, 9 =-1+a+0,2<0<m, (3.17)
and N A A .
I'Yr =1+ ap+ Tk, F?:‘g{:l—ag—l—FRﬂgﬁgm, (3.18)
where asg, - -, a,, are constants satisfying 0 < as < -+ < a,, < 1. Note that the contours Fe o 254 <m,

o € {L,R}, » € {in,out} can also be viewed as the contours I'; , appeared in the Definition 2.2 for the
function T, with a more specific setting here to simplify our asymptotic analysis later. We also note that

L2 du p2 dv
. e \fl - e’ fl (3.19)
Thus we have, by comparing (3.15) with (2.17),
Kn(B; 2) = Kn(B; 2) (3.20)
when n; = 1. Proposition 3.1 hence follows from the following two lemmas, Proposition 2.7, and the

dominated convergence theorem.

Lemma 3.3. Assume that n,z, o, 7,3 are fived, and x,t, h depend on L as in (3.13). Then we have

167 L3232 Dy, 25 (w1, 1), (s tn)) = Kn(B5 25 (01, 71), (s Tn) (3.21)
and
473/2 8 8
167TL3/2 L / 8ﬁk n(h’7z;(x1)t1)7”' 7($m,tm)) — aiﬁklc (ﬁ’ (06177'1),"' 7(ama7-m)) (322)
as L — oo.
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Lemma 3.4. For sufficiently large L, we have

m

9248 Dy (s )| < Ot (4™ T
‘L €3 Dp(n;z)| < C™ H 1= vz ) ny (3.23)
=1
and
3/2 ém/zi et (1 + |z¢])esr . .
L es3 a/Ban(n Z) C H |1 —z€|”£+1*nz|2€|m+1 é_lng (324)

where C' is a positive constant independent of z.

The proof of these two lemmas are given in Section 3.3.

3.3 Asymptotic analysis

In this subsection, we perform the asymptotic analysis and prove Lemmas 3.3 and 3.4.
We deform the contours in (3.3) in the following way

Cio= \Ef‘zo, for 2 < ¢ <m,o € {L,R},* € {in,out}, (3.25)

and
Cl,L = *\/Z + L71/4f‘L, Cl,R = \/Z + Ll/sz = \/Z + L71/4(L3/4f‘R). (326)

Note that the ordering of the I-contours ensures that the C-contours are still of the same order and the
deformation will not pass any poles of the integrand. The variables are changed accordingly

&) =VLuy, n =V, 1<ic<n, 2<t<m (3.27)

and
€0 = VE 4, o) = VE 4 )

’Ll’

1< <my. (3.28)

This change leads to

167rL3/26%L3/2Dn(h; z)

m () O\ n (1)
=167 [| ﬁ / dui, 2 / du;,” 1‘1[ / dug,”
1—21 Pin, 2mi 1—244 Pout 2mi Faplec} P, 2w

l= 211} 1
m Y4 1
T (= ), S [ 5 L, 5
Pyt 1—3/ 1 Jein, 27 1—2zp1 pout 27?1 L3/4T7g ﬂ'i (3.29)

LM/20(pM; Wy . H Letnes) /20 (g0 D), 0 | g(EH1)

=1
m ni 2L3/2 m—1
T ). 11 — /Fl(§ <1>> R | (O L (R
—2713/2
0=21i,= 1 fe(v ) ii=1¢ sl Fl(ml ) =1
where in the integrand the notations O = (fg), cee ,(L?), n= (nge)’ e ,né}) are functions of ugf) and vgf)
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determined by (3.27) and (3.28). Moreover,

0
16w L3/ 231" 2 ~Dn(h: 2)
m  ng du(l) 2z du 1)
e (s S S

2H2}_[1 (1—23 1 Jhin, 2mi 1—zz 1 Jout 27r1 H I
m 4 4 n 1
T H / dvl) / dol” 1_1[ / dv fl)
7o g1 1—2@ 1 Jiin, 2mi 1—2p4 f‘zul{ 2mi Paplect L3/4Tg 2mi (3.30)
Ln1/2c( (1)’ 5(1 . H L(ng-‘rnprl)/Zc({(Z) L ,’,'(f-i-l); ,,,I(Z) L E(l+1)) . Hk:

/=1

3

ni 6§L3/2F1(£(1)) -1

m u 4 3/2 _
H H . H . L3/2(1_n1)6_5(n1_1)[’ (1 _ Ze)nz(l —z 1)nz+1
1o ip=1 fe(v ) =1 67%L3/2F(’71(11)) (=1

where
Nom,

S ™ = o™, k
Im=1
ngk MNk41

Hy={ > @ —o)y = 37 @D — o), 2<k<m-—1, (3.31)

1k 119 Tk+1 Tk+1
=1 tp1=1

I
E

n1

n2
S 2+ LW — o) = S @ — o), k=1

i1=1 ig=1

3.3.1 Some inequalities

We will need some inequalities to bound the integrand and apply the dominated convergence theorem.
Note that our choice of contours in (3.25) and (3.26) implies that

dist(C"L UCSY UGy g UG ps CRR UGS UCH, LUC, ) > VL, 2<0<m-—1, (3.32)
for some positive constant ¢, and
dist(C1,L U CYg UGS C1r U CYL UCSY) > eoVL (3.33)
for some positive constant co. Therefore Lemma 2.1 implies

LM 20m M €M) < (1/ea)™ni 2, (3.34)

and

‘L(n5+ne+1)/20(€(€) L ,r’(l+1); n(@) L £(€+1))| < (\/i/cl)nﬂrne-u ne/2 ?i—;l/2’ £=1,---,m. (335)

We also need the following bound for the function Fy. Recall Fy({) = e~ 511+ +mC defined in (3.4).
Also note that the parameters are scaled as in (3.13).

Lemma 3.5. For all u € i?L, we have

|2/~ ren =it ST By (VL 4 L V)| < et (3.36)
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for sufficiently large L, where cs and cyq are constants independent on u and L. When v € iR, we have
e~ 2/3L" Py (VI + L™ Y/4p)| > e~ (=i’ +onthi—5n (3.37)

for sufficiently large L, and when v = L3/4(j:icot 2?” + reii”/s) and r > 0 we have

|FL (VI + L™ Y4)| > /3L +eal?/(14) (3.38)

for sufficiently large L. Here the constants c5 € (0,1) and ¢ > 0 are independent of v and L. Moreover, if
u € Xy, is fized, we have

lim 235" Fy(—VIL + L Y4%) = v’ ton=Bitsm (3.39)

L—oo

and similarly, if v € iR is fized, we have

lim e 230" (VL + L~ Y4) = e v tonthi—gm (3.40)
L—oo
Proof of Lemma 3.5. The proof is based on a direct calculation and the fact that the exponent decays or
grows super-exponentially along the contour ¥y, or ¥ respectively.
We first prove (3.36) and (3.39). By inserting (3.13) and simplifying the exponent, we have

62/3L3/27(U2+a17,81+%71)F1(7\/E+ L’1/4u)
—3/4 1 -3/2y, 3 -3/4, 2 (3'41)
=exp (L7 —§(1+T1L IV + (1 + ) L7342 + (B — 11— 200)u ) ) .

Recall the contour 3y, = {re27/3 : » > 0}. Along this contour, it is easy to see that Re(u?) grows to +0co as
a cubic function. Thus the real part of —£(1 + 71 L732) 0 + (11 + a1 ) L3/ + (81 — 71 — 21 )u is uniformly
bounded by a constant. This constant can be chosen independent of L. Thus the right hand side of (3.41)
is bounded by a constant ¢z independent of L. This implies (3.36). The equation (3.41) also implies (3.39)
for fixed u € Sy,

Now we consider the other cases. If v € iR, we similarly obtain,

6*2/3L3/2F1(\FL+ L*1/4v) — o (1H(m—a)L72)0? rantfr— g+l /A (= fo® —mi 200+ — g v LT3 (3.42)
Note that the last term in the exponent UL_3/4(—%U2 — 71+ 200 + P — %7’1112[73/2) € iR. Thus
|€_2/3L3/2F1(\/E—|—L_1/4U)‘ _ e—(l-‘r(Tl—(11)L73/2)U2+O¢1+/31_%7'1 > e—(l—Cé)Uz-i-al"’ﬁl—%Tl (343)
for all v € iR and some positive constant ¢§ when L is sufficiently large. This implies (3.37). We also note
that (3.40) follows from (3.42).
It remains to show (3.38). Note that the two different cases of v lead to the same formula since the

conjugation of a function doesn’t change its norm. We only consider the case when v is in the upper half
plane v = L3/4(i cot 2% + re”r/s). In this case, by a direct computation, we have

|e=23L By (VI + L™V 4))

. 3.44
_ 6[L3/2(§+cot2 21) 1 O(1)]+r[L3/2(2 cot 2Z sin T +cot? 2 cos T)+O(1)]+r2-0(1)+r®[— L L3/2 cos 35 4+0(1)] ( )

where O(1) are constant terms which are independent of both r and L. (3.38) follows immediately.
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3.3.2 Proof of Lemma 3.3 and Lemma 3.4

We first prove Lemma 3.3.
Assume U®) = (uge), cee Sf ) and VO = (v ge)’ e vy(f;)) 1 < /¢ < m are fixed at the moment.
Recall the definition of the Cauchy determinants in (2.6) and (2.7). It is easy to check that

L%(ﬂe—&-nul)c(é(f) UntD, n® Y £(f+1)) =CcWwYy 1A PR A ONN U(Z-H))7 0> 2, (3.45)

where we set nyy1 = 0 and hence U™+ and V"t are both empty vectors. When ¢ = 1, noting that all
ffll) are around —v/L and all 77(11) are around v/L when L becomes large, 1 < i; < ny, we have the asymptotic

7

_ (2). (2) — —
lim Lomm2)/20 (60 () (@), D) 1 £@)) = C(-1uv®,1uU®), r=1, and n; =1, (3.46)
L—o0 0, ¢ =1, and ny > 2,
and similarly
1/2 ny = 1
lim L™/2C(nM;eW) = ’ ’ 3.47
Jrce (7€) 0, ni>2 (3.47)
Finally, inserting the parameters (3.13) and recalling (3.4) and (2.14), we have
[ ¢ ¢ 4
Fi€)) = fowy),  Fun)) = £e0l) (3.48)
for 1 <ip, < ny and 2 < ¢ < m, and using Lemma 3.5 we have
. 273/2 1)y e (w12 . 1 . 1 . (D)2
Lh_{%oes Fi(§,7) = fi(=1)- e Lh_{lgo e,%Ls/zFI(nQ)) TR e (3.49)
i1

Therefore, if we are able to take the limit inside the integral, we see that the large L limit of (3.29)is 0
for ny > 1, and matches (3.15) for ny = 1. Thus its limit is £™(8; z), and (3.21) holds. For (3.22), we need
the limit of the extra factor

im=1
ng MNk+1
lim Hy = Hy =4 > o) = 37 @D — o) o<k <m-1, (3.50)
L—o0 ikzl Zk+1:1
na
—2ny — Z(ug) - vg)), kE=1.
i0=1

For the only nontrivial case ny = 1, this limit matches the factor if we take the S; derivative of the function

]en(ﬁ; z3 (alle)a ) (amva)):

m W) f(-1) e fewl?) f(-1)
aBkHH A -1 am 20

0=2ip,=1 fe(v 0=2ip=1 fé(vig )

Lemma 3.3 follows immediately.

It remains to justify that we can take the large L limit inside the integral. We only need to find a uniform
bound which is integrable so that the dominated convergence theorem applies. In fact, applying Lemma
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2.1 with (3.32) and (3.33), and Lemma 3.5, we have the following uniform bound for the right hand side of
(3.29)

m 0 (1’)
(1 + |z¢|™e+1) 40 |du;,” | 1 | ‘
16wl H 11— Ze|”Hl mefzgfrers H H w, )l 21 Jpin Uf @y 27r

1=2i,=1 /1% UFOM D ures | foluy,
iL3/% cot 27" S 3/4

H ‘ (w2 |du21 | "] Ay | 49 6—02L3/2(1+T¢1)L /*dr;,

P _iL3/4 cot 2 2’/T 0 271'

1= 5

which is bounded by

(3.52)

m

1 Ne+1
Cn1+ AN H |1 — + |Z€| ) . n;bg (353)

ZEIW“ ezl

since each integral in (3. 52) is uniformly bounded. The uniform bound of (3.30) is similar. Note that

|Hi| < T2 T, 2+ |u \)(2 + |v§f)|), therefore (3.30) is uniformly bounded by (3.52), except that each
integrand needs to be multlplied by a linear factor. Such an expression still gives the bound (3.53) with a
different constant C'. This completes the proof.

Finally, we prove Lemma 3.4. Note the equations (3.29) and (3.30), the uniform bound (3.53) for both
right hand sides of (3.29) and (3.30). Lemma 3.4 follows immediately.

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 using Proposition 1.13. We split the proof of the two parts into two
different subsections.

4.1 Proof of Theorem 1.1 (a)

Recall the notation Hy, in (1.24). Theorem 1.1 (a) is equivalent to the following convergence for arbitrary
m > 1 distinct points (o, 7¢) € R? and arbitrary real numbers 8, € R, 1 < £ < m,

P <Q {HL(ae, ) > Be} ‘ {HL(OA‘ﬂA—) > 5}) (4.1)

%T(ﬁl_ﬁa 7Bm_/8;(al_da7—1_%)7"' 7(O[m_é‘77-m,_7ﬁ))

as L — oo, where the function T is the joint probability functions of HYT defined in Definition 2.4. Without
loss of generality, we assume that (a3, 71), -, (@, Tm) are ordered in the following way, (c1,71) < -+ <
(Qm, Tm ) since both sides are invariant under the permutation of the indices. Now we consider the following
three cases.

If m=1and (a1, 71) = (&, 7), then the left hand side of (4.1) becomes

P(Hz(aq,7) > max{f, 3 . R
( r(a1, ) a {Aﬁl ﬂ}) — e~2max{f1=8.0} — P(max{f; — 3,0}; (0,0))
P (Hy(o1,m) 2 6) (4.2)

=T(61 — 5;(0,0))

as L — oo, where the function T and T are defined in Definitions 2.2 and 2.4 respectively. The convergence
in the above equation follows from the estimate (1.27).

31



If m > 2 and (o, 7) = (&,7) for some 1 < k < m, and B > 3, the left hand side of (4.1) becomes

P (yey {Hz (e, 7e) > Be}) L TBi(ar, ),
P (HL(&,%) > B) T(8; (&, 7))

= e (B (1, m), () (43)

as L — oo. Here the convergence follows from Proposition 1.13 and the second equation follows from the
formula (2.15). Note that the right hand side of (4.3) equals to, by using Proposition 2.8,

T(ﬂl 737"’ 7ﬁm75; (011 7&77—1*72)7"' a(am*dﬂ—m*’f_)) (44)

which matches the right hand side of (4.1) since 8 — 3 > 0. Thus (4.1) holds. Note that in this argument we
assumed that 5, > B If 6, < B, then we need to replace 8i on the left hand side of (4.3) by B since the event
Hy (ag, 7%) > B is trivial conditioned on Hp (& = ag, 7 = 7%) > B. We then end at the limit (4.4) with Sy
replaced by 3, which is T(61 —B,-,0= max{0, B —3}7 oo B — B (a1 =G, 71 —7), (g — &, T, — 7))
which still matches the right hand side of (4.1) (see Definition 2.4 case (i)).

For the last case, we assume that m > 1 and (g, 7¢) # (&, 7) for all 1 < ¢ < m. For this case, the left
hand side of (4.1) becomes

P (ﬂ?il {HL (g, ) > Be} N {HL(O?,%) . B})

> (4.5)
P (H.(47) > B)
This expression has been considered in the second case if we replace the m points (v, 7¢), £ = 1,- -+ ,m, by
the following new sequence of points

(aly T1)7 ) (ak—h Tk—l)a (657 %)a (Oék, Tk)v T, (O"rna T’m) (46)
and replace the vector 8 by (51, - 7Bk—17375k+1a -+, Bm). Here k is the index such that (ag—1,7%-1) <

(&,7) < (ag, 7). The argument of the second case implies that (4.5) converges to
T( o 7ﬁk71 - Ba 0761@ - Ba R T (akfl - 6[7ka1 - %)7 (07())7 (ak+1 - 6[7Tk+1 - 7A—)7 t ) (47)

here we suppressed the irrelevant coordinates in the function T for notation simplification. Note that this
matches the right hand side of (4.1) by Definition 2.4 case (ii). Thus (4.1) holds.
In conclusion, for all the three cases we proved (4.1). Theorem 1.1 (a) follows immediately.

4.2 Proof of Theorem 1.1 (b)

In this subsection we prove the second part of Theorem 1.1.
Suppose (a1, 71) < -+ < (Qm, Trn) are m > 2 points on R? and By, , B, € R. Assume that (o, 1) =
(&,7) and By = B for some 1 < k < m. We need to prove that

lim P| () {HKPZ(Q%Q)Zhg}‘HKPZ(QE,f):h -P| N {H}{T(ag—dﬂ—%)zﬁz—é’}

L—oo
1<0<m 1<e<m
£k £k
(4.8)
where
ze=o, LY, ty=1+7L3?% hy=L+ B, L "> (4.9)
for 1 </ <m.
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Now we write the left hand side of (4.8) as

P (O (B ) > o))

lim 2P (O (B ) > e}

e AW 2 h) e P ) 2 ) o
~ im 55 P (N2 {He(ae, 70) > Be})
Lo 5O-P (Hp(ak, ) > Br)

where Hp, (o, 7) = LY2(HXP%(aL~1,1 + 7L3/?) — L) is defined in (1.24). Now we apply Proposition 1.13
and further write (4.10) as

a%kT(ﬁh o Bmi (o1, ), (o Tn)
55-T(Br; (k7))
525 T(B1 =B+, B — Bs (1 — 71 = 7), -+, (O — @, Ty — 7))
- a5 T(Bx — B; (e, — a, 7 — 7))

for any a, 7,8 € R, where we also used the property of T when we shift the parameters as described in
Proposition 2.8. Assume 8 < ;. The above expression can be further written as, using Definition 2.4,

A (Vi 0012 53)
a%fjk]P’(’;‘{UT(cuC —a, 7, —7) > Br — B)

(4.11)

=P| (| H"(w-a,7—7)>8 -5} ‘HUT(ak—a,Tk —7)=0k— B
1<t<m
Ttk

=P ﬂ {”HUT(ag —a,7—7) = H"(ap —a, 7 —7) > B — Bk} "HUT(ak —a, T, —7) =Bk — 3
1<4<m
£k
(4.12)

Now we take o = a = & and 7 = 7, = 7, and note that H{T is independent of HVT(0,0) (see Proposition
1.5). We see the equation above equals to the right hand side of (4.8). This completes the proof.

5 Proof of Proposition 1.8

In this section, we prove Proposition 1.8. Since the difference between the two fields HUT and H{T is an
exponential random variable YT (0,0) which doesn’t depend on ), it is sufficient to prove the proposition
for one field. We prove it for the field #UT in two subsections for the negative and positive time regimes
respectively.

5.1 Brownian limit in the negative time regime
In the negative time regime, Proposition 1.8 follows from the following two propositions.

Proposition 5.1. Assume m > 2 is an integer, and X1, ,Xm—1,01, - ,hym_1 ER and t1 < -+ < tppo1 <
0 are fixed. Then

P (:ﬁl {\/% (HUT (Ai/;x@ , ,\te> - Au) > h@}> —P (D: {min{B;(—t¢) + x¢, Bo(—t¢) — x¢} > h:}>)
5.1

33



as A — 00.

Proposition 5.2. Let Y be a random field on R x (=T,0) with the property that for every positive integer
d and real numbers x1,--- ,xq, the cumulative distribution function P (ﬂzi:l{Y(xg,tg) < hg}) is continuous
in the variables hy and ty for all 1 < £ < d. If a sequence of random fields Y, on R x (=T,0) satisfies
P (Nd_ (Y (ze,te) < he}) = P (N {Y (we, te) < he}) as n — oo for all d > 1, all ordered time parameters
t1 < -+ < tq and all other real parameters xp,hy, 1 < £ < d, then the fields Y, (x,t) — Y (z,t) in the sense
of convergence of finite-dimensional distributions as n — oo.

Proposition 5.2 was first proved in [LW24, Lemma 3.6], also see [BL24, Lemma 2.1], where the time
parameter is stated within the interval (0,7) instead of (—T',0). However, the statement actually holds for
any time interval without changing the proof. We also note that although the assumptions of Proposition 5.2
are about the joint cumulative distribution functions P (N¢_, {Y; (z¢, te) < he}) = P (N {Y (w0, t0) < he}),
it can be changed to P (N¢_,{Yy (¢, t¢) > he}) — P (NG {Y (x4, tr) = he}) by replacing Y;, and Y by —
and —Y respectively. Therefore the two propositions above implies Proposition 1.8 (a).

Below we prove Proposition 5.1. We write

/\1/2
a = \/;e, o= Br=Mo+ V2,  1<l<m, (5.2)

where we set

Xm =0, t, =0, h,=0. (5.3)
Then the left hand side of (5.1) equals to, using Definitions 2.4 and 2.2,

T(ﬁh e aan (CYl,T]), e 7(am;Tm)>

1 b (5.4)
ﬁl ﬁl Ny—1! ) n(8:2) 1;[ 271'12'@ 1 —zp)’

neg>1
2</ gm
Here the notations in the formula are the same as in Definition 2.2, especially n = (ny = 1,n9, -+ ,ny, ), and
KCp, is defined in (2.17). It turns out if the parameters satisfy (5.2) and (5.3), the main contribution of the
above summation comes from the term ny = --- = n,,, = 1 and all other terms converges to zero, as A — oo.
The asymptotic analysis is very similar to that in [LW24, Section 3] where the leading contribution comes
from the term ny = --- = n,, = 1, and that in Section 3 of this paper, hence we only provide the main steps
of the proof and skip the details.

The main technical part of the proof is the following two lemmas, both assuming z is in a compact set

of (C\ {0,1})m~1L.
Lemma 5.3. When no = --- =n,, = 1, we have

lim Kn(B; 2)

m—1
mH 1—2)(1—2"
=1

.ﬁ L fode s [ de) (L e e (55)
1—2’@,1 CFL 2mi 1—2571 CE’L}f 2mi 1—,2[,1 an 2mi 1—2571 C;Li{ 2mi

=2
es (te—te—1)€7+(—x¢+x¢—1+he—hp_1)&e m 5(te—te—1)ny +(=xe+xs—1—he+he_1)ne
I, 3 ( )EF+( ) Hpﬂel( )nz +( )
1 T 1
&I (Eevr — &) (=m2) TT)SS (=mes1 + me)
where O 1, -+, CYy and C3Y',--- ,C are ordered contours on the left half plane Re(§) < 0, from left
to right, with orientations from ooe_‘%/?’ to c0ei?™/3  and similarly C;;;’R, ,C”fR and Cg"i{, e 7021‘17{1 are
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ordered contours on the right half plane Re(n) > 0, from right to left, with orientations from oce™™/3 to
ooel™/3., Moreover, if ng > 2 for some 2 < { < m, we have

)\li_)m Kn(B;z) =0. (5.6)

Lemma 5.4. The following uniform bound holds for K, (8;z) for sufficiently large A,

I < B(Zz o (ne—1)(te—te—1) /\+0 —sz 1|) " CEZ'L_QW . ng 7
| n( )| e H \Ze 1|ne B Hnl (5 )

‘1 — Zg_1|"27"f*1

where o(A) could be chosen as 0 when ng = -+ = Ny, = 1.

We emphasize that the contours on the right half plane all have angles +7/3 instead of +x/5. With
these angles, the integrand decays super-exponentially fast since ty —ty—1 >0 forall / =2 --- m.

We postpone the proof of these two lemmas to the end of this subsection and prove Proposition 1.8 (a)
first. Assuming Lemma 5.3 and Lemma 5.4, we apply the dominated convergence theorem in (5.4) and have

lim T(B1, -, Bms (a1, 71), - 5 (U, Ti))

H yf STl =] 1_%)(1 —2)(1 -z
H(

[ e () /@,zz—l/@
1— 21 cin, 2 1 —zp1 cgyt 2mi 1—21 Join 2w 1 —2p4 Cgur 2mi

te— t/z 1 tp—te—1 2
K - —z
HZ AL e 4 (—xetxe—1+h—he_1)Ee HZ e Ny +(—xe+x—1—he+he_1)ne
52 v (e — &) (—=m2) T2 (=1 + me)
H/ d& HZZ e o Z Lef+(—xet+xe—1+he—he_1)& H/ dni HZLQ ete_;l*l N2 +(—xe+xe—1—he+he_1)ne
- —1
cpy 2m & T (G — cpy 2 (=) [1eZs (=nesr + me)

(5.8)

where we evaluated the z, integrals in the last step and only the terms with integrals along the contours
G743 survive. Now we claim that

d m etr;“l Eo+(—xptxe_1+he—hy_1)& m_ 1
H/ dge TTezs — =P ﬂ {B1(~t¢) > hy — x4} (5.9)
C' (=1

ou 27 ST (Coy1 — &)

and

e Lng+(—xe+xe—1—hethe_1)ne

L P(ml Boy(—t¢) > hy +x ) 5.10
H/Com 27i (=n2) He:; (=1 +10) Q{ 2(—te) > hy + x¢} (5.10)

These two identities, combing with (5.8), give the desired result (5.1).
The two identities are equivalent (by changing the variables §¢ — —n). Hence, we only prove the first one.
It is equivalent to the following identity, using the fact that x,,, = h,, =0,

[_tl’l €7+(he—he—1)& m—1 ~ N
H/ dgf HZ 26 - £ :]P ﬂ {Bl(*tl) Z h/} , tm :hm :O (511)
Cout 27T1 m-— (§p+1 E[)

(=2 (=1

We deform the contours to vertical lines and shift them to the right half plane while keeping their order.
Note that this deformation does not affect the integral on the left hand side since t; — t;—1 > 0. Now
C9Y°, - -+, Coy, are vertical lines on the right half plane ordered from left to right and their orientations are
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all upward. Note that both sides go to 0 if any hy — oo since the coefficient of h, in the exponent on the
left hand side is & — &1 (when 2 < £ <m —1) or —& (when ¢ = 1) which always has a negative real part.
Hence it is sufficient to show

8m_1 m d m_ et£72271£§+(f1£*f12—1)§£ 8’”‘1 m—1 R
oy el © __ (A s =)
Ohy - My oy Jesw 271 & TS (Eor — &) Ohy - Ohm1 \ 4y

(5.12)

A direct calculation implies the left hand side of (5.12) equals to

1 (hg—hy_1)?

dfg e*te—l 2 f T LI | 1)
yme 1 7 —&et(he—he—1)&e _ (_1ym—1 e 2—te—1) 5.13
H/Cout 271’1 ( ) e:HQ‘/QTr Ve —te—q ( )

which matches the right hand side of (5.12). This completes the proof.

The remaining part of this subsection is to prove Lemma 5.3 and Lemma 5.4. As we mentioned before,
due to the similarity of the arguments with [LW24] and Section 3 in this paper, we only provide the main
ideas of the proof and skip details. We also note that Lemma 5.4 implies the second part of Lemma 5.3 since
tp —ty—1 > 0and ny > 1 for each 2 < £ < m.

Recall the formula K\, (3; 2) in (2.17). We choose the contours

1
I, =-14+—C;;, *€{inout}, 2<l<m, (5.14)
' Voa v -~
and 1
TR=1+—C7r, *€{in,out}, 2<L<m. 5.15
=1+ Z=Cin. € {in.ont) (6519

Here we emphasize that the contours I' i in the formula of Ky, (8; 2) have the angles £ /5 initially. We are
able to change the angles to 4-7/3 since the cubic term (7 —7,_1)v® in the exponent of 1/ f;(v) is nonzero by
our assumptions that the times are distinct and ordered. We remind that the main reason we chose £7/5 in
(2.17) is to guarantee the convergence of the integral when the times become equal. See the footnote after
the equation (3.6).

We also changes the variables accordingly

O_ 14 Lo o_y L o 5.16
u’Lg /2)\57,5 ? /U’Lz /2>\77” ( )

for u( % 1'“n F;?}}f and v( I“é“R U I‘O‘“ If we fix the variables f( ), n,’, it is direct to compute

e

— g ) o (e — @) () + (B~ Broau)

fg(tgft/ )A+Q(xwx, ) — V2A(hy —hy_y) (5.17)
3 VAT R ! S
26— te )69+ (e 4 xeca +he — b e+ OO?)
and

= T ) o (o = an) W)+ (B = Bl

:g(tg—tg A+ Q(XZ—XZ )+ V2A(hy —hy_q) (5.18)
3 VAT - -

1
- i(te - tz,l)(m(f))Q + (x¢ —x¢-1 4+ hy —hy_1)n;, O o).
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This implies, if ny = --- =n,,, = 1, we have

) m l(té*'ﬂe—l)(iﬁz))QJr(*Xeﬂw,—1+he7he—1)652)

. 5.19
H H (K) f1 H 2(tz—tza)(ng))2+(Xz—xz71+hz—hz—1)ﬁiz) ( )

0=21ip= 1fﬁ =2 €

Moreover, if ny, > 2 for any 2 < £ < m, then we have

m (0))
H H (us, ((S) e ST ne(be—te-1))+000) — o= FA(TiLa(ne—1)(te—te-1))+0(N) (5.20)

which decays exponentially as A\ — oco. So intuitively we know that the main contribution comes from the
term when no = --- =n,, = 1.

21[ 1 Z

When ne = --- = n,, =1, we have, after a simple computation,
(2) (2)
C(-1uV@;1uU®) = —( = Dl +1) v A (5.21)
’ 20 — @y (@ L1 1 (2) (2)
(v1 uy ) - (uy +1)(vny ) “(=m )
and
¢ 0+1 ¢ 041
C(U“) L] V(“l);V“) U U(“l)) _ (Ug ) — U§ ))(U§ ) — ug ))
(i = o) = o ) =) o)
2
(€7 ) )
and i )
(m). 17(m) -
coi;vimy = ) v(m) —3 (5.23)
1 1
Inserting all these estimates in (2.17) we get (5.5).
For Lemma 5.4, we apply Proposition 2.1 and get
IC(=1uV@1uU®)| < (NP2, (U, V)| < nie/2() 8 (5.24)
and
C(U O LV ED O L g ErD)y] < olnetne)/2pne/2ynea /2 (o)) netpenl (5.25)

for 2 < ¢ < m — 1, where ¢ > 0 is a constant such that the distance between the I' contours are at least
(c)\)’l/2 and ¢ is a constant such that the distance between T and I'9%; is at least (¢/)~/2. Finally

mo T du(e) d’U() 1 e d d ()

111 - — 71 &, di (5.26)
2ri 2mi (2A)n2teAnm | . 2ri 2mi

£=2i,=1 ie=1

Inserting these bounds to (2.17), and noting (5.20), we get Lemma 5.4.

5.2 KPZ fixed point limit in the positive time regime
In the positive time regime, Proposition 1.8 follows from the following proposition.

Proposition 5.5. Assume m > 2 is an integer, (x¢,t¢), 2 < £ <m, are m—1 points on R x (0, 00) satisfying
(x2,t2) < -+ < (Xm,tm), and ha,--- 'h,, € R. Then

P (ﬁ {/\‘1/3HUT ()\2/3)(4,)\‘5[) > h4}> S P (ﬁ {HRPZ(x,, t,) > hg}> (5.27)

=2 (=2

HKPZ

as A — 0o, where is the KPZ fized point with the narrow wedge initial condition.
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Below we prove this proposition.
Denote
X1 = tl = h1 =0. (528)

Recall Definition 2.4 and Proposition 2.3. We write the left hand side of (5.27) as

T(B1,--, B (a1, 11), -+ ,(am,Tm))

o d (5.29)
5 Kn(B; 2 — :
\%;1 %>1 z>:1 nz N — 1‘)2 n(ﬁ ) [:HQ 271—12:[(1 - zf)
2<0<m
where
ay = )\2/3Xg, T = My, = /\1/3hg (5.30)
for 1 < ¢ < m, and the function K, (8; 2) and the notations are the same as in Proposition 2.3. Note n; = 1
is fixed and Z = (29, , zm—1). We copy the formula below for convenience of the readers. Note that we
dropped the factor fi(—1)/f1(1) =1 by (5.28).
Kn(B; ~)
m du(e) 20-1 (é) n2 (2)
=2 (1- ‘(1 - )rett . o —
H e H H1 (1 - / o 2mi 1z /F o H /F o
ip =
m dv@ 201 / (Z) no / (2) m l
e — U,
ZHS’UHI (1 — 21 /IZY,IR 2mi 1-— Z0—1 Fout 27T1 H ]_-*out 27T1 ZHQ Z/HI ff Z
m—1
.C(-1U v@.1u U(2)) . H C(U“) Ly @ U(4+1)) . C(U(m); V(m)).
(=2
(5.31)

We will apply the steepest descent method to the formula (5.31) of I@n(ﬁ; z) when A — oo. This will be
done by shrinking the contours

Iy, > AT, 3<t¢<m, oec{L,R}, xc¢ {in,out} (5.32)

and
Ig% — A7Y3rgY, o e {L,R}. (5.33)

Recall that we initially require the contours I‘ie“<> to be nested and outside of the points +1. However, since

the only factor that might generate poles is C(—1 LV ®;10U®) while u( ) ¢ F"“t and U( ) ¢ FOUt which
are already closer to the origin (see Figure 1 for an IHUth"athH) the deformatlon of the contours Wlll not
encounter any poles.

We change variables accordingly

’ _ ‘ [ ’
ul® — DO \-1/3,0 (5.3
where 55) S I‘ZL and nl(f) € FZR for all 1 <1y < ny and 2 < £ < m. Note the simple identity

f()(w) _ e*%(Te*Te—1)w3+(ae*ae—l)w2+(ﬁz*5£—1)w _ e*%(te*te—1)C3+(X1€*X£—1)C2+(h£*he—1)C — F[(C), (5.35)
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when 2 </ <m and w = )\_1/3’(. Thus we obtain

Kn(B; 2)
m dg(f) 201 dg(z) T2 d€(2)
=2 [J@—z)me(1— 2 e e / sl I / -
H K 51_131!_[1 <1 — Zy—1 /in 2mi 1-— Z0—1 F?,“Lf 2mi i}_:[l qu]f 2mi
ﬁ H / dn’fg) . Z0—1 / dnu ﬁ /
=3 ig=1 1-— Z0—1 il‘,)R 27 1-— Zp—1 Fout 2mi Fout 27T1
H H F (g) )\—n2/3c(_1 L V(?); 1L U(Q)) . H C(g(f) L n(i-ﬂ—l);n(é) L £(Z+1)) . C(E(m)7 ,,,,(m))l
1=2i=1 Fe(n;,”) £=2
(5.36)
We also note that .
AT3C(-1uv®@1uU®) - -5 C(n®;¢®) (5.37)
as A — o0o. Thus, assuming the integrand is uniformly bounded, we obtain the large A limit
Jim Kn(B; 2)
m dé@) 201 dg@) no d§~(2)
H zl_[?,zpl (1 — ze-1 Jrin 2mi 1—2p4 rou 2mi igl rgut 2mi
1=3 =1 1-— Zp—1 in 2mi 1-— Z0—1 F?,ul{ 2771 P F?li{ 27T1
m I f m—
H H 2 -C(n?®; ¢ 2) H Z) LD @ 5(”1)) . C(g(?ﬂ); n(m/)).
(=2ip= 1 =2
(5.38)
Inserting it to (5.29) and comparing it with Proposition 3.1, we find
lm T(B1, -, Bm; (@1, 71)y  , (Qny T )) = P (ﬂ {HKPZ(Xg,tg) > h@}) : (5.39)
A—00 i—2

We thus obtain Proposition 5.5.

It remains to justify that we can take the large A limit within the integral and summation. In fact, we can
obtain the following uniform bound for C,, (B; 2) due to the super-exponentially growing/decaying property
of the functions Fy,

m

- = n n 1+ Zp])"et n
‘/Cn(ﬁ;z)‘ Cnetetnm H T |2e]) . np. (5.40)

Ze|"“+1 ezl

The proof of the above bound is almost identical to the proof of Lemma 3.4 hence we omit the details. Using
this bound, we see that the dominated convergence theorem applies and we can take the limit within the
integral in (5.31).

6 Proof of Proposition 1.5

The first part of Proposition 1.5 follows from the definition of #UT in Definition 2.4, especially the equation
(2.27).
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For part (b), it is sufficient to show the two cases when (0,0) < («, 7) and (o, 7) = (0,0) by the symmetry
of the formula. When (0,0) < («, 7), the property follows from Definition 2.4 and the identity (2.28). When
(o, 7) = (0,0), it follows from part (a) and a direct verification.

Part (c) is a direct corollary of Lemma 2.10.

The proof of (d) requires some calculations. We first write down the formula of the joint tail probability
function of H{ T (ay,0),- -, HY T (ap_1,0) and HYT (aks1,0), -, HY T (m,0), where ag < -+ < ag—1 < 0
and 0 < a4 < -+ - < ayp,. Using Proposition 2.3 and Proposition 2.12, we have

1 m—1 dz
v _ / pe B
P ﬂ {7‘[ (e, 0) > ﬁe = 7{1 ?{>1 N2 P —TY n(B:2) g 2mize(1 — 2p)’

Nm—1
1<6<m ne>1
g 2<z<m
(6.1)
where Z = (29, -+, 2;m—1), and
K.(8; )
5 m—1 m  ng 1 du ) 201 no
— _ 2B 1— ne(] — pmlynett e -
¢ H( 20)"( “e ) H H 1—21 /;n 2mi 1—2p4 /Fouc 27T1 H /Fouc 27r1
(=2 (=3 i,=1 2L
m L 2 2 m n
(S e L )1"‘1/ T )
=3 ip=1 1 — 21 Aifl,]R 27 1 — 21 qut 2771 Fout 2mi Z 2ip=1 ff( )
m—1
SC(-1uVv®1uU®). H CU® uvED. yO Lyty . oo, yim)
(=2
Nk . MNk41 X
k +1 k+1
PRt O R D AN
=1 ipr1=1
(6.2)

Here we set o, = B = 0 for notation convention in the above formula. The contours are the same as in
Definition 2.2, also see Figure 1 for an illustration. The functions

fo(w) = (e = ar)w? + (Be = Be-r)w, 2<L<m (6.3)

which are defined in (2.14) with the parameters 7, = 0.
We need to simplify the formula first.

(©)

Lemma 6.1. The contribution of the integral in (6.2) is zero if any of the v;," contours is chosen as Fié‘R.

Moreover, K., (8;%2) = 0 unless ny = - = ny, = 1.
Proof of Lemma 6.1. The key observation is that for any x € {in, out}

(O~ e A0
/ g(v;,”)e i £ =0 (6.4)
RAT} 2

i
as R — 400 as long as the g function is analytic to the right of R+ FZR and it grows slower than e(1=¢)f¢(v)
for some € > 0 when Re(v) — oco. Thus, if we choose some I‘;‘)‘R when we expand the integral in (6.2), and
assume that ¢ is the largest index such that FienR is chosen, then we can shift the integral friﬂ to right by

) Z,R
400 and the integral vanishes. This proves the first half of the lemma.

(2)

For the second half, we prove it inductively. If ny > 1, we deform all the v; " contours as in (6.4) hence

only the residues during the deformation survives. Moreover, the only residue comes from the factor v( ) =1
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for each ip. However, note the Cauchy determinant C(U®?) L V®3); V2 1 UB)) which contains a factor
1152) — 1152) = 0. Thus, the residue vanishes in this case and we proved the case when ny > 1. Now we assume

ng =+ =mny_1 = 1 but ny > 1. Our earlier argument implies that we could deform all the U(Q), cee W (Z_l)
(0

contours to infinity and only the residue v§2) - ... (e71) = 1 survives. We similarly deform the v;,

contours to infinity as in (6.4) and only the residue at v(e) = v%g Y = 1 survives. The residue is zero due to

the Cauchy factor C(U® L VD, (@ 1+ This ﬁmshes the induction. O

Applying Lemma 6.1, we only need to evaluate K/, (8; 2) when n; = --- = n,, = 1 and all the v contours
are chosen as Ez‘g. In this case, by consider the z, integrals and letting 2z, contours to infinity, we find that
all the u contours can only be chosen as Z?}}f. Thus we obtain, after simplifying the notations,

1 i d’lm dvg Ug)
P HIT (v, 0) > = (—1)"te72h / /
ﬂ { (a,0) = e} (=)™ e H pout 271 rou 27r1 fe(ve)
1<e<m =2 ¢,L
£k (6.5)
1 1 1
d t —1-1 71 U d t ul Ve Upg—Ug41 . _ _ .
e [ . I | e n e (ug — Vg — Upy1 + Vks1)

— v
v2—1 v — u2 Uz+1 v Vg1 —Ugq1 m

By further deforming the contours ZZ‘i{ to infinity and evaluating the residues at 1, we get

Pl () {H"(ar,0) > B}

1<6<m

£k

#h (6.6)

m
duz 1 1 1
et / ol | .
(1) H out 2mi felue) —1—us 2§egn—1w_u”1 U — 1
£k

Now we change variables up = —1 4 iy for 2 < ¢ < k and wy = 1+ 4, for £ = k+1,--- ;m. (6.6) is the
product of the following two terms

k k (ap—ap—1)az+(Be—2a0—(Be—1—20_1))ie k—1
o€

H/ e =T - =P () {B1(—2c) > B¢ — 204} (6.7)

PECRARE VY tig [Ty—5 (i1 — 1) 11

by (5.9), and
m Hm: e(aé_aéfl)7154'(52"1‘2042—(5[—1+2(¥2—1))ﬁ£ m
/ =kt =P m {BQ(Q@() > B+ 20(@} (68)
e=kt1 7/ 1L (—tm) TT¢Z k+1 (g1 — ) =kl

by (5.10) and a shift of index, where By and B are two independent Brownian motions. Thus we obtain

Pl () {H{"(a,0) =8} | =P | (| {Bus(2a0) — 20| > B¢} (6.9)
1<6<m 1<6<m
Uk Uk

and we proved the last part of Proposition 1.5.

41



References

[ACH24]

[ACQ11]

[BBDOS]

[BC14]

[BCG16]

[BDJ99)

[BL24]

[BLS22]

[BPS23]

Amol Aggarwal, Ivan Corwin, and Milind Hegde. KPZ fixed point convergence of the ASEP and
stochastic six-vertex models. arXiv:2412.18117, 2024.

Gideon Amir, Ivan Corwin, and Jeremy Quastel. Probability distribution of the free energy of the
continuum directed random polymer in 14 1 dimensions. Communications on pure and applied
mathematics, 64(4):466-537, 2011.

Jinho Baik, Robert Buckingham, and Jeffery DiFranco. Asymptotics of tracy-widom distribu-
tions and the total integral of a Painlevé II function. Communications in Mathematical Physics,
280(2):463-497, 2008.

Alexei Borodin and Ivan Corwin. Macdonald processes. Probab. Theory Related Fields, 158(1-
2):225-400, 2014.

Alexei Borodin, Ivan Corwin, and Vadim Gorin. Stochastic six-vertex model. Duke Math. J.,
165(3):563 — 624, 2016.

Jinho Baik, Percy Deift, and Kurt Johansson. On the distribution of the length of the longest
increasing subsequence of random permutations. Journal of the American Mathematical Society,
12(4):1119-1178, 1999.

Jinho Baik and Zhipeng Liu. Pinched-up periodic KPZ fixed point. arXiv:2403.01624, 2024.

Jinho Baik, Zhipeng Liu, and Guilherme L. F. Silva. Limiting one-point distribution of periodic
TASEP. Ann. Inst. Henri Poincaré Probab. Stat., 58(1):248-302, 2022.

Jinho Baik, Andrei Prokhorov, and Guilherme LF Silva. Differential equations for the KPZ and
periodic KPZ fixed points. Communications in Mathematical Physics, 401(2):1753-1806, 2023.

[CHHM23] Ivan Corwin, Alan Hammond, Milind Hegde, and Konstantin Matetski. Exceptional times when

[Corl6)
[CQR13]

[DDV24]

[DT24]

[Dau24]

[DOV22

[DZ24]

[DV13]

the KPZ fixed point violates Johansson’s conjecture on maximizer uniqueness. Flectronic Journal
of Probability, 28(none):1 — 81, 2023.

Ivan Corwin. Kardar-Parisi-Zhang universality. Notices of the AMS, 63(3):230-239, 2016.

Ivan Corwin, Jeremy Quastel, and Daniel Remenik. Continuum statistics of the Airy, process.
Comm. Math. Phys., 317(2):347-362, 2013.

Sayan Das, Duncan Dauvergne, and Balint Virdg. Upper tail large deviations of the directed
landscape. arXiv:2405.14924, 2024.

Sayan Das and Li-Cheng Tsai. Solving marginals of the LDP for the directed landscape.
arXiv:2405.17041, 2024.

Duncan Dauvergne. Non-uniqueness times for the maximizer of the KPZ fixed point. Advances
i Mathematics, 442:109550, 2024.

Duncan Dauvergne, Janosch Ortmann, and Balint Virdg. The directed landscape. Acta Mathe-
matica, 229(2):201-285, 2022.

Duncan Dauvergne and Lingfu Zhang. Characterization of the directed landscape from the KPZ
fixed point. arXiv:2412.13032, 2024.

Laure Dumaz and Bélint Virdg. The right tail exponent of the Tracy—Widom g distribution. Ann.
Inst. Henri Poincaré Probab. Stat., 49(4):915-933, 2013.

42



[FL24]

[GH22]

[GHZ23]

[GLLT23]

[JohOO]

[Joh03]

[Joh20]

[JR21]

[KMS16]

[Liao22]

[Liu22a]
[Liu22b)]

[LT22]
[LT23]

[LW24]

[MKV16]

[MQR21]

INZ22]

[PS02]

[QR22]

Patrik L. Ferrari and Min Liu. Exact decay of the persistence probability in the Airy; process.
arXiv:2402.10661, 2024.

Shirshendu Ganguly and Milind Hegde. Sharp upper tail estimates and limit shapes for the KPZ
equation via the tangent method. arXiv:2208.08922, 2022.

Shirshendu Ganguly, Milind Hegde, and Lingfu Zhang. Brownian bridge limit of path measures
in the upper tail of KPZ models. arXivw:2311.12009, 2023.

Pierre Yves Gaudreau Lamarre, Yier Lin, and Li-Cheng Tsai. KPZ equation with a small noise,
deep upper tail and limit shape. Probability Theory and Related Fields, 185(3-4):885-920, 2023.

Kurt Johansson. Shape fluctuations and random matrices. Communications in mathematical
physics, 209(2):437-476, 2000.

Kurt Johansson. Discrete polynuclear growth and determinantal processes. Communications in
Mathematical Physics, 242(1):277-329, 2003.

Kurt Johansson. Long and short time asymptotics of the two-time distribution in local random
growth. Mathematical Physics, Analysis and Geometry, 23(4):43, 2020.

Kurt Johansson and Mustazee Rahman. Multitime distribution in discrete polynuclear growth.
Communications on pure and applied mathematics, 74(12):2561-2627, 2021.

Alex Kamenev, Baruch Meerson, and Pavel V Sasorov. Short-time height distribution in the
one-dimensional Kardar-Parisi-Zhang equation: Starting from a parabola. Physical Review E,
94(3):032108, 2016.

Yuchen Liao. Multi-point distribution of discrete time periodic TASEP. Probab. Theory Relat.
Fields, 182 1053-1131 (2022).

Zhipeng Liu. Multipoint distribution of TASEP. Annals of Probability, 50(4):1255-1321, 2022.

Zhipeng Liu. When the geodesic becomes rigid in the directed landscape. Electronic Communi-
cations in Probability, 27:1-13, 2022.

Yier Lin and Li-Cheng Tsai. A lower-tail limit in the weak noise theory. arXiv:2210.05629, 2022.

Yier Lin and Li-Cheng Tsai. Spacetime limit shapes of the KPZ equation in the upper tails.
arXiv:2304.14380, 2023.

Zhipeng Liu and Yizao. Wang. A conditional scaling limit of the KPZ fixed point with height
tending to infinity at one location. Electronic Journal of Probability, 29:1-27, 2024.

Baruch Meerson, Eytan Katzav, and Arkady Vilenkin. Large deviations of surface height in the
Kardar-Parisi-Zhang equation. Physical review letters, 116(7):070601, 2016.

Konstantin Matetski, Jeremy Quastel, and Daniel Remenik. The KPZ fixed point. Acta Mathe-
matica, 227(1):115-203, 2021.

Ron Nissim and Ruixuan Zhang. Edgeworth-type expansion for the one-point distribution of the
KPZ fixed point with a large height at a prior location. arXivw:2210.04999, 2022.

Michael Prahofer and Herbert Spohn. Scale invariance of the PNG droplet and the airy process.
Journal of statistical physics, 108(5):1071-1106, 2002.

Jeremy Quastel and Daniel Remenik. KP governs random growth off a 1-dimensional substrate.
Forum of Mathematics, Pi, 10:e10, 2022.

43



QS22]

[TW94]

[TWOS)]

[TW09)

[Wu23]

Jeremy Quastel and Sourav Sarkar. Convergence of exclusion processes and the KPZ equation to
the KPZ fixed point. Journal of the American Mathematical Society, 2022.

Craig A Tracy and Harold Widom. Level-spacing distributions and the Airy kernel. Communi-
cations in Mathematical Physics, 159:151-174, 1994.

Craig A Tracy and Harold Widom. Integral formulas for the asymmetric simple exclusion process.
Communications in Mathematical Physics, 279(3):815-844, 2008.

Craig A Tracy and Harold Widom. Asymptotics in ASEP with step initial condition. Communi-
cations in Mathematical Physics, 290(1):129-154, 2009.

Xuan Wu. The KPZ equation and the directed landscape. arXiv:2301.00547, 2023.

44



