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Recently Johansson and Rahman obtained the limiting multitime distri-
bution for the discrete polynuclear growth model (Johansson and Rahman
(2019)), which is equivalent to a discrete TASEP model with step initial con-
dition. In this paper, we obtain a finite time multipoint distribution formula
of continuous TASEP with general initial conditions in the space-time plane.
We evaluate the limit of this distribution function when the times go to infin-
ity at the same speed for both step and flat initial conditions. These limiting
distributions are expected to be universal for all the models in the Kardar—
Parisi—Zhang universality class.
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1. Introduction. In the recent twenty years, there has been an explosive development
in understanding the universal law behind a family of 2d random growth models [3, 10, 13,
19, 27-29, 32, 35, 41, 42]. There is a growing number of models which are either proved
or believed to be in the so-called Kardar—Parisi—Zhang (KPZ) universality class. All of these
models share the scaling limits ¢ : #2/3 : t!/3 for the time, spatial correlation length and fluc-
tuation order. Moreover, the scaled limiting space-time field is believed to be universal and
independent of the models, but only depends on the initial condition

H(cle2/3, ctT) —c3tT

(D Tl;mm T3 =H(x, 7).

Here ¢y, ¢2, 3 and ¢4 are model-dependent constants, H(y, t) is the height function of the
growth model at location y and time ¢, and H(x, 7) is the limiting space-time field depending
only on the initial condition. This limiting field H(x, t) is believed to be universal. It was
first characterized by Matetski, Quastel and Remenik [35] as a Markov process with explicit
transition probabilities and variational formulas by analyzing the totally asymmetric simple
exclusion process (TASEP). It could also be characterized by the so-called directed landscape
which was constructed by Dauvergne, Ortmann and Virdg [19] more recently in the context of
Brownian last passage percolation. We remark that the characterization in [19] does not imply
explicit formulas (like the ones we consider here) for the distribution functions of H(x, 7).
Understanding the limiting field H(x, 7) is a fundamental problem in the community.

It has been shown that, for a number of models in the KPZ universality class, the one
point distributions of H(x, t) are given by the Tracy—Widom distributions and their analogs.
See [1-3, 11, 27, 42] for the standard initial conditions and [15, 18, 39] for general initial
conditions. We refer the readers to a review paper [16].

The spatial process H(x, 7) when t is fixed, is only obtained for TASEP and its equivalent
models. See [4, 12-14, 26, 28, 37] for the standard initial conditions and [35] for general
initial condition. We also refer the readers to a review paper [38] for the limiting processes.

Along the time direction, or more generally in the space-time field H(x, t), much less
was known until recently. For a standard initial condition, the so-called step initial condition,
the two-point distribution along the time direction was obtained by [29, 30] for Brownian
directed percolation and geometric last-passage percolation, and very recently, the multipoint
distribution along the time direction was also found by [32] for the same geometric last-
passage percolation model. We remark that the geometric last-passage percolation model
is equivalent to a discrete TASEP. Besides these distribution formulas, there are also some
results on the properties of H(x, t) at two different times, see [17, 20-22, 24, 25, 31].

Parallelly, in the line of research [6-8, 33], the authors studied the continuous TASEP on
a periodic domain (periodic TASEP). They obtained the finite time multipoint distributions
of the height function in the space-time plane, and their limits in the so-called relaxation
time scale. Since the periodic TASEP becomes the usual TASEP on Z when the period tends
to infinity, it is expected that their results, after taking the large period limit or equivalently
the small time limit, should give the limiting multipoint distributions of H(x, t) for TASEP.
However, it seems quite complicated to obtain the TASEP limits using asymptotic analysis
directly from the formulas in [7, 8]. The multipoint distribution formulas involve contour
integrals of a complicated Fredholm determinant which is defined on a discrete space (in
terms of the so-called Bethe roots). The classic steepest descent method seems not working
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well: there are terms of large contributions in the integrand, which combined together are
expected to cancel out when evaluated via the outside contour integrals. It is still unclear how
to manage these cancellations.

This paper can be viewed as an extension of the work [7, 8]. Instead of performing asymp-
totic analysis, we rewrite the algebraic structure of their finite time multipoint distribution
formulas when the period is finite but larger than a fixed number. This rewriting is construc-
tive: We construct a new formula for contour integrals whose integrand is a type of summa-
tion over nested roots of functions satisfying certain conditions, and prove the new formula
by induction.

The main results of this paper are as follows.

(1) We obtain the finite time multipoint distribution of TASEP in the space-time plane.
See Theorem 2.1. This result generalizes the well-known multipoint distribution of TASEP
along the space direction [13].

(2) For two specific initial conditions, the step and flat initial conditions, we evaluate the
limit of the above multipoint distributions when the times go to infinity proportionally. See
Theorems 2.19 and 2.22. These formulas are expected to be the multipoint distributions of
the universal field H(x, 7) in (1) for the step and flat initial conditions.

We remark that our formula of the multipoint distribution of TASEP for the step initial
condition is different from that in [32] of geometric last-passage percolation. We expect that,
when the times are different, our formula matches theirs. But we do not have a rigorous proof
at the moment due to the complexity of both formulas.

Below is the organization of this paper.

In Section 2, we present the multipoint distribution formula of TASEP in Theorem 2.1, and
the limiting multipoint distributions for step and flat initial conditions in Theorems 2.19 and
2.22. We also discuss some properties of the finite time distribution formula in Section 2.1.3.

In Section 3, we introduce the periodic TASEP model. We claim that the multipoint distri-
butions for periodic TASEP, when the period is larger than a finite number, can be expressed
as the same formula for TASEP in Theorem 2.1. See Theorem 3.2. Therefore Theorem 2.1
follows.

In Section 4, we extract the key part in the proof of Theorem 3.2. We investigate a type
of summation, which we call Cauchy-type summation, over a set of nested roots of certain
functions. The main result of this section is given in Proposition 4.3, which is also the main
technical part of the paper.

The remaining sections are the proofs. Section 5 is the proof of Theorem 3.2 by using the
results of Section 4. Section 6 is the proof of Proposition 4.3. Section 7 is the only section
involving the asymptotic analysis. It includes the proof of Theorems 2.19 and 2.22. Finally
in Section 8, we prove some properties of the finite time multipoint distributions discussed in
Section 2.

2. Main results. We consider the totally asymmetric simple exclusion process (TASEP)
on the infinite lattice Z. Each site on Z allows at most one particle. The evolution of the
system is as follows. Each particle is assigned an independent clock which rings after an
exponential waiting time with parameter 1. Once its assigned clock rings, the particle either
moves to its right neighboring site if that site is unoccupied, or stays on its current site if its
right neighboring site is occupied. Meanwhile the clock is reset.

We assume that initially there are N particles and they are labeled from right to left. The
location of the ith particle at time ¢ is denoted by x; (t). We denote X (¢) := (x1(¢), ..., xn(?))
the configuration of particle locations at time ¢ for any r > 0. We also denote Xy the set of
all possible configurations

Ay = {(x1,...,xn) €ZN 1x1 > - > xn).
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Then X (t) € Xy for all + > 0. We also denote Y = (yy, ..., yn) the initial configuration

yvi=x;0), i=1,...,N.

2.1. Multipoint distribution of TASEP with general initial configuration. The main result
in this paper is about the multipoint distribution of TASEP.

THEOREM 2.1. Assume Y = (y1,...,YN) € Xn. Consider TASEP with initial particle

locations x; (0) = y; for 1 <i < N. Let m > 1 be a positive integer and (ky, t1), ..., (km, tm)
be m distinct points in {1,..., N} x [0, 00). Assume that 0 <t| < --- < t,,. Then, for any
integers ay, ..., ap,

m

(ﬂ Xk, (2e) = ag )
(2) - . .
21 Im—1
2mizy 2712 —1

where Py denotes the probability given X (0) =Y, the contours of integration are counter-
clockwise circles centered at the origin and of radii less than 1. The function Dy(zy, ...,
Zm—1) is defined in terms of a Fredholm determinant in Definition 2.4, or equivalently in
terms of series expansion in Definition 2.7.

REMARK 2.2. We expect that when all #,’s are equal, the above formula matches the
joint distribution formula in [13]. For m = 1, we are able to confirm it in a formal way. See
the discussions in Section 2.1.3.3. We leave the general case for a possible future project.

The proof follows directly from Theorem 3.1 and Theorem 3.2.
It turns out that the right-hand side of (2) is still a probability distribution function up to a
sign, if we assume some zy circles are of radii greater than 1. More precisely, we have

PROPOSITION 2.3. Assume the same setting with Theorem 2.1. Let I be any subset of
{1,....,m—1},and J ={1,...,m}\ I. Then, for any integers ay, ..., ay,

Py((ﬂ {n, ) = aj}> N <ﬂ{in(ti) < ai}))

jeJ iel

dz; dzp,m—1
=D f —Dm,...,zm D L Gt
2n1zl 2711zm,1

where the contours of integration are counterclockwise circles centered at the origin. The
radius of zy contour is smaller than 1 if £ € J, and greater than 1 if £ € 1. The function
Dy (21, ..., 2m—1) is defined in terms of a Fredholm determinant in Definition 2.4, or equiva-
lently in terms of series expansion in Definition 2.7.

3)

The proof of Proposition 2.3 is given in Section 8.1.

Below we first introduce the Fredholm determinant representation of Dy in Section 2.1.1.
In Section 2.1.2, we will give an alternate formula of Dy in terms of a series expansion.
Finally, in Section 2.1.3, we will discuss some further properties of the function Dy.
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FIG. 1. lllustration of the contours for m = 2: The two rectangles from left to right are QL and QR, the three
contours around —1 from outside to inside are ESHIE, 2L, EI2HL respectively, the three contours around O from

outside to inside are Zguﬁ, 21Rs Eian respectively. S| is the union of the three dashed contours, and S> is the
union of the three solid contours.

2.1.1. Fredholm determinant representation of Dy(z1,...,z2m—1). We will define the
term Dy (z1,...,2Zm—1) as a Fredholm determinant det(/ — IC;{/y). Such Fredholm deter-
minant representation is not unique. There are different choices of the spaces, measures, and
kernels. We will see this fact later in Section 2.1.3. At this moment, we choose a specific
choice of spaces, measures and kernels for the Fredholm determinant representation.

2.1.1.1. Spaces of the operators. We will define the operators on two specific spaces of
nested contours with complex measures depending on z = (21, ..., Zm—1), Where z, # 1 for
eachl <f{<m—1.
Suppose 21, and 2R are two simply connected regions on the complex plane such that (1)
21, contains the point —1, (2) QR contains the point 0, and (3) 21, and Qg do not intersect.
Suppose E%‘“L, .. 22 L Z1,L» Eian, .. ZinL are 2m — 1 nested simple closed con-
tours, from outside to inside, in 2, enclosing the point —1. Similarly, Eout - 22 R> 21,R>

EZ,R’ el Em r are 2m — 1 nested simple closed contours, from outside to inside, in g en-
closing the point 0. See Figure 1 for an illustration of the contours. These contours are all
counterclockwise oriented. In fact, throughout this paper, all closed contours will be counter-
clockwise oriented and we will not emphasize the orientations later. However, we will clearly
state the orientations for the infinite contours.

We define
) TeLi=EPL U S, TeRi=S0RUSR, €=2,...,m,
and
R T it
and

YuRr, 1fmisodd,
Sz:zzlﬁRUEQ’LU-HU mR, 1L

Ym L, ifmiseven.

We also introduce a measure on these contours. Let

-1 d_w w e Eout sout p 2, m
1=z 27i’ ek et
dw - -
5 dM(U})ZdMZ(U})= mz—m, weE?”LUEZ’Rl:Z,,m,
dw

— WEZI,LUEI,R-
2mi
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2.1.1.2. Operators K1 and Ky. Now we introduce the operators i and Ky to de-

fine Dy(z1,...,2Zm—1) in Theorem 2.1. We assume that ¥ = (y1,...,yy) € Xy and z =
(z1,...,2Zm—1) 1s the same as in Section 2.1.1.1. Let
1 —zj, if j <m isodd,
1
01(j):=431———, if jiseven,
Zj—]
1, if j =m is odd,
(6)
1 —zj, if j <m iseven,
1
02(j):=31———, if j>1isodd,
Zj-1
1, if j=miseven,orj=1.

DEFINITION 2.4. We define
Dy(z1,...,2m—1) =det(I — K Ky),
where two operators
K1:L*(Sy,dn) — L3S, dp), Ky : L3Sy, dp) — L*(Sy, dp)

are defined by their kernels

@ Ki(w, w') := (8:()) +8;(j + (=D")) u{ fwu), 010,
and
U NN 11 U0 IS
®) Ky (', w) = | CrOF8 = D) 0020, P22
8;(1) £ (w)KY™ (w's w), i=1,

forany w € (Z;,LUZ;R)NS; and w’ € (£, LUE;R) NS, with 1 <i, j <m. Here ICg,eSS) is
a kernel defined in Definition 2.6. The function

v weQr\{=1},
" =1 Bl
Fi(w) » o we Qr\ {0},
with
Fi(w):z{wki(UJ-i-l)_ai_kieliw, t=1m
1, 0.

forall w e (L \ {—1}) U(Q2r \ {O}).

2.1.1.3. Kernel K. For any fixed A = (A1, ..., Ay) € ZN with Ay > --- > Ay > 0, we
define

det[w;/ (w; + 1)1}

i
(10) Gr(W) = —

det[wi ]i,j=1
where W = {wq, ..., wy} is aset of size M > N. We also set A; =0 if i > N. It is easy to
see that Gy (W) is a symmetric polynomial of wy, ..., wyy. In fact, this symmetric function is

closely related to the Grothendieck polynomial [36] and inhomogeneous Schur polynomials



MULTIPOINT DISTRIBUTION OF TASEP 1261

[9]. It also appears naturally in the periodic TASEP [8]. See [8, 9, 36] for more discussions
on this symmetric function.

Suppose the number of variables M is greater than the degree of the polynomial |A| :=
>_j *j, then Gy (W) can be uniquely expressed in terms of power sum symmetric polynomials

(11) GW)=1+ > caupu(W),
n=(p1,...)

where the u sum is over all possible vector & = (1, ...) with positive and weakly decreas-
ing coordinates wy such that [u| < |A|, and the polynomial p, (W) := ]_[k(Zf‘il wf”‘). The
constant 1 comes from evaluating Gy (W) at w; = --- = wy = 0. It is also easy to see that
the coefficients ¢y, only depend on A and p but not M.

DEFINITION 2.5. We define xy (v, u) by the following explicit formula:
(12) n@uw=1+ Y cnppuv,u),
n=(ur,...)

where

Pu(v,u) = l_[(u“k — vH).

k

An alternate definition of y; (v, u) is as follows, with & = esz defined as the Mth root of
unity,

(13) (v, u) = Gy (u, vE, vE2, ..., vEM™T)

provided M > |A|. The equivalence of (13) and (12) follows from a direct evaluation of (11)
when W = {u, vE, vE?, ..., vEM~1}, by using the simple fact that u/* + Z?/Iz_ll(véj)“k =
utk — yH* gince ug < |p| < |A| < M.

A similar calculation when M < |A]| gives

(14) (v, u) =Gy (u, vE, vE2, ..., vEMY) oM L r (v, ),

where r (v, u) is some polynomial of v and u with degree no more than |A| — M. This formula
will be used later in Lemma 5.5 in Section 5.1 to analytically extend an analogous function
for periodic TASEP, and in Section 2.1.3.2 to evaluate the kernels for flat initial condition.

DEFINITION 2.6. We define

1 u—+ 1\IVTN
(ess) _ . .
Ky u)=—— <U+ 1) ) (v, u),

where A(Y) = (A1, ..., Axy) with A; = (y; +i) — (yy + N).

It is obvious that ICg,ess)(v, u) is a kernel analytic for v € Qr and for u € Qp \ {—1}. It
is possible that ICg,e SS)(v, u) has a pole at u = —1 if yy + N < 0. We use the superscript to

emphasize that IC?SS) is the essential part containing the information of the initial condition

Y in the bigger kernel Ky. See equation (8).
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2.1.2. Series expansion formula for Dy (21, ..., zZm—1). We introduce an alternate defini-
tion of Dy (z1, ..., Zm—1) in terms of series expansion.
We assume the contours ZE‘“ EZHL, TR, g, for 2 <€ <m and £, TR are the

same as in Section 2.1.1.1, ICgfm)(v, i) is the same as in Definition 2.6. We also introduce
some notation:

AW) == []w; —wy)

i<j
for any vector W = (wy, wy, ..., wy). For two vectors W = (wi,...,w,) and W =
(wi,...,w)),orsets W={wi,...,w,} and W = {w], ..., w),}, we define
n n
=TT [T~ wi)
i=li'=1
Moreover, if a function f is well defined on each component of a vector W = (wq, ..., wy),
or each element of a set W = {wy, ..., wy,}, we define
fW)= H fwp).

We comment that in the above notation, we allow the empty product and set an empty product
tobe 1.

Finally, we recall that ;1 = Zg‘}f U E?"L, YR = EZ“& U E}ZI}R for 2 < ¢ <m as in (4),
and the measure du(w) = duz(w) as in (5).

DEFINITION 2.7 (Alternate definition of Dy). We have an alternate definition of Dy
below

(15) Dy(z1, ... 2m—1) = Z 3 Pny (21, Zm—1)
nG(Zzo)m( )

with n! =ny!---n,! forn =, ...,n,). Here
Dpy(z1,--+s2Zm—1)
- © ()
1111 f,, anclel?) [ analo
l=1i,=1

r AUD; vy
A _1ymmi+0/2 > (ess) . (1) (1)
(16) _( 1) A(U(l))A(V(l)) det[ICY ( i % )]z Jj= 1]

L (AUO)N2(AVD))?
(A(UO; V©))2

fe(U(e))fe(V(e)):|

Li=1

rm—1 AUO; yEDYA (O, gt a )M<1 1 >W+1
_Z —_——
_ AUO U A(VO; v ERD) ‘ 2

and the functions f; are defined in (9). The vectors U © and V® are given by U ) =
@i, vO =P u)) fore=1,.

REMARK 2.8. The above formula of Dy(z1,...,Z,—1) 1s in terms of an infinite sum.
However, it is not hard to prove that when any ny; > N, the integral on the right-hand side
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of (16) is zero. Thus, the summation actually only runs for finitely many terms. Here is the

reason in brief: Any term in the expansion of A(V©) = det[(v(e))/ ! ”‘3 —; will give some

(v.(e))’“z ! factor. The order n; — 1 > N is greater than or equal to the order of poles from

any consecutive f; factors at 0 (there might be poles from v(g) .(,E DD — L or

l
,.(E) = v(/Z D= v(f 2 — -+ +). Thus, the multiple integral around O will be zero. This proof is

similar to that of Propos1t10n 2.12 so we omit the details.

The equivalence of the two definitions of Dy (z1, ..., Z;s—1) in Definition 2.4 and Defini-
tion 2.7 follows from a general statement below.

PROPOSITION 2.9. Let Xy,...,2m be disjoint sets in C and let 7-[ L2(Z,U---U
Zm, ) for some measure |u. Let 21, .. E be disjoint sets in C and let H = Lz(El U-.--u
S, 10 ) for some measure [i. Let A be an operator from H to H and B an operator from
H to H, both of which are defined by kernels. Suppose A and B have the following block
structures:

e Forany (w,w) € &; X fj
fi(w) f (@)
A(w, W) = w—uw
0, otherwise.

if2s — 1 <i, j <2s for some integer s > 1,

e Forany (W, w) Ei- X %

M if2s <i, j <2s+ 1 for some integer s > 1,
. W—w
B, w) =12 @)g1(w)H @, w), ifi=j=1,
0, otherwise.

Assume that the Fredholm determinant det(I — AB) is well defined and is equal to the usual
Fredholm determinant series expansion. Then

det(I — AB) = Z e ﬁ I / ) l—[ 1—[/ (@)

ne(Z=o l=1iy= £=1i,=1

ni(ni+1)/2 ) M
) A(W(l))A(W(l))det[H(wi W )],, 1}

(AW ON (AW O))2
(A(W(g)'ﬁ/\([)))z fz(W(Z)) (W(E))fg(W(Z)) (W(Z)):|

_(1

L{=1

rm—1 A(W(Z); W(Z+1))A("/‘V\(g); W(E—H))
el AWO; WED)AW O, WD)y |’

where n = (ny, ..., ny). The notation |n| :=n1 +---+n, and n! :=ny!---ny!. The vectors
wo = (wgé) (Z)) WO = (AYZ) ﬁ?,(,i))for L=1,...,m
PROOF. The proof when H (W, w) = —w was proved in [7], and the general H case

was proved in [8]. See Section 4.3 of [7] for the proof with this special H. Although their
proof was presented for specific choices of contours S, =i, measures du, dfi and functions
fis &i» ﬁ, gi, it holds for this proposition by replacing their specific choices to the general
settings. Hence, we do not provide details here. [
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2.1.3. Further discussion on Dy. In this section, we mainly discuss the function Dy. We
will show that there are various formulas for Dy. In the definition 2.7 of Dy, we may use
a different nesting order of the contours, or modify the kernels in the Fredholm determinant
representation. Especially we could replace ICg/eSS), which contains the information of the

initial condition, by a more general form IC;eSS)(v, u) + K™ (v, u) as long as K™D (v, 1)
satisfies certain conditions. These are discussed in Propositions 2.10, 2.11 and 2.12. We will
also discuss one identity which IC?SS) satisfies, see Proposition 2.13.

In Section 2.1.3.2, we write down the explicit formulas of Dy when Y is either the step or
the flat initial condition. These formulas will be used later to evaluate the limiting multitime
distributions for these two initial conditions.

Then we verify, in a formal way, that the function Dy for m = 1 matches the known result
of the one point distribution formula. This will be given in Section 2.1.3.3.

Finally, we prove two identities about Dy which will be used in our proofs later.

We remark that throughout this section, the propositions are proved by only using the
definition of Dy. We will use these propositions in the proof of other statements in the paper.

2.1.3.1. About the formula of Dy. As we mentioned before (see the first paragraph of Sec-
tion 2.1.1), there are different Fredholm determinant representations (and the corresponding
series expansions) for Dy.

We first show that the spaces of the Fredholm operators could be different. More explicitly,
the nesting order of the contours, if we adjust the measure appropriately, does not affect Dy
in the definition.

PROPOSITION 2.10. Let %% ,..., 80, | /%, 1, 2" ... Zi be 2m — 1 nested

simple closed contours, from outside to inside, in S, enclosing the point —1. Let ig,L =
MU RN for 1 <€ <m — 1. We define the measure dji(w) on Ty 1, in the following way:

1 dw -
—, weX,=1,....,m—1,
11—z %17[1 '
- - —2y w - .
da(w) =di, (w) = —, weX® t=1,....m—1,
p(w) = ditz (w) [~ 2mi rL
o ey
— w .
27 oL
Then Dy(z1, ..., Zm;l) is invariant if we replace all ~the Yy 1. contours and the associated
measure du:(w) to ¥y 1 and djx(w). We define the ¥y r contours in QR enclosing 0 and
dit(w) on ¥y r in a similar way. Then Dy (z1, ..., Zm—1) is also invariant if we replace all

the Xy R contours and the associated measure dp(w) to Xy r and dii(w).

The above proposition indicates that we could flip the order of the nested contours and the
associated measure accordingly without changing the value of Dy (z1, ..., Z;—1). We remark
that we only considered the case when the contour with the smallest or largest label lies in
the middle of the contours and the remaining contours are nested in the order of their labels,
but it is possible to put any contour Xy 1, or X, Rr at the center or consider nested contours in
arbitrary order. But the associated measures are not as neat as du or djt. It is not clear how
these other different orders benefit the evaluation of Dy (z1, ..., zm—1) either. Hence, we do
not discuss it in details.

The proof of Proposition 2.10 is provided in Section 8.2.

Now we consider the Fredholm determinant kernels in Dy. Obviously the Fredholm de-
terminant is invariant if we apply a conjugation to the kernels. Furthermore, we can modify
the functions F;’s (hence, the functions f;’s accordingly) as well.
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_ PROPOSITION 2.11. Dy(z1,...,2m—1) is invariant if we replace the function F;(w) by
F;(w) = ¢; F; (w) for any nonzero numbers cy, ..., cy. It is also invariant if we shift all the
vi's and a;’s by the same integer constant c.

PROOF. We first consider the change F;(w) — c¢; Fi(w). This will change f;(u) —
c,-ci1 fi(u) for u € QL \ {1} and f;(v) = %= 1f,(v) for v € Qr \ {0} by the definition of
fi in (9). Here we set co = 1. Now we con51der the series expansion formula (15) of Dy.
The nth term D, y is invariant under the above changes since f, (U (©) fe (V) has the same
number of factors Cf—fl and C‘f;'

Now we consider the case when we shift all y; and a; by the same constant c¢. This
change does not affect the functions fy for £ > 1, and fi(u) — fi(u) - u + 1)7°,
fiw) = filw) - (v+ D€ for u € QL \ {—1} and v € QR \ {0}. On the other hand, by the
definition of K™ (v, ) in (2.6) we know that K™ (v, u) — K™ (v, u) (1) Thus

14+v
f1(U(l))ﬁ(V(l))det[IC(e“)(v(l) (1))]1 !i—y is unchanged. O

It is more challenging to understand ICg,eSS)(v, u), which encodes the initial condition Y in

Dy. It is possible to show that Dy does not depend on the explicit formula of ICg,e SS)(v, u),
but only depends on the value of

gl = b SR g

1271

for functions f and g satisfying v™ket=L..m} £y and (4 4 1)maxtketact=L...m}g(y)
are analytic at 0 and —1 respectively, where the above contours of integration are suffi-
ciently small. In other words, f (g, respectively) is meromorphic in a neighborhood of
0 (-1, respectively) with a possible pole at 0 (—1, respectively) and its order is at most
max{k, : £ =1,...,m} (max{k; +a; : £ =1,...,m}, respectively). Hence, the true role of
ICgf’SS)(v, u) is to determine the above bi-linear form. We do not want to fully explain it here
in details since it involves the orthogonalization of eigenfunctions and convergence of formal
expansions in terms of orthogonal basis. Instead, we provide a lighter version below.

PROPOSITION 2.12. Dy(z1,...,2m—1) is invariant if we replace the kernel Icg,ess)(v, u)
by ngfss) (v, u) + K™ (v, u) provided K™ satisfies either conditions (1) or (2).

(1) For each fixedu € | J;_| Z¢ 1, K@ (v, w) is analytic for v € Qr \ {0}. Moreover, for
alli <max{ke: =1, ... m}andallj,

%2711/2 27r1 —l]C(“U“)(U W+ 1) /=0

foreach 1 <€ <m,and = is any of {out, in} if £ > 2, or empty if £ = 1.
(2) For each fixed v € \Jj_; Ty R, K™ (v, w) is analytic for u € Q \ {—1}. Moreover,
forallall j <max{as+ke:€=1,...,m}andall i,

/ dv'ﬁ du v ™Dy wyw+ 1) =
b

vr 2711 2i
foreach 1 <t <m,and = is any of {out, in} if £ > 2, or empty if £ = 1.
The proof of Proposition 2.12 is given in Section 8.3.

We could understand Proposition 2.3 in the following probabilistic way. Note the fact
that the distribution function itself only depends on part of the initial data. More explicitly,



1266 Z.LIU

this distribution function is independent of y;’s with i > max{k, : £ =1, ..., m} since these
particles do not affect the particles ahead of them. Similarly the distribution function is inde-
pendent of y;’s with y; +i > max{a, + k¢ : £ =1, ..., m} by using the duality of particles
and empty sites. The conditions (1) and (2) above precisely indicate these independence.

By the proposition above, we know that there are many choices of choosing a kernel to
replace IC?SS) (v, u) in the definition of Dy. It may happen that one needs to pick the appropri-
ate kernel to obtain the asymptotics of Dy. We will see this fact for the flat initial condition.
Nevertheless, the kernel idye“) (v, u) defined in Definition 2.6 has the following property.

PROPOSITION 2.13. ICgf‘SS)(v, u) is a kernel satisfying

i ; d . .
(17) ?§ v 4 DY (o, W~ =y (4 1
0 2mi
foralli=1,...,N

The proof of Proposition 2.13 is given in Section 8.4.

Note that (17) has infinitely many solutions. Formally, for each fixed u, (17) is a system
of N linear equations of infinitely many variables v. However, each solution Cy (v, u), if it is
analytic in Qr x (2p \ {—1}), can be expressed as

Ky @, u) = K5 @, u) + £ (v, u)

where K™ (v, 4) := Ky (v, u) — ICngS)(v, u) satisfies

. d
(18) fvﬂ-Kmmen—i:o
0 2mi

for all integers i satisfying i < N. The reason of (18) is as follows. We first write v =
Z —1Ci,jV T+ 1)Vt + P;j(v), where ¢; ; are constants determined by comparing the co-
efficients of v™/ in both sides, and Pj is a polynomial. Then (18) follows from the following
facts:

. . d . . d
ﬁvﬂ@+&ﬂﬁLK»wmyi¥=fvﬂw+4vﬁkkﬁm0aw—i
0 2mwi 0 2mi

=—u @+, 1<j<i<N,

and

dv
$ i) Ky, 05 = § Pr) K w03 =0
2ri
due to the analyticity of Ky (v, u) and IC;SSS)(U, u)atv=0.
Now by applying Proposition 2.12 and the equation (18), we know that Dy is invariant

if we replace IC?SS) (v, u) by any kernel which is analytic in Q2r x (21 \ {—1}) and satisfies
(17).

2.1.3.2. Dy for step and flat initial conditions. We consider two special initial conditions
and write down their formulas of Dy explicitly. These formulas are suitable for asymptotic
analysis and will be used in Section 7.

The first initial condition we consider is the so-called step initial condition. It is defined to
be

thep:(yl,’yN):(_l”_N)
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In this case A(¥Ysep) = (0,...,0) since A; = (y; +i) — (yv + N) = 0. By (10) we have
O\ Yygep) W) = 1 Now using Definitions 2.5 and 2.6, we know xi(vy,) (v,u) =1 and

;ff::( u) = 1. Therefore
Dy @1, 2m1) =det(I — K1Kyy,)
with
a(w. ) = (67 + 85+ ) 2 045
and
Koy (0. 0) = (850 + 85 — (-7 242 0,

for any w € (Zi,L UX;r)N Sp and w' € (Ej,L U Ej,R) NSy with 1 < i, j < m. Here the
spaces X, L, iR, S1, Sz and functions f;, Q1, Q2 are the same as in Definition 2.4. One
could similarly write down the series expansion of Dy, (21, ..., Zm—1). It is given by

1
DYSth(Zl"‘~’Zm—1):: Z

( ')ZDn Ys[ep(zly DR Zm—l)
ne(Zxo)™
with
D Yep (@15 -5 Zm—1)

—]m_“_[f (&f auz(v0)

t=li=1

(AU AV B))? . '
‘ ) fe(UO) fe(VO)
Ll (AUO; V©))2

m—1 A(U(Z) V(Z—H))A(V(D U(ﬁ—i—l)) ; 1\ e+t
. b 9 _ l -
| Ao, g@n)aw@, yen, !~ (1 ) ‘

¢
The second initial condition we consider here is the so-called pseudo-flat initial condition.
It is defined to be
Ypr= (1, ..., yn) =(=2,..., =2N).

In other words, y; = —2i for all 1 <i < N. For this pseudo-flat initial condition, we have the

following result for K(ess).

PROPOSITION 2.14.  If|v| < 1/2 and |v| < |u + 1|, we have
2v+1
K(GSS) , — N ’
Yt (v, u) C—utot]) +v7 p(v,u)

for some function p(v, u) which is analytic for (v, u) when |v| < min{1/2, |u + 1|}.

The proof of Proposition 2.14 is given in Section 8.5.

By applying Propositions 2.12 and 2.14, we could replace ng;; is) by the kernel %
if we choose the contours appropriately such that 3 r is within the disk D(1/2) = {v : |v| <
1/2} and X1 1 is outside of —1 — ¥ r :={—1 — v : v € X1 r}. However, we could further

reduce it to a delta kernel which makes the formula of Dypf(zl, ..., Zm—1) even simpler.
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In order to introduce the new formula, we need to slightly modify the contours. Let

zou L B B, B, ..., 20 are 2m — 1 nested simple closed contours, from out-
side to inside, in Q1 = {w € C : Re(w) < —1/2} enclosing the point —1,and T9';, ..., Tk,
21.R, EiZ“R, - Z;,?R are 2m — 1 nested simple closed contours, from outside to inside,

in Qr = {w € C: Re(w) > —1/2} enclosing the point 0. We further assume that X1 =
—1-%r.

PROPOSITION 2.15. Suppose the parameters satisfy max{a;, + k¢ : £ =1,...,m} <O0.
Then

Dypf(Z17 IR Zm—l) = det(l - ICIICYpf)7
where two operators
Ki: LSy dw) — LA d), Ky 1 L2(S1dp) — LSz, dw)

are defined by their kernels

Ky (w, w') = (8 (/) +8i (j + (= 1)))f( w)
and
(i s (1N f](w) .
Ky, (w', w) := (8 (@) +8;(i —( 1)1)) L, 220, 22,
;i (D) fj(w)s(—w'— 1, w), i=1,

foranyw € (£; UL R)NS1and w' € (X;LUX;rR)NSy with 1 <i, j <m. The definitions
of 81,82, fi, Q1, Q2 are the same as in Definition 2.4, with the further assumption X1, =
—1 — X4 R as described before, and the §(—w' — 1, w) is a delta kernel defined by

du
f S(—v—1Lugu) 2 = g(—v—1)
L 2mi

for any function g € LZ(ELL, “) and any v € | R.

2mi

The proof of Proposition 2.15 is given in Section 8.6. We remark that the assumption
max{a, + k¢ : £ = 1,...,m} <0 is reasonable. In terms of TASEP, if we view empty
sites as “white particles” and original particles as “black particles,” then the dynamics of
TASEP becomes exchanging two neighboring particles with “black” and “white” colors
(“black”,“white” change to “white”, “black™). xg,(t) + k¢ > a¢ + k¢ > 0 means that the
keth “black particle” has already met some “white particles” initially located at Z>¢. In
other words, the location of this kyth particle is affected by some initial condition which
is outside of the “flat” region. In this case, we do not expect a same formula as that for
max{ag +ke:€=1,...,m} <0.

It turns out that we could drop the assumption max{a;, + k¢ : £ =1,...,m} <0 if we
consider the flat initial condition

Yae= (-, ¥=2,Y-1,Y0, Y1, Y2, ...) Wwithy; ==2i,i € Z.

Here we allow the labels of particles to be negative. This follows from a translation on the
labels and locations of particles in Proposition 2.15 and then let N be sufficiently large. More
explicitly, we have the following proposition.
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PROPOSITION 2.16. Suppose we consider TASEP with the flat initial condition Ypy.
Assume m > 1 is an integer. Suppose ay, ke are integers foreach £ =1, ...,m,and ty, ..., 1ty
are real numbers satisfying 0 <t; <--- <ty,. Then

Py (ﬂ {2k, () = az})

(19)
le dZm 1

= D g ee ey — R . — )
7§ %[ l—z} o (21 o 1)271121 271z 1

where the contours of integration are circles centered at the origin and of radii less than 1.
The function Dy, (21, ...,2Zm—1) has the same formula as Dypf(zl, ..y Zm—1) defined in
Proposition 2.15, without the restriction max{as + k;: €=1,...,m} <0.

PROOF. When k; > 1 and a; + k; < 0 for all ¢, it is easy to see, similarly to the argument
after Proposition 2.15, that the event {x,(#;) > a¢} only depends on part of the initial condi-
tion y; = —2i satisfying i < k¢ and i > —ay — k¢ + 1. Note that —ay — k¢ + 1 > 1. Both Yy
and Y contain this part of the initial condition if we choose N > max{k;: ¢ =1, ..., m}.
Thus, we know

m m

Py (ﬂ {xk, () = ae}) = Pypf<ﬂ {xk, () = ae})-
£=1 t=1

Then (19) follows from Proposition 2.15. Note that although Y, depends on N, the formula

of Dy, is independent of N.

More generally, we know that the left-hand side is invariant under the translation
(ag, k¢) = (ag — 2c, k¢ + c) for all £. Here c is any fixed integer. By choosing sufficiently
large ¢, we have ag — 2¢ + k¢ + ¢ <0 and k¢ + ¢ > 1 for all £. Thus it is sufficient to show
that the right hand side of (19) is also invariant under such a translation. Below we show this
by using series expansion of Dy, .

Similarly to the general initial condition case, we could write down the series expansion
of Dy, It is given by

Dy @1 Zm=) == Y G DG )
ne(Zzp)" *

with
Dn,Yﬁat(Zl,---,Zm—l)
m
—HH dutg (@/ dutg (v (e>
e=1i=1" 2L

. _(_1),11(”1“)/2 AU vy
(20) i AUM)AWV D)

(A(UW; V©))2 Fe(UO) fo (VD)

1 1
det[a(_vl‘( - 1, 5))]1 Jj= li|

Li=1

=1 AU ©; YDAV O yE+D) a )w(l 1 )nm]
— - — :
0). £+1 £). 41
e AUO; UEEDYA (VO v D) )
Note that fp(u) = uke=ke-1(y 4 1)~ @tkoH@atkeDte—te-Du for 4y € Qp and fy(v) =

u—ketke-1(y 4 1)@tk =(@e1+ke-1) p=(e=te-1)u for y € Qg are both invariant under the trans-
lation described above if £ > 1. When £ = 1, we have fi(u) = bkt (u 4+ 1)~@tkhu
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u€(u 4+ D fi(u) and fi(v) = v R (v + D)@KV 5 y=C(v + 1)~ f1(v). Due to the delta
kernel 6(—v — 1, u), we know that the expansion of D, y,, (z1,...,2m—1) contains paired
factor ]_[?11:l fi (ulgll))fl(v(l)v )) with u;, = -1 — v((fl()il) for some o € S,,. This factor is in-

o (i1
variant since (ulgll))c(ugll) + 1)¢ (vél()l.l))_c(vél()ll) 4+ 1)7¢ = 1. These discussions imply that
Dy, vau (215 -+ Zm—1), hence Dy, (21, ..., Zm—1) as well, are invariant under the translation.

This finishes the proof. [

2.1.3.3. Dy when m = 1. As we mentioned in Remark 2.2, we expect that the multipoint
distribution formula (2) at equal times matches the known result of [13]. We are not able to
verify it at this moment, but we can formally obtain their formula when m = 1.

Consider Dy when m = 1. In this case, Dy does not have any z, variables and itself gives
the one point distribution Py (xx(¢) > a) (by setting a; = a, k; =k and t; =1¢). By using a
conjugation, we could write

]P)Y(.Xk(t) > (1) = DY = det(I - K)lﬁz(zgafl)
with
R 7§ i b3 B CR VY S CNO RV URR Vi

It is not hard (by using the Gram—Schmidt process) to prove that there exists a system of
“orthogonal functions” e; (v),i =k, k—1, ..., —00, such that

f—el(v) v v+ DYt =8;(j), foralli,j <k.

Thus, formally we could write

v—k(v + 1)y+ke—l‘v — Z(

Jj=<k

d / _ , . L

0 e (V) ) 1) e ) 0T 4 DY

By plugging it in (21) and then applying Proposition 2.13, also noting ¢, v/ (v + 1)%7/ x
K(egq)(v u) v, 52 =0if j <0 due to the analyticity of IC?S”(v, u) on v, we obtain

k
K@, y)=)_ W;x)®;(y)

Jj=l1

with

du ; oy
\Ifj(x) = %_1 %uk—j (u+ 1)—x—k—1+yj+jetu’

dv
D;(x) = 7% %ej(v)v_k(v + 1)¥Thetv,

Formally, we could verify the following orthogonality by using the above integral represen-
tation and the definition of e;:

D W)@ (x)=8;(j), foralli,j<k.

X€EZL
This formulation is consistent with the one point case of the joint distribution formula ob-

tained in [13]. We remark that the above calculations are formal since we did not consider
the convergence issue.
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2.1.3.4. Two identities about Dy. We end this section with two identities about Dy, which
will be used to prove Proposition 2.3 and Theorem 3.2, respectively. These identities involve
the Dy function with different number of variables and parameters. Hence, we write

DY(Zlv ’Zﬂ’lfl) :DY(ZI’ ’ZM71; (alvklatl)’ LR} (am’kmatm))

to emphasize the parameters if needed.

PROPOSITION 2.17. For any fixed s satisfying 1 <s <m — 1,

1 dzs 1 dzs
% Dy (21, s Zm—1) —r —% Dy @1y Zm—1) e
lzsl<1 1 — 2z 2mizg lzsl>1 1 — 2z 2mizg
=DY(Zla "'9ZS—15ZS+15 9Zm—1’ (alyklytl)a MR (aS—lka—lvtS—l)’
(aS+17kS+17tS+1)9 L] (al’i’lv km’tm))
holds when all other zo #1,£=1,...,s — 1,s +1,...,m — 1, are fixed. Here we remind
that the parameters for Dy (21, ..., Zm—1) are (ag, ke, tp) for 1 <€ <m.

PROPOSITION 2.18. Ifas+ ks =min{ag +k;:1 <€ <m} <yy+ N, then

1 dmel
?g —— Dy, -1
lzm—1l<1 1 — Zm—1 21z, —1
=Dy(z1,-- v zm—2; (a1, ki, 1), ..., @m—1, km—1,tm—1))
if s =m, and
1 dz,
¢ Dy am )
lzsl<1 1T —zg 2mizg
= DY(Zlv L] ZS—17 ZS—&-lv seey Zm—l; (ala kla tl), teey (aS—ls ks—la tS—l)s
(as+17 ks+1» tS+1)7 ceey (a}’na kma tm))

ifl<s<m-—1.
The proofs of Proposition 2.17 and 2.18 are given in Sections 8.7 and 8.8, respectively.

2.2. Limit theorems for TASEP with step or flat initial conditions. As an application of
Theorem 2.1, we compute the multipoint limiting distribution of TASEP with two classic
initial conditions: the step initial condition and the flat initial condition. We will state the
result in terms of the height function of TASEP. Denote H the space of all possible functions
h : 7 — Z satisfying:

1. h(x+1) —h(x) e {—1, 1}, forall x € Z,
2. h(0) € 2Z.

It is well known that TASEP can be viewed as a growth model in H (it is called the corner
growth model). More precisely, we start from some initial function H(x,0) € H, and let
H (x, t) evolve in the following way. We assign each integer site an independent clock. Once
the clock associated to some i rings, we increase H (i,t) by 2 (and keep all other H (x,t)
unchanged) if the resulting function H (x, t) is still in , otherwise we do not change H (i, t).
Then we reset the clock. The function H (x, t) is called the height function.

One could also translate the height function H (x, ¢) in terms of particle locations. See
equation (74) and the discussions afterward.
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2.2.1. Step initial condition. We assume that the initial height function is given by
(22) H(x,0)=|x|, xeZ.

This corresponds to the step initial condition in TASEP. Suppose m is a fixed positive integer,
(x1,71), ..., (xm, Ty) are m distinct points in the half space-time plane R x R satisfying

TI=T2==1n

and x; < x;j41 if T, = 7;41 for some 1 <i <m — 1. Suppose hy, ..., h, are m fixed real
numbers.
THEOREM 2.19. Assume the parameters m and x¢, t¢, hy (£ =1, ..., m) are described

above. With the initial condition (22), we have

HQx;T*3,2¢,T) — v, T
lm IP’( (2x¢ 20T) — 14 Sth
T— o0

m
ﬂ{ _T1/3
= Fstep(hla »hm» (x1$ f]), R (xm’ Tm))’

=1

where the function Fgep is given by

Fstep(hla ooy By (1, T ey (X Tm))

(23) m—1 1 le dZ -1
=‘¢...\¢ 1_[ _— Dstep(zl,--'vzm—l) : -
1 1 -z

27Ti21 27Tizm_1

withz = (21, ..., Zm—1), and the contours of integration are circles centered at the origin and
of radii less than 1. The function Dgep in given Definition 2.25.

REMARK 2.20. Recently, Johansson and Rahman obtained the limiting multitime dis-
tribution for discrete polynuclear growth model [32], which is the same as a discrete TASEP
with step initial condition. We expect that the above formula (23) is equivalent to their result
when 71 < - -- < 1. However, at the moment we do not have a proof of this equivalence due
to the complexity of the formulas. We will consider this proof as a future project.

REMARK 2.21. It is well known that the limiting process along the spatial direction of
the height function of TASEP with step initial condition is given by the Airy, process minus
a parabola [28]. Thus (23) when 71 = - - - = 1, gives a new formula of the finite dimensional
distribution function of the Airy, process minus a parabola. However, we do not have a direct
proof that this formula is equivalent to the original one in the definition of Airy, process.

2.2.2. Flat initial condition. We assume that the initial height function is given by

1, xisodd,

(24) H(x,0)= { .
0, xiseven.

This corresponds to the flat initial condition in TASEP.

THEOREM 2.22. Assume the parameters m and x¢, Tg, hy (£ =1, ..., m) are the same
as in Theorem 2.19. With the initial condition (24), we have

HQx;T*3,2¢,T)—t,T
lim ]P’( (2x¢ 7wT) — 1 She}>
T—o0

m
ﬂ{ —T1/3
= Fﬂat(hh X ,hm; (XI, Tl)a ceey (-xm’ Tm)),

(=1
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where the function Fuy is given by

Fﬂat(hl’ ---,hm; (-xl’ Tl)’ st (-xma Tm))

m—1
1 dzy dzm—1
:'(f% P Dﬂat(Zl,---,Zm—l) . 'm
=1 1—15 2JTIZ1 27lem,1

withz = (21, ..., Zm—1), and the contours of integration are circles centered at the origin and
of radii less than 1. The function Dgy is given in Definition 2.26.

REMARK 2.23. Similarly to the step case, limiting process along the spatial direction of
the height function of TASEP with flat initial condition is known and it is called the Airy,
process [13, 40]. Thus our above result when 77 = - - - = 1, gives an equivalent formula for
the finite dimensional distribution function of the Airy; process.

REMARK 2.24. Here we only considered the flat case when the particle density p is 1/2.
For the general flat case with an arbitrary particle density p, the one point limiting distribution
has been proved in [23] and it is the same as the case of p = 1/2. We expect the multipoint
limiting distribution for the general flat initial condition does not depend on p as well and our
result above holds for the general flat case.

2.2.3. Functions Dgep and Dgy.  Similarly to their finite time analogs, both functions
Dstep and Dy have different representations. Below we only provide a Fredholm determinant
representation for each function.

Denote two regions of the complex plane

CrL:={¢e€C:Re(¢) <0}, and Cr:={¢eC:Re()>0}.

We first assume that 71 < --- < 1,,,. Later, we will need to bend the contours in the defini-
tion of Dgep to extend it to the case 71 < --- < 7, with extra assumption that x; < x; 11 when
Ti = Ti41- ) '

Let CgffL, o Cgf‘ﬁ, CiL, CPp,...,Cp be 2m — 1 “nested” contours in the region Cp.
They are all unbounded contours from ooe21/3 to 0oe?Ti/3, Moreover, they are located from
the right (corresponding to the superscript “out”) to the left (“in”). The superscripts “out” and
“in” should be understood with respect to the point —oo. Similarly, let C%”f e Cgf‘f{, CiRr,

izrfR, cee Ci,fi"R be 2m — 1 “nested” contours from left to right on the half plane Cr. They
are from ooe /3 to coe”™/3. Their superscripts “out” and “in” could be understood with
respect to the point +-00. See Figure 2 for an illustration of the contours. We remark that these
contours are limits of the contours EZ’L and EE’R near the critical point —1/2,here 1 <¢ <m
and * represents the superscript out or in or empty script (when £ = 1). The orientations of the

iR

FIG. 2. [llustration of the contours for m = 2: The three contours in the left half plane from left to right are
CL-CriL Cg}‘lt‘ respectively, the three contours in the right half plane from left to right are C‘z)?lt{, C1r.CY'r
respectively. Sy is the union of the three dashed contours, and Sy is the union of the three solid contours.
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contours Cj  are reversed compared to the contours X7 p. This will lead to a sign difference
which passes to the kernel Ksep in Definition 2.25 or Ky, in Definition 2.26.
We define

CeL —COllt CEL’ Cg’R:ZCEuﬁU ZR’ 0=2,...,m,
and
Cn1, ifmisodd,
SlichLUCQ’RU-HU m.L . .
Cu.r, ifmiseven,
and

Cu.r, ifmisodd,

m.L, 1f miseven.

Sz:zcl,RUCLLU--'U{

We introduce a measure on these contours in the same way as in (5). Let

—z¢—1 d¢
_ ECOUt Co% ¢=2. ....m,
I—z 270 °© LR m
d =d e 1 d§ in in
M(C)_ /’Lz(é‘) L TZK_I%, {ECZ’LUCE’R,fzz,.,m
d
2—;, ¢ €CiLUCR.

We will define Dyep and Dy, in terms of Fredholm determinants. Recall the Q1 and Q>
functions defined in (6),

1 —zj, if j <m is odd,
1
01(j):=11———, if jiseven,
ZJ—]
L, if j =m is odd,
1 —zj, if j <m iseven,
1
02(j):=41———, if j>lisodd,
Zj—1
L, if j=miseven,or j=1.

DEFINITION 2.25. We define
Dstep(z15 -+ - Zm—1) = det({ — K Kstep),
where the operators
Ki:L*(S2,dp) = L3(S1,dw),  Kep: L*(S1,dp) — L3(Sz, dp)

are defined by their kernels

(25) Ki(6,¢) = (8D +8( + (—1)i))§l(§;,Q1( )

and

/ o @)
Kuep(¢',¢) = (8 () +8;(i = (=1)) g/ig Q2()
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forany ¢ € (C; LUC; r)NS1and ¢’ € (Cj . UC; r) NSy with 1 <i, j <m.Here the function

FE‘(() . Re() <0
o= F
R @0
with
L3 4xi 2 vhic s
(27) Fi(¢) := e’ ) l.—l,...,m,
L, i=0.

Now we extend the function Dy, to the case when some of the 7;’s are equal. It is extended
as follows. We adjust the angles of the contours on the right half plane. We let CO':, ..., C9'k.

CiR, CizrfR, e CS;’R be from ooe "1/5 to ooe™/5. We keep the contours on the left plane
unchanged. Note that this adjustment does not affect the Dgep(z1, ..., Zm—1) When all the
7;’s are different, in other words, we could have chosen these contours from the beginning but
we did not make this choice since the contours are not symmetric anymore. This asymmetry
intuitively comes from the fact that we have two different orders of x; and x;4+; when 7; =
7i+1. If we choose a different choice of order, x; > x; for all i satisfying t; = 741, we need
to bend all the contours on the left plane instead.

With this adjustment of the contours, it is easy to verify that the functions f; decay super-
exponentially fast along all these contours. The function Dgep(z1, ..., Zm—1) hence is well
defined. Moreover, since the integrand are continuous on the parameters h¢, x¢, 7o, 1 <€ <m,
the function Dygtep(21, .. ., Zm—1) is also continuous on these parameters in the following way.
If the parameters are continuous functions of ¢, more explicitly, they move along continuous
curves hg(t), x¢(t), te(t), 1 <€ <m, 0 <t <1, satisfying 71(¢t) <--- < 1, (¢) and x;(t) <
Xi+1(¢) when 7; (t) = 7;41(¢), then Dgep(z1, ..., Zm—1) is also continuous in 7.

Similarly, we first define Dg,e when 71 < - - - < Ty

DEFINITION 2.26. In order to define Dy, we further assume that two contours Cj [,
and C; r are symmetric about the imaginary axis. In other words, C; |, = —C1r :={—n:
n € Cy r}. We define

Daat(z1, - -+, zm—1) = det(I — K1 Kaqar),
where the operators
Ki: L3Sy, duw) — L2(S1,dp),  Kpae: L2(S1, du) — L3(Sa, dp)

are defined by their kernels described as follows. The kernel K is the same as in (25), while
Kfac 1s defined by

. . N () .
(8;G)+8;(i — (—D7))—L=>=— o+ Qz() i>2,
—38;(Df;(¢")8(=¢", ¢), i=1,
forany ¢ € (C;LUC;r)NS;and ¢ € (C;LUC; r) NSy with 1 <i, j <m, where {; is the
same as in (26) and the kernel § is a delta kernel defined by

Kﬂat(é‘/v {) =

d
/ S, E) FE) S f(—p)
CiL 2mi

for any function f € LZ(CLL, ) and any n € C Rr.

27i
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The extension of Dgy to 71 < --- < 1, is more complicated. We need to use the series
expansion

Ditat (21, -2 Zm—1) = Y G D @ )
nG(Zzo)m :

with
Dn,ﬂat(zlv"-’zm—l)
l l
—]_[]_[/ dpz () / duz(n")
=1i,=

[ AED; M) M gl
N1 ymi(mi+1)/2 (D) ()
(28) _( 1) i A(s(l))A(ﬂ(l)) det[(s( %— )]l NE 1j|

m(AED AmY))?
i (AED;p©))2 fe(§)te(n)

@), g(£+1) ). p(£+1) (120 = '
Loz AGETETT)AMO: D)

Here sirpilar to the step case, we let C%u,th ... 2 R, CiR, C2 Ro - Ci,fl"R be from ocoe 71/3
to coe™/3. We keep the contours on the left plane unchanged. Note that in this case we need

to understand the & (—n; ) S @ ) in the following way since the contour Cj 1, is not —Cj R at
this moment.
For ¢ > 2, we write each combination of integrals as

¢ {4
1 / dg( ) B Zo—1 / dé‘_( )
1 —zo—1 i 2mi 1 —ze—1 o 2mi

B dS(E) 1 </ dé(e) / d§(€)>
- c 2mi 1 —zo—1 cot 21 cin. 211
and then expand the integrals accordingly. After writing the fcguﬁ — fCiZnL as a residue evalu-

ation at S(Z) él(f 11) D

summation of 22+ possible combinations, each of which is a combination of integrals
without involving the contours fCiKnL:

(29)

at some pole éi(f__l or zero if there is no such a pole, we end with a

/ (E) n / (1)
some iy L 27“ i1= CiL T[.
1
1 1_[[ 1 / T / dnfz)] ﬁf ;)
=2 ip= 1 —2z01 Cing 2mi 1—2z01 o 2mi iy=17Cir i

Here we ignored the integrand which is the same as in (28) except that we evaluated the
residues for some é.(z)’s that are from the contours Cm Now we bend the contour of Cy 1,

such that C; 1, = —Cj r. Note that C"ut is wider (from ooe_zm/ 3 to 0oe?™/3) and always lies
outside of C; 1. when we bend Cj ..



MULTIPOINT DISTRIBUTION OF TASEP 1277

We remark that for the parameters satisfying t; < --- < 1, and x; < x;4+1 when t; =
Ti+1, the integrand decays super-exponentially fast along the remaining contours. Hence,
Dfat(z1, - - ., Zm—1) is well defined. It also matches Definition 2.26 since the above adjustment
of the contours does not affect the integrals when 71 < - - - < T,.

Similarly to Dgtep, the function Dgae(z1, ..., Zm—1) is also continuous on the parameters
he,xe,Te, 1 <€ < m, in the following way. If the parameters are continuous functions
of #, more explicitly, they move along continuous curves hg(t), x¢(¢), 7o(t), 1 < £ < m,
0 <r <1, satisfying 71(¢) < --- < 1,,,(¢) and x;(¢) < x;4+1(¢) when 7;(¢) = ti+1(¢), then
Dfat(z1, ..., Zm—1) is also continuous in .

3. Periodic TASEP with large period. Periodic TASEP can be viewed as TASEP on a
periodic domain

XN(L):z{(xl,...,xN)GZN:xN<xN_1 <---< X1 <xN+L},

where L is some integer larger than N. We call L the period of the system, and N is the
number of particles of the system. We label the particles from right to left, and denote xl.(L) (1)
the location of the ith particle, 1 <i < N. Here the superscript (L) indicates that it is for
periodic TASEP with period L. The evolution of the system is exactly the same as TASEP,
except that the rightmost particle cannot make its jump if its distance to the leftmost particle
is exact L — 1 at the moment of attempting to jump. In other words, the rightmost particle
could also be blocked by the leftmost particle such that their distance is always less than
the period L. One could naturally make infinitely many copies of these particles and place
them in all the intervals of length L in a periodic way. With this setting, each particle moves
independently to the right and can only be blocked by its right neighboring particle, except
for the dependence from the periodicity xi(L) (1) = xi(_L&v ®)+L,i €Z,t € R>p. This explains
why we call this model periodic TASEP.

Recently, Baik and Liu studied periodic TASEP in a sequence of papers [5-8, 33]. In
their most recent work [7, 8], they obtained two multipoint distribution formulas for periodic
TASEP, both of which are in terms of multiple contour integrals on the complex plane. The
two formulas differ in their integrands: One involves a Toeplitz-like determinant of large
size, with entries given by a huge summations over the so-called Bethe roots, while the other
involves a Fredholm determinant on a space of Bethe roots. They then evaluated the limit of
this multipoint distribution in the so-called relaxation time scale by using the second formula,
with certain assumptions on the initial condition. They were also able to verify that several
classic initial conditions satisfy these assumptions.

The main goal of this section is to investigate how the Fredholm determinant formula
of multipoint distribution for periodic TASEP behaves when the period becomes large. It is
known that periodic TASEP has the same dynamics as TASEP when the periodicity constraint
does not take effect. In other words, the finite time distributions of periodic TASEP should be
equal to their analogs of TASEP when the period becomes large. This is the key fact and the
starting point of this paper.

We use P\ to denote the probability of periodic TASEP, here Y € Xy (L) is the initial

configuration of particle locations. We will also use Py = Pg,oo) to denote the probability of
TASEP with initial configuration Y € Xy = Xy (c0).

THEOREM 3.1 ([7]). SupposeY = (y1,...,¥n) € Xy.Let L > N suchthatY € Xy (L).
In other words, L > y1 — yn + 1. Consider periodic TASEP with period L and initial con-
figuration Y , and an independent TASEP with the same initial configuration. We use xl-(L)(t)
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and x;(t) to denote the particle locations in the two models respectively. Suppose m is a pos-

itive integer, k1, ..., ky are m integers in {1,..., N}, and t1, ..., t,, are m nonnegative real
numbers. Then for any integers ay, ..., a, we have
L m m
P§)<(W{xh)(W)>>ae) (f} xw(w)>>ae)
l=1 =1
provided
3D L >max{a; +ki,...,an +kn}— yn.

Intuitively, this theorem means that if the considered particles xéL)(tg) have not been de-
layed by the leftmost particle of the previous period yy + L, then the dynamics of these par-
ticles are the same as if the previous periods do not exist. An equivalent theorem which con-
siders the probability of events {x,EZL) (t¢) <ay} was given in Lemma 8.1 of [7]. The statement
we present above was also discussed there, see equations (8.5) and (8.6) after Lemma 8.1 in
[7]. We remark that the particle labels in [7] are from left to right, which is different from
this paper. Thus, one needs to change the particle labels accordingly in (8.5) and (8.6) of that
paper to match Theorem 3.1.

The above theorem implies that the formula of multipoint distribution in periodic TASEP
should be independent of the parameter L when L satisfies (31). However, the existing for-
mulas in [7, 8] all have a discrete feature and contain the parameter L. Below we provide
a new multipoint distribution formula for periodic TASEP when (31) holds. This formula is
independent of the parameter L and does not have a discrete structure involving the so-called
Bethe roots.

THEOREM 3.2 (Multipoint distribution of periodic TASEP with large period). With the
same setting as Theorem 3.1. Suppose the period L satisfies (31). Then

P(L)(m{ (L)(tg) = aZ})

(32)
dz; dzm—1

= D g e ey - N B — )
f ?f[ 1— J vz “m 1)271111 27z, 1

where the contours of integration are circles centered at the origin and of radii less than 1.
The function Dy (z1,...,2m—1) is defined in terms of a Fredholm determinant in Defini-
tion 2.4, or equivalently in terms of series expansion in Definition 2.7.

We remark that although Theorem 2.1 is the main result of the paper, technically The-
orem 3.2 is the key result. The main challenging part to obtain such a theorem is (1) to
understand why the discrete structure does not play a role in the formulas obtained in [7, 8]
when (31) holds, and (2) to find an alternate formula which preserves all other features except
for the discreteness structure. This formula is exactly the right hand side of (32). Finding this
formula is constructive: It is not obtained by taking the large L limit of periodic formulas.
Instead, it is obtained by construction and then proved by induction.

The proof of Theorem 3.2 is given in Section 5.

It might be able to take a large L limit and find the limit of periodic TASEP formulas. However, in our opinion,
it is the algebraic structure instead of asymptotic behavior that allows us to remove the L parameter. The condition
(31) indeed provides a hint: The lower bound of L to remove the discreteness is a finite number instead of going
to infinity.
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4. Cauchy-type summation over nested roots. This is a key portion of the proof of
Theorem 3.2. More explicitly, the main results, Propositions 4.3 and 4.4 in this section will be
used in the proof of Lemma 5.2, which is the most technical part in the proof of Theorem 3.2.
Since it is independent of the TASEP model, and it might be applicable to other problems
(see [34] for an application to find the distribution of the geodesic in the directed last passage
percolation), we put it in this separate section.

In this section, we will study a multiple sum over roots of ¢g(w) = Z; for some z;’s with
decreasing magnitudes, where g (w) is an analytic function in the considered domain with
some assumptions around its zero. Examples of such ¢(w) functions are g(w) = w”" and
q(w)=(w+ DE=N for one region case, or g(w) = w™ (w+ DEN for the two-region case
which we will consider later. The summand involves factors

AW)AW'
(33) C(W; W'):= ﬁ

for some vectors W and W', whose coordinates will be chosen from the roots of g (w) = z and
q(w) =7/, respectively. The notations A(W) and A(W; W’) are introduced at the beginning
of Section 2.1.2. We remind that

n n

AWy =[] @j—w).  AW;W)=T][]w—w).

I<i<j<n i=li'=1

where 7 and n” are the sizes of the vectors W and W respectively, and w; (1 <i <n), w;,(1 <
i’ <n') are the coordinates of W and W', respectively. Here we allow n =0 or n’ = 0 by
defining the empty product to be 1.

Especially, when W and W' have the same size, C(W; W’) is the Cauchy determinant up
to the sign

C(W; W) = (=1)"n=D/2 det[m] ien
U <i'<n’=n

Hence we call (33) the Cauchy-type factor, and the summation involving these factors
Cauchy-type summation.

To explicitly state the Cauchy-type summation to be considered, we introduce some nota-
tion.

Let m > 1 be a fixed integer. Suppose ny, ..., n, are nonnegative integers. We also sup-
pose w® = (wga, e w,(f;)) be a vector of ny variables, 1 < £ <m.

Assume [D ... 1Mm=D and @ 70 are 2m — 2 sets satisfying
(34) 19cqi, . ng, TV {1 )

foreach £ =1,...,m — 1. We also introduce a convention that Wy is a vector obtained by
keeping all the coordinates of W whose indices are in the set / and removing all other vari-
ables. For example, if W = (wq, ..., wio), then W3 33 = (w3, w3). Thus by using this con-

vention, Wl(fl)) is a vector with coordinates in W® whose subscripts are in 1), and Wﬁﬂg

is similarly a vector with coordinates in W+ whose subscripts are in J ¢+,
We will consider the following summand:

HWD, w20, zm1)

(35) s ) (L+1) (1) (m)
=1 [T CW0: W) |- AW, W™z, zm),
=1
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where A is a function satisfying certain analyticity on its variables (the coordinates of all
W vectors and complex numbers z,°s). Note that H defined above is dependent on the sets
1O, JED 1 < ¢ <m — 1, and the function A.

Now we introduce the space where the above summand is defined.

Let rmax € (0, 1) be a fixed number. We assume that zg € D(rmax) and zp € D = D(1).
Here the notation

(36) D(r):={zeC:lz| <r}.
We also denote
(37) Do(r):={z€C:0<|z| <r}

the punctured open disk with radius r and centered at the origin.
Suppose €2 is a simply connected region in the complex plane which contains 0. Let

Qo =0\ {0}.

We assume that A is an analytic function defined on (£20)¢ X D(rmax) x D™~ 1, with d =
dw® .., WM™) is the total dimension of the vectors. Here we have d = ny + - -- + ny,
since W® has ny coordinates.

With the above assumption, it is clear that H is analytic function on (£20)? X D(rmax) X
D"~ except that it has poles at wl-(z) = wﬁ“l) for (i, j) € I® x J**D and some 1 < ¢ <
m—1.

We will take the sum over discrete sets determined by a function g (w). Now we introduce
g (w) and the discrete sets.

Assume that g (w) is an analytic function of w € 2 such that the “level curves” of g (w) in
Q, the I',’s defined below for 0 < r < rpax , are nested simple closed contours enclosing 0.
More precisely, for any 0 < r < rpax ,

(38) ={weQ:|qgw)|=r}

is a simple closed contour enclosing 0, and T, encloses I, if 0 <7’ < r < rpax. We also
define

(39) R::={weQ:qw) =z}

for any |z| < rmax. It is obvious that all elements of R; lie on the contour 'z We remark
that these assumptions imply that ¢ (0) = 0. Thus we set ['g = {0} and Ry = {0}. By using the
property that I, are nested simple closed contours for 0 < r < rmyax , we know that ¢’(w) # 0
for all w € R; provided Z € Do (rmax )-

Finally, we are ready to introduce the summation. We assume zg € Do (7max ) and z¢ € Dy
for 1 <€ <m — 1. In other words, 0 < |z9] <rmax and 0 < |z¢| <1 for1 <€ <m — 1. We
define

G(ZO’ st Zm—l)

(40) -y

m
{n <E>} HOWD, W20, o),
wD R wm) ctm Le=1
21 Zm

where J is defined via g as follows:

(Z))

@) JWO) = [ s () = r]“w

4
ir=1 ig= IQ(w( ))
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and Z;’s are defined via z;’s:
(42) Ze=2021""20—1, 1=<L€<m.
Note that our assumption on z¢’s implies 2, ..., Z,, are m points in D (rmax ) With decreasing
norms: 0 < |Zu| < -+ < 1Z1] < max -
Recall the definition of the function H in (35), which is analytic for z, € D and for co-

ordinates of W(’s except for the possible poles at wi(g) = wj-“]). Since Z; are distinct for

all (zo,...,zm) € Do(rmax) X ]D’g_l, and the coordinates of W® are roots of g(w) = Z¢
which depends on zo, ..., z,—1 analytically, the summand in (40) can be viewed as an an-
alytic function for (zo, ..., Zm) € Do(Fmax) X D’g_l. Thus, G(zo,...,2Zm—1) is analytic in

this region as well. The main goal of this section is to investigate the behavior of G when
z¢ — 0 and see whether the analyticity of G can be extended to the space D(rpax) X Dm-1,
Note that zo = 0 implies Zgy; = --- = Z,, = 0, which is not considered in the definition
G in (40). To extend the function G to z¢ = 0, we need to consider possible singularities:
AWD WO 70 zm_1) may have singularities at wl(f) =0 € Ry, and the Cauchy-
type factors in H bring singularities at wl.(e) = w'"V It turns out that if g (w) is a function
such that these singularities disappear, then G can be analytically extended to z; = 0 for all £.
More surprisingly, for such g (w) functions, G(0, z1, ..., Zm—1) is actually independent of ¢.

To explain the conditions of ¢ such that G can be analytically extended to D (rmax ) x D1,
we introduce the following concepts.

(k) . (k+1) 4

DEFINITION 4.1. We call a sequence of variables Wi W ,...,wik/) a Cauchy

chain with respect to the variables W ©’s and sets 10, J(©°s, if
(k) (k41)y (. (k1) (k+2) (,k'—1) k")
(wik — Wy, )(wik+] — Wi, ) (wikL] - Wi, )
appears as a factor in the denominator of ]_[z,”:_l1 C(Wl(fz)); Wﬁmg). In other words,
(ks ikr) € 1D x TED Gy iggn) € T€FD s JEFD Gy, i) € 197D 5 g @,

We also call any single variable wi(f) a Cauchy chain.

We remark that one important property of Cauchy chain is that it could accumulate singu-
larities of A(W(l), e, W e Zm—1) at wl.(f) =0if wi(f) is on the chain by evaluating
the residues from the Cauchy factors successively.

DEFINITION 4.2.  We call ¢(w) dominates HW® ..., W™z, ... z,)at w =0 pro-
vided that for any Cauchy chain wl-(k), wng), e w ),
k Tk+1 5%
1
q(w) - A(W( ), s W(m); 205+ Zm—l)|w(k)_w(k+l):m_w(k/)

ik = ikl - ik/

&)

is analytic at w = 0, for any fixed other w;,

D (rmax ) x D™~ L

variables in 2o, and fixed (zg,...,Zm—1) €

We also remark that if g(w) dominates H, then q(w)A(W(l), e Wz
Zm—1)1,©_, 18 analytic at w = 0 since a single variable forms a Cauchy chain. In other
i
words, the singularities of A at each wl(f) = 0 are dominated by the order of g(w) at w = 0.
(k) k+D) _ (k")
ik Ik+1 ’ iy
Cauchy chain wi(f), wl.(lfjll), ey wl.(f,/) are dominated by the order of g(w) at w =0.
Now we are ready to state the main proposition.

Furthermore, the total singularities of A at w;”’ =0, w ..,w: 7 =0 along any
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PROPOSITION 4.3. Suppose A is analytic for each w ) e Qo and (z0,...,2Zm-1) €
D(rmax) X DL Suppose q(w) is analytic for w € Q with the nested level curve
assumption described before. If q(w) dominates H at w = 0 as defined above, then
G (20, ..., Zm—1) can be analytically defined for for (2o, . .., Zm—1) € D(rmax ) x D1, More-
over, G(0, 21, ..., Zm—1) is independent of q(w), and equals

©) (0 (1
i 1 Zgul 2.7'[1 =1 N i

(43) == l—zg,l zin 2mi | 2mi

-H(W(l),..., W50, 21, Zm-1),

where O™, ..., Egut, ¥, Zizn, e E,i,‘ll,from outside to inside, are arbitrary 2m — 1 nested

simple closed contours in 2 each of which encloses w = 0.

Although in this proposition we only considered the case when g (w) has a root at w =0
and g(w) dominates H at w = 0, it is easy to see (by a change of variables w — w + a) that
the same proposition holds if we consider the case when ¢ (w) has a root at w = a and g (w)
dominates H at w =a.

The proof of Proposition 4.3 is given in Section 6. We point out that the most challenging
part of this proposition is to find the explicit expression for G(0, z1, ..., zn—1). We actu-
ally construct the formula (43) and prove the proposition by induction. See Section 6 for
the details. Similarly to Proposition 2.10, we are able to change the nesting order of con-
tours of integration (and the z, weights accordingly) in (43) and obtain different formulas of
G, z1,...,2Zm—1). This fact could be proved in a similar way as in the proof of Proposi-
tion 2.10, or modifying the proof of Proposition 4.3 in Section 6 accordingly for the different
formula of G(0, z1, ..., Zm—-1).

Proposition 4.3 only includes the case of one region €2 and one set of nested roots (or
contours) around (or enclosing, respectively) the unique root of g(w) within 2. There is no
difficulty to extend it to more regions and more sets of nested contours, where each set of
contours enclose a different root of g (w). Especially for the purpose of proving Theorem 3.2,
we need a version of two regions and two sets of nested roots enclosing two different roots
—1 and O of the Bethe polynomial ¢(z), respectively. We state the result below for this use
and prove it by using Proposition 4.3.

Let €21, and Q2r be two disjoint regions including —1 and 0, respectively. Let n, 1 and ng g,
1 < ¢ < m, be 2m nonnegative integers. U® = (uge) unl) ) and v = (v {1&)’ .. 1(16)1(
are 2m vectors. We use U, u and V, v to denote the vectors, variables associated with L and
R respectively to avoid too many scripts. This is also consistent with the notation in the series
expansions of Dy in Theorem 3.2. Similar to (34), we introduce 7. I “) and I}(f), JI({HI)
for each 1 < ¢ < m. Then the analog of (35) is

HUWD, .., um,v® v )

0) 41 0., (t+1)
[H C U(w)» U((HS)C(VI(@), V(<z+1>)}
=1

AU, U™ v D v ),

where A is a function analytic for all ulgf) in Qp \ {—1}, all v(z) e= Qr \ {0}, and all

(205 -+ Zm—1) € D(rmax) X Dm-t,
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Let g (w) be a function defined on 1, U Qg such that its “level curves” in r, and Qg are
nested simple closed contours enclosing —1 and 0 respectively. Note that we do not require
g(w) is well defined elsewhere. Let R; | :={u € QL :qu) =2} and R; g :={v e Qr:
g (v) = z}. We define, for (zg, ..., Zm—1) € Do(rmax) X Dg_l,

G(zo, ..y 2Zm—1)= Z Z |:1_[ U(ﬁ) V(Z)):|

U<1>eR L v<1)e7z'”R t=1
(44) : :
um e'er'"’E ym e'er'""g
im, im,

where J is defined the same way as in (41), and Z; as in (42).

We could similarly define the terminologies of “Cauchy chain” and “dominating”. More
(k) (k+1) (k")

explicitly, a Cauchy chain is either a sequence of variables u; ", u; ", ..., u; ~ such that
(u (]]:) 1(11:1)) -(u l(f// 11) (k )) appears in the denominator of H 1C(U (f[)), U (Z(lez) or
a sequence of variables v(k), vl.(k+l), .. v(k) such that (v(k) (kH)) (v (k _1) (k))
k+1 1% lk+1 lk/ 1 lk/
appears in the denominator of [],_; 1C(V(é)), V(feﬂ))) We still allow that a Cauchy chain
could be a single variable. We say g domlnates H at w = —1, if g(w) - A is analytic
at w = —1 when we take the variables on any u —Cauchy chain to be w but all other

variables fixed. Similarly, ¢ domlnates H at w =0 if g(w) - A is analytic at w =0
when we take the variables on any v Cauchy chain to be w but all other variables
fixed.

With these setting, the two-region version of Proposition 4.3 is as follows.

PROPOSITION 4.4. Suppose A is analytic for each “Ef) in Q \ {—1}, each vf,/ € Qr\
l/

{0}, and each (zo, ..., Zm—1) € D(rmax) x D"~ L. Suppose q(w) is analytic for w € Q1 U Qr
with the nested level curve assumption described above. If g(w) dominates H at w = —1 and
w=0. Then G(zo,...,2m—1) can be analytically extended to D(rmax) X D=1 Moreover,
G(0,z1,...,2m—1) is independent of g(w), and equals

) ) (1)
ﬁrﬁ[ / du;, 201 / dll]rﬁ/ du;,
=2y 1 —ze—1 =i 2 1 —Ze—1 /Py 2 f=17Z1L 21
{2 1
N V([ A ey L B A
t=2i=1 1 —zo—1 ):j;jR 2mi 1 —zo—1 oY 2mi i=17Z1R 2mi
CHOUD, ™y V0,2, ),
where E;’n‘fi, e Eguﬁ 2L, Eizl}L, e Z;?’L,from outside to inside, are arbitrary 2m — 1
nested simple closed contours in Q1 each of which encloses u = —1, and E,‘;l‘ftR, e ES}‘]{,
SR, X xin fom outside to inside, are arbitrary 2m — 1 nested simple closed
> 2,R m,R

contours in QR each of which encloses v = 0.
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PROOF OF PROPOSITION 4.4. It follows by applying Proposition 4.3 twice. First, for
any fixed U©’s, we consider

I:I(U(l),...,U(m);Zo,---,mel)

= > [HJ V@} HUD,...,u™; v vz ).

(m) ) m,R
VITER: R

This function is analytic for (29, ..., Zm—1) € D(rmax ) X Dl by Proposition 4.3. It is also

)

analytic for u; ~ € Q. \ {—1}. Thus, we could apply Proposition 4.3 again for

G20y Zm—1)= Z |:1_[J U(Z):| U(l) . .,U(m);z(),...,zm_l).

UDer; !k H=I
21

m eRmL
Zm,L

This proves the analyticity of G(zo,...,2Zm—1) in D(rmax) X D™=, The formula for
G(@,z1,...,2m—1) follows in a similar way. [

5. Proof of Theorem 3.2. In this section, we prove Theorem 3.2. We will first reduce
the proof of the theorem to two lemmas, Lemma 5.1 and Lemma 5.2 below. Then we prove
these two lemmas in Section 5.2 and Section 5.3, respectively.

We first assume

(46) ar+ke>yn+N, C=1,...,m.

We claim that it is sufficient to prove Theorem 3.2 with the above assumption. In fact, if
there exists some i such that a; + k; = min{ag + k;: 1 <€ <m} <yy + N, then q; + k; <
Yk; + ki = xx,; (0) + k;, and

252 (ﬂ {x ) = az}) = P(YL)( ARROE "5})

{=1 1<t<m

Ui

since {x,EiL) (t;) > a;} is an event with probability 1. On the other hand, by Proposition 2.18
we have

dz dz,—
% % — DY(Zl,--.,Zm—l) L el
2mizg 212, —1

= 75[

Thus it is sufficient to prove the statement with the index i removed. By repeating this proce-
dure and removing all such indices i, we only need to prove the statement with all indices £
satisfying (46).

From now on throughout this section, we assume (46) holds.

dze

I<t<m— 1 1<t<m—1

i#i (i

2mize
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It has been shown in [8] (and [7] for the case of the step initial condition) that the multipoint
distribution of periodic TASEP has an explicit formula in terms of multiple contour integrals

- U d
IP’(YL)<ﬂ{Xk[)(l‘£)>ag> f f%y(m,...,zm)@y(zl,...,zm)__i.._ m_

i1 2171 21,

where the contours are nested circles centered the origin with decreasing radii 0 < |Z,,| <

-+ < |Z1| < rmax for some constant rpx > 0 to be determined later. The explicit formula
of €y and Yy will be given in Section 5.2 and Section 5.3, respectively. By changing the
variables

(47) t=[]z. t=1.....m.

where 29, 21, ..., Zm—1 are new variables satisfying |z¢| < 1for1 <£ <m —1and 0 < |zg| <
Fmax » W€ Write

P(L)(m L)(tf) >a€}>

(48) =1
~ dzo dzm—1
—f %%Y(ZO,---,Zm—l)@Y(ZO,---,Zm—l) T
2mizg 212 —1
Here Gy (20, -+, Zm—1) i= Gy (G1, - ., 2m) and Dy (20, .-, Zm—1) i= Dy (B1, ..., 2m) with 2

defined by (47). The contours of integration are circles centered at the origin with radii satis-
fying 0 < |z0] < rmax and |z¢] <1 for1 <€ <m — 1.

It turns out that the zg integral can be evaluated explicitly in (48). The key facts are that
both functions ng and @y can be analytically extended to zg = O and that their values at
zo = 0 can be explicitly evaluated. These are given in the following two lemmas. We recall
that the notation ID(r) in (36) and Dg(r) =D(r) \ {0} in (37). When r = 1, we simply write
D and Dy for D(1) and Dg(1), respectively.

LEMMA 5.1. The function <ng(z(), ...y Zm—1) Is analytic for zo € D(rmax ) and z¢ € D,
1<?¢<m—1. Moreover,

m—1 1

Cv (0,21, ....zm—1) = [ |
=1

1—2z¢

for any fixed z1, ..., zm—1 € D.

3 LEMMA 5.2. Assume (46) and L > max{a| + k1, ..., an + ku} — yn. Then the function
Dy (20, ..., Zm—1) is analytic for 7o € D(rmax ) and z¢ € Dy, 1 <€ <m — 1. Moreover,

Dy 0,21, Zm-1) =Dy (1, ...\ Zm—1)

for any fixed z1, ..., Zm—1 € Do. Here the function Dy (z1,...,2Zm—1) is defined in terms of
a Fredholm determinant in Definition 2.4, or equivalently in terms of series expansion in
Definition 2.7.

The proofs of these two lemmas are given in Section 5.2 and Section 5.3, respectively.
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By applying these two lemmas above and taking the residue at zo = 0 in (48), we write
(48) as

PE/L)(ﬂ{x;EZL)(Ie) Zaz})
=1
- ﬁ--ﬁ%}(o,m--- i)y (0,211 Zmt)

dzy dzm—1
27‘[iZ1 27‘[izm_1

m—1
:ygyg[ #}Dm,...,zm_l) da  dzpr
= 11—z 2mizy 2712, —1
This proves Theorem 3.2.

In Sections 5.1, 5.2 and 5.3 below, we will introduce the functions €y (Z1, ..., Zm),
Py(Z1,...,2Zm) and prove Lemma 5.1 and Lemma 5.2. We would like to emphasize that
although most of the functions are already defined in [8], there are some modifications due to
the different settings of two papers. One could match our definitions in this paper with their
analogs in [8] by doing the following changes in their paper: kg —> N +1 — k¢, yi — yi + 1
and a; — a; + 1. The first change is due to the different ordering of the particles, the other
changes are related to a shift of all particles by 1 in order to make our formula as simple as
possible.

5.1. Preliminaries on Bethe roots and some functions involving the initial condition Y.
Before we define the functions 6y (Z1,...,2m), Zv(Z1,...,Zm) and prove Lemma 5.1 and
Lemma 5.2, we introduce the concepts of Bethe roots, and some functions involving the
initial condition Y.

5.1.1. Bethe roots. Let
gw) :=w(w+ HEN,

The Bethe equation associated to the periodic TASEP of period L and particle numbers N is
defined to be

(49) g:(w)=qw) —z=w"w+ DFN — ¢

for any z € C.

We remark that this is slightly different from the function ¢,(w) in [6-8] which is defined
by w¥ (w + )X~ — zL'. The main reason the authors used z% instead of z in their papers
is for the purpose of asymptotic analysis in the so-called relaxation time scale: The roots of
w™ (w+ 1)L~V — 7L are on level curves which only depend on two parameters, the ratio N /L
and the magnitude of z, and these two parameters are chosen to be independent of L in the
asymptotic analysis. However, in this paper we only consider the finite time case for periodic
TASEP and we expect that the parameter L will disappear in the probability distributions as
we claimed in Theorem 3.1 and Theorem 3.2. Thus, it is more natural to use (49).

We also introduce the set of Bethe roots

R;:={weC:q,(w)=0}, orequivalently, R;:={w e C:qg(w) =1z},
and the level curves of g(w)
I, :={weC:|qgw)|=r}

Note that the definitions above imply that all the roots in R; are on the level curve I'|;|.
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It was known that (see the related discussions in [6—8] for examples) the level curves of
q(w) are nested contours: I', encloses ', if r > r’. Moreover, when r > r. for some r,

defined by

NN (L _ N)L_N
[, is a simple closed contour enclosing both —1 and 0. When r = r., I'; is a self-intersect
contour with the intersection point

Fe .

9

we:=—N/L.

When 0 < r < r,, I'; splits into two disjoint simple closed contours, one of which encloses
—1 but not 0 and the other encloses 0 but not —1. We denote these two contours I', 1, and
', r respectively. Moreover, I, 1. and I, r stay on two different sides of w,.

For 0 < r < r., we denote 2,1, (€2, R, respectively) the region enclosed by the contour

I'y L (I'yr, respectively). Then we define

Q= {J @ and Q= |J Qr
O<r<re O<r<re
These are two nonintersecting open regions which are on the two sides of w,, respectively.

Moreover, —1 € p, and 0 € QR.
Now we return to the discussion of Bethe roots. When 0 < |z| < r., we denote

R:.L=R;NQL, and R,r=R;NNR.

It is easy to see that R, 1. and R, r consists of L — N and N elements respectively. These

elements converge to —1 and O respectively, when z — 0.
See Figure 3 for an illustration of the Bethe roots, the level curves and the domains €2r,

and QR.
We define
ger)= [[ w—w), and grw)= [] w-w).
UER ;1 VER; R
0.4} o |
I’ \\\
. o~ -~ N
7 " ‘\ Ay
02 [/ N i
1 1 \ \ P
[ \ \ e N
[ \ A ’ oY
[ \ AN L PN ‘|
[}
0 : + * ) § @ ¢)| -
(Y 1 RN Al 0!
[ 1 ’ N o !
LAY U 4 N /,
[ ’ 4 D
A TN 4 4
—0.2 |- [UEEN ,’ /' i
\ \\ ’, ’
\\ ..__ ,’/
—04 1] Te-- i
| | | | | | | | |

-14-12 -1 -08 -0.6 -04 -02 0 0.2

F1G. 3. Anillustration of the Bethe roots and level curves for g(w) = w2 (w+ D*: Iy —0.0064 consists of the two
inner dashed curves. On these two curves, the four black dots represent the four points in R ;—¢.0064,L. and the two
white dots represent the two points in R ;—(.0064.R - | S /36 consists of the two outer dashed curves separated
by we = —1/3 (the black square in the middle), within which are the two domains Q1. and QR respectively.
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1)L—N

By the discussions on R, and R;Rr above, we know that g, .(w) = (w + and

g.r(w) — w" as z — 0. Hence, we introduce the “normalized” version of ¢, and ¢, r
below
gz, L(w) gz, r(W)
gz, L(w) := m, and g, r(w) = = N
We further write

qZ,R(w)7 w e S2L
It is easy to see that h(w; z) is analytic for (w, z) in both p x D(r.) and Qr x D(r.).

Moreover, it is always nonzero in the above domain. Finally, h(w; 0) = 1 for all w € QrUQL.

5.1.2. Functions involving the initial condition Y. We introduce some functions involv-
ing the initial condition Y. The two functions £y (z) and chy (v, u; z) were introduced in [8].
We slightly modified their formulas below due to the relabeling of particles. One could re-
place y; by yy+1—; — 1 in the formulas below to recover the versions in [8].

DEFINITION 5.3.  Suppose 0 < |z| < r.. Let

(51) &r@ = [] @+D"™. G (R.p),

VER;ZR

where A(Y) = (A1, ..., Ay) with A; = (y; +1) — (yy + N), and the function G is defined in
(10). It can also be expressed as

det[vi_j(vl- + l)yj+f]l?§’j:1

Ey(z) = — ,
det[v; /1Y,
where vy, ..., vy are all the elements of R, r. We also define £y (0) = 1.

Since all the elements in R; r go to 0 as z — 0, it is easy to see (for example, using
equations (51) and (55) below) that Ey (z) is analytic for z within {z : |z| < r.}.
Since £y (0) = 1, there exists some positive constant ryx , such that rypax < re and

(52) Ey(z) #0, forall z satisfying |z| < rmax -

Note the this also implies Gy y)(R; r) # 0 for all z € D(rmax) ={z € C: |z| < rmax }-

DEFINITION 5.4. Suppose 0 < |z| < rmax. For any u € Qp \ {—1} and v € R; r, we
define

u+ 1)yN+N Gy ((Rer \ {v}) U {u})
v+1 Gr(r)(RzR) ’

where A(Y) = (Aq, ..., Ay) with A; = (y; +i) — (yv + N).

(53) chy (v, u: 7) = (

We remark that the definition above is only valid for discrete points v € R; r. Below we
re-express the formula such that it is well defined for all v € Qg \ {0}. More explicitly, we
have
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LEMMA 5.5. There exists a function hy (v, u; z) analytically defined on Qr x QL X
D (rmax ) such that

u+1
v+1
Jorall |z| < rmax and (v,u) € R, r x (2L \{—1}). Here xy is a polynomial of v and u defined
in Definition 2.5, and A(Y) = (Ay, ..., AN) withA; = (yi +i) — (YN + N) for 1 <i < N.The
function hy also satisfies

YN+N
54) chy(v,u;z) = < ) () (v, w) + hy (v, u; 2))

hy(v,u;0)=0

forall (u,v) € 2 x Qr.

Note that the right-hand side of (54) is defined on a larger domain than the left-hand side
chy (v, u; z), but they agree on the set where chy (v, u; z) is defined.

PROOF OF LEMMA 5.5. The idea is to reformulate Gy (y)((R;r \ {v}) U {u}) and analyt-
ically extend it to Qg X Q2L X D(7max )-

First, we express the symmetric function Gy (v (v, ..., vy) in terms of finitely many power
sum symmetric functions. More explicitly, we write
(55) G ...,on) =1+ > Gupuvr,... on),
n=(ur,...)

where p = (1, ...) satisfies N > g > -+, |u| = w1 + -+ < [A], and u; > 1. The function

pui,...oon) = [T @ 4+ v})).
=1

We remark that the expansion (55) might be different from (11) since the number of variables
in (11) is assumed to be larger than |A|. We use ¢, , here to mark the possible difference. In
the case when |A| < N, these coefficients are identical to ¢y ,’s in (11).

We will take two different sets of variables in (55) and obtain an identity between
Grv)((Rzr \ {v}) U{u}) and xx(y)(v, u). The first set of variables is {vy, ..., vn} = (R R\
{v}) U {u}. This gives

G (Rer \ {v}) Ufu}) =1+ Z Cap l_[ (i, (2) + ulc — v#)

n=(y,...) Hue=1
(56) g 1 k
=1+hy(v,u;2)+ Z Cap 1_[ (uth — o),
r=(ug,...) =1

where the function
hi@e= ) (@), j=1
VER,R
is an analytic function of z € D(rmax ) with i;(0) =0, and
= Y ol T @+ o) = [T @i = o))
n=(n1,...) me=1 wr=>1

is an analytic f~unction of (v,u,z) € Qr X QL X D(rmax ), which actually is a polynomial of
v and u, with Ay (v, u; 0) = 0 for any pair (v, u).
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The other set of variables we insert in (55) is {v1, ..., vn} = {u, v&, v&2, ..., vEN !} with
£ = ¢?™/N  This formula includes the desired term x (v, u). More explicitly, by applying
(14), we have

o, u) =Gy (u, vE, ..., vEN ) o r (v, u)

(57) =1+ Z Enupu(, vE, vE2, L vEN T 1N L r (v w)
r=(1....)

for some polynomial (v, u). Note that (vE)* 4 (VE2)H 4 ... 4+ (VEN DMk = —pik if | <
wr <N —1,or (N — DoV if ux = N. We have
pulu, vg, vg%, ... vgV )

= 1_[ (uﬂk _ v’uk) 1_[ (u“k — ik +NUN)

I<pr<N-1 wk=N

= H (ut* — v#*) 4 v" . a polynomial of v and u.
mi>1

By inserting this in (57), we immediately obtain
(58) nww=1+v" Fo,w+ > ap [ @ —v),
n=(u1,...) mr=1

where 7 (v, u) is a polynomial of v and u.
Now we combine (56) and (58) and write

G (Rer \ (v}) Ufu)) = xa (v, ) — vV - F(u, u) + hy (v, u; 2).

We further express vV = W since v € R, r. This gives
(v, u) ~
(59) gl(Y)((Rz,R \ {v}) Ufu}) = xav,u) —z- W +hy(v,u; 2).

Note that the expression on the right is analytically defined for (v, u, z) € Qr X QL X D(rmax )-
Finally, we prove the lemma. Note that the function

gy (2) = Gry)(R;R)

is an analytic function for z € D(rmax ) With gy (0) = 1. Moreover, it is nonzero in the disk
D(7max ) by the assumption of ryax (see (52)). Thus, by the definition of chy and equation
(59), we have the expression (54) with

o, u) —z-F,u) - v+ DTEN 4 hy(v,u;2)
hy(v,u;z) ;= — xa(v, u).
8y (2)

This function is analytically defined for (v, u, z) € Qr X Qr X D(rmax ) since each term is
analytic and the denominat0r~ is nonzero. Moreover, we have hy (v, u; 0) =0 for all (v, u) €
Qr x QL by using the facts iy (v, u; 0) = 0 and gy (0) = 1. This finishes the proof. [J

5.2. Function 6y(Z1,...,Zm) and proof of Lemma 5.1. 'The function €y (21, ..., Zm) is
defined to be (see [8], Definition 3.9 and 3.13)

m A

Gy (Cln.nim) = []‘[ L} Ey (1) - A Gy im),

(ep -1 =2t
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where £y (Z1) is defined in Definition 5.3, & = &, - @ - o3 with

m

N1y ey Zm) = l_II: H (—u)ke—1—ke
=1 ”EREZ,L
l_[ v+ 1)(&[—1+ki—1)_(aé+k£)e(l‘g—tg_l)vi|’
veRf’g.R
o (A lm_[ HMER (_M)N HUGRE[,R(U + 1)L_N
20321, .- ’
=1 H(u,v)engé_LxR%R(v —u)
o (A lm_[ n(”’v)ERfiqsLXRiz,R(v — M)
321, .- 4 —
=2 HueRze . L( u)N HUGRE[.R(U + LN

In the definition of .27 above, we set ag = kg =19 = 0.

It is obvious that o7 functions are analytic for (Z1, ..., Zn) € (Do(ru))™ C (Do(r:))™ since
locally each Bethe root w € R; g U R: | as a function of Z is analytic when Z € Do (7).
Moreover, recall that all Bethe roots in Rz go to —1 and all Bethe roots in Rz g go to 0
when z — 0. We know that these o7 functions could be analytically extended to (D(r,,,))"™,
that is, they are all well defined if some z; = 0. By replacing all #’s by —1 and all v’s by 0 in
the formulas, we have

2,0,...,00=2(,...,00=240,...,0)=1.
Also recall that y(zy) is analytic within |Z1]| < rmax With Ey(0) = 1. We conclude that

by (20, - - > Zm—1) = Gy (20, 2021, - - -» 20 * - - Zm—1) 18 analytic for (zo, ..., Zm—1) € D(rmax ) X
D™=1. Moreover,

- m—1 1
Cr 0,21, ..., 2m-1) = .
v(0,21, ..., Zm-1) E:H]l—zz
This finishes the proof of Lemma 5.1.
5.3. Function Py (Z1,...,2Zm) and proof of Lemma 5.2. Similar to Dy, the function
Py (21, ..., 2Zm) has both Fredholm determinant and series expansion representations. We
only use the series expansion representation of Py (21, ..., Z,) to prove Lemma 5.2.

We remind the notation conventions A(W), A(W; W’) and f(W) we introduced at the
beginning of Section 2.1.2.

The following definition is the series expansion representation (by applying Proposi-
tion 2.9) of Definition 3.10 of [8]. This series expansion formula for the case of step initial
condition was introduced in [7], Lemma 4.4.

DEFINITION 5.6. We define

DyGlyoim)i= Y

ne(Zso)™
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withn! =n{!---n,!forn=(y,...,n,). Here
Dy @1y esZm)

- > (—1ymtD/2 AUD; VD)
A(U(U)A(V(l))

UO=@ . ..uf)e®R;, )"
¢ 4
VO=@{" . oi)eRs, p)"

=1,....m
t[ChY(U;I)vug'l);fl)]”l ]
- de
Ui(l) _ u;_l)

i,j=1

m 0)\\2 ©)y)2
[ (AUONEAWV D)) 10O f,(VO) - (5(U©, 20))2(6(V©, 20))
v

DIRONY
. (A(UD; v©)y)

. J(U(Z))J(V(f))]

|:m—1 AUO; yEDYA (YO, gyt
) 0). [7(e+1 0). y(¢+1
o) AUOUEED) AV O; v ErD)

. (1 = Zeg1/20™ (A = Z¢/Zeq 1)
HU®; 2 )DH(VO; 2 DHU D 2)p(VEFD; 2y) |

The function chy is defined in (53). The function f; is defined by

Fo(w) q X
Pty Ve,
fZ(UJ)::
Fo_1(w) e\ 10
Fow) w € Qr\ {0},
with
Fo(w) := wht (w4 7R =1, m,
L ¢=0.

This is consistent with (9). The function b is defined by (50). We also clarify that the notation
for any vector W = (wj, ..., w,) and any complex number |Z| < rmax . Finally, the function

ww+1)  g(w)
Lw+N  g'(w)

J(w) =
is consistent with (41).

Since R;, 1, and Rz, g have finite sizes L — N and N respectively, the factor A(U ©y x
A(V®O)=0if ng>min{N,L — N}. Thus ZnyG1,....2m) =0if [n| =ny + - +ny >
m - min{N, L — N}. This implies the summation in the definition of %y (Zy,..., Z») only
involves finitely many nonzero terms.

Now we proceed to prove Lemma 5.2 by using Proposition 4.4. We need to rewrite
Dny(Z1,...,2m) in the form of G(zo,...,zm—1) defined in (44). Here the variables
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20, - .-, Zm—1 were introduced before as in (47), which also match (42) in the setting of
Proposition 4.4. They satisfy

-1
Z ZHZ]', L=1,...,m.
j=0

We also rewrite chy(vl-(1 5 ), Z1) in the summand of %, y (21, ..., Zm) by its analytical ex-

tension using Lemma 5.5. We write

-@n,Y(ZO’ R} Zm—l) = -@n,Y(219 ) 2m)

m—1 1 Ng41
|:H(1—Z£)”Z<1——€> :|‘Gn,Y(ZO,...,Zm—1)

(=1

(60)

with
Gn,Y(ZO’ DR} Zm—l)
= 3 [1—[ J(U©YJ <£))}
e

U(Z)G(Ril,L =1
VOe(R;, p)"

“Hy(UD, .., 0™ v Vg z).
The function
Hy(UD, ..., U™, v vz )

m—1
_ [l—[ CU®; yE (v ©; v““))}
(=1

CAy(UD, U™ v v amt),

where C(W; W) = % is the Cauchy-type factor defined in (33), and

Ay, ™ v v zmet)
— (—1)"1(n1+1)/2A(U(1); V(l))

d [( 5)+1))’N+N Xx(y)(v ())—f—h (v(l) J Z])]"l
- det

DED vf“ —uV ij=1

(61)

A Ao | TT LLOOLTD) @, 5 v ©. 5,02
AW ) | [T Ay iae - 005200 s20)

m—1 A(VO, g A@U©; yE+D)y
1 o e T e e

Recall that h(w; 2) is analytic and nonzero for (w, Z) € (2L U QRr) X D(rmax ), see the dis-
cussions after equation (50). The function &y (v, u; Z) is analytic for (v, u, z) € Qr x QL X
D(rmax ) by Lemma 5.5. We also recall that f; (w) is analytic for w € (2L \ {—1})U(Q2r\{0}).
v — u is nonzero for (v, u) € Qr x Qr since Q. N Qr = . xaey)(v, u) is a polynomial by
Definition 2.5. Moreover, Z; depends on zo, ..., Z,,—1 analytically. These facts imply that A
is analytic for each ul(f) € Qr \ {—1}, each vl-(f) € Qr \ {0}, and each zg € D(rmax ) and z¢ € D.
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Now we assume that g(w) dominates Hy at w = —1 and w = 0. The proof of this
assumption will be postponed to the end of this section. With this assumption, Proposi-
tion 4.4 is applicable here. We obtain that G, y (zo, . .., Zm—1) 18 analytic for (zo, ..., Zm—1) €

D(rmax) x D"™~1 and

Gn,Y(O, 21, aZm—l)

] ) 1)
ﬁ HI: f duiz o f du i ] ﬁ/ duil
t=2ip=1 l—z¢Jsiy 27 1—z¢ /ey 2mi f=1 /1L 2mi

() 0) (1
ﬁﬂ[ [ dv,” _ “ d}l’[f dv;
(=2 ip— 1=z Jsing 2mi 1 —z¢ Jxps 2mi fi=1Y SR 2mi

CHy(UW, . ™ v V0 2y, ).

Here the contours are the same as in Proposition 4.4 and Section 2.1.1.1. On the other hand,
by using the following facts h(w; 0) = 1, hy (v, u;0) =0, and z, = 0 for all £ if zg =0, we

immediately have

Ay (U, oMy vmi0 gy )

(D 1 (1
[y A @, ) ger ;- +1 yN+N. ;L u )M
’ v(l) +1 v(l) _ u(l) P
i i j =

. m) COND T £ (UG fo(VO)
[A@U™)A(V )] Ll:[l(A(U(g);V(E))Z)

-1
. |:"11_[ A(V(Z); U(“—I))A(U(D; V(€+1)):|,

and, by inserting K\ defined in Definition 2.6,

Hy(UWD, ., um, v vz, )

1. 1
_[pynminp AUDVE) 4t (oD, Dy
A(U(l))A(V(l)) M j=1

m (€)\\2 (02
[ (AUDNAAE©D)) fZ(U@)m(V(a)]
=1

(AUO; V©))2

m—1 A(U(ﬁ); V(E—H))A(V(Z); U((-{—l))
' L Aw@ vEm A @ vE)

Now we come back to (60). By the above results of G, y, we know that .@n v(20, .y Zm—1)

is analytic in D(rmax) x D!, with

Dy 0,21, ... Zm=1) =Dny (@1, ..., Zm—1).
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Here D,, y is defined in (16). Recall the definition of .@y (zo, - - -, 2m—1) after equation (48),

-@Y(ZO”mel):@Y(zla»zm)

1

= Dy (Z1s-es2
ne(ZZ>0)m (n!)? n.y (@1 m)
1 -
= (;:) (n!)zgn,Y(ZO,...,Zmil).
ne ZO m
We immediately obtain that .@y (z0, - -+, 2m—1) is analytic in D(rmax) X ID)B”_l with

~ 1
9}’(0721 7Zm—1)= Z Tpn,Y(Zl,’Zm—1)=DY(ZI’aZm—1)
ne(Zsg)" (n)

This finishes the proof of Lemma 5.2.

It remains to prove the assumption that g (w) dominates Hy at w = —1 and w = 0. The
two cases for w = —1 and w = 0 are similar. Hence, we only provide the proof for w = —1
and omit the other case. )

For w = —1 € Qr,, we need to verify that along any Cauchy chain uii), u&ijll), e, uﬁi/),

(62) q(w)AY(U(l), cees U(m)§ V(l), cee V(m); 205+ Zm—l)|u(_s)=u(_s+l)=m_u(_s’)=

Js THjgpy TR, =W

is analytic at w = —1, when all other coordinates of ugf)’s are fixed in r \ {—1}, vi(f)’s are
fixed in Qgr \ {0}, and (2o, ..., Zm—1) € D(rmax) X D" Here 1l <s <s’ <m and Jssoees Js'

are positive numbers less than ng, ..., ny, respectively. o

; = —1 are
e

By the formula of Ay in (61), we could find that all the singularities for u

{4
coming from the function f; (ul(f)) _ (ulﬁf))kz—szl ("‘Ef) + 1)(611571+kefl)—(az+ke)e(tz—tz—1)u,§z) for
£ > 1, and a possible extra singularity from (ul{f) + 1)YN*N factor when £ = 1. On the other
hand, ¢ (w) = w" (w+ 1)~ has the factor (w + 1)X~. Thus, the order of (w+ 1) in (62) is
atleast (L — N)+ (as—1 +ks—1) — (ay + k) fors > 1 and (L — N) — (ay +ky) + yny + N for
s = 1. Both numbers are nonnegative by (46) and the assumption L > max{a; + ki, ...,an +
km} — yn. Thus, (62) is analytic at w = —1 when other coordinates are fixed.

6. Proof of Proposition 4.3. In this section, we prove Proposition 4.3 by induction on
ZZ’:—]] |1 O % J (Hl)l, which is also the total degree of denominators in the Cauchy-type

—1 4 £+1
factors [T, C(W[((z)); W;<e+1g)-

6.1. Base step: Y= I® x JED = 0. 1f Y 1O x JED| = 0, then we have
either ¥ = @ or J“*+1 = & for each £. Thus C(Wl(fz)ﬁ W%leg) = A(W;@tll;) or A(Wﬁg)),
which are polynomials of the coordinates. Thus without loss of generality (up to modifying
the function A), we only consider the case when C(Wl(fg)); Wj‘f;f,{) =1 for each £, and

H(W(l)a L} W(m),ZO, ---,Zm—l) :A(W(l), L] W(m), 20, ---,Zm—l)-

Now we reformulate G(zg, z1, ..., 2Zmn) in (40), the summation of A - []J (W®) over all
w® e R Recall that J (w) := g (w)/q'(w), and Ry, is defined in (39) which are the roots
of g(w) = z; within Q.
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For each zy € Do (rmax ), we have the following roots summation formula:

d
© X Jwiw= "(—“’)Af(u»—“’.—/F _aW) a0

weRz, Lzl +e q(w) —Zz¢ 2mi I201—e q(w) — z¢ 2mi

for any f which is analytic within a neighborhood of I'jz,|, and € > 0 is a sufficiently small
positive number. Recall that I', = {w € Q : |g(w)| = r} is the contour defined in (38). The
above formula (63) follows from evaluating the residues of 7 gu(;” ) f (w) when deforming the
contours from I"z, |1 to 'z, |—.

By applying (63) for all the coordinates of W(©)’s, we obtain

G(z0, -5 2Zm—1)

- Yy . ¥ [ﬁJ(W“))}-H(W(l),...,W(m);z(),...,zm_l)

W(I)GRnl W(m) eR’zm (=1
21 Zm

B[ e sl el iy
el Yoy 2, 2mi Jrg U)Azm

2el+e Cl(w,-l)) — 2 el—e q (W e

HWD, w20, zme).

Now we apply the assumption that g(w) dominates H. It implies that the integrand is

analytic for w.@ within the region bounded by I'jz,|_ when all other coordinates are fixed.
©

Thus the integral along I'z,| . with respect to w;,” vanishes. We have

G(zo0, .-, Zm—1)

ne O

1_[[/ q(w P ]H(W(”,...,W(’");zo,..-,zm—l)
=1 F|£|+€q(w =z 27

O du?

m  ng
q(w; ;
L e
=1ip=1 FVmax —e’ Q(w ) re; 71

(64)

» for any sufficiently small €’ > 0 without
<e>
. R q . ..
encountering any pole. Recall that Z; = zpz1 - - - z¢—1 and the factor T is analytic in
Ze

174
(¢ )’s on the contours of

where we deformed the contours I'jz |1 to T

Tmax —€

Z¢ for |Z¢] < rmax — €. Moreover, H is analytic in z,’s for given w;
integration. Thus, the formula (64) for G(zo, ..., Zim—1) is analytic when |z0| < rmax — €’ and
lz1l < 1,...,]zm=1] < 1. We could also drop this €’ since it could be chosen arbitrarily small.
This proves that G(zo, ..., Zm—1) is can be analytically extended to ID(rmax ) X Dm-1,
Now we evaluate G (0, z1, ..., Zm—1) in (64). This gives all Z; = 0 by the definition of Z,
in (42). Hence,
dw®

GO.z1, v zm-) =[] ]_[[ —’[_]H(W(l),...,W(m);O,zl,...,zm_l).
t=1ip=1T 2mi

’
max —€

Since the integrand is analytic for each w(z) € Q\ {0}, we could rewrite

(£) () ©)
/ dwig _ 1 / dwig e / dwi@
r , 2mi I =z Jeir 2mi 1 —zg—1 Jegn 2mi

max —€
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foreach £ =2,...,m and

/ dw-(l) dwi(ll)
r

, 2mi x, 2mi’

where we omit the integrand H in the above formulas, and the contours Egut, E}“ for 2 <
¢ <m, and ¥ are described in the proposition. They are simple closed contours within 2
and enclosing 0.

Although we did not encounter any poles from the integrand in the above integral decom-
position, the idea of decomposing the integrals into two parts with inner and outer contours
comes from managing the possible poles arising from the Cauchy-type factors. In the case
when such poles are present, we need to keep track of the locations of the contours and treat
the outer and inner contours separately.

After the above decomposition we immediately obtain the formula (43) for G(0, z1, ...,
Zm—1)- This finishes the base step of induction.

6.2. Inductive step. Now we assume the proposition holds for the cases of ZZ,”:_II |10 x
JED| < § — 1, and consider the case when Z’Zz_ll 1O x JED| = §> 1.
Since S > 1, there exists a largest s, 2 < s < m, such that / =1 » J6) ig nonempty.
Without loss of generality (up to relabeling the coordinates of WG=D W) we assume that
1V=q,...,a}, JO={,...,b)

for some 1 <a <ng_1 and 1 < b < n,. Later we will consider the sum over w(s) € R,

(S)

s0 it is convenient to introduce the notation W) = (w wnb)) and more generally

W(S) W(S) 1y the vector obtained by removing w , if it appears, from WU) for any set
U g {1, ..., ng}. Thus

W(S) W(S) W(S) W(S)

( () (S))
](s)_ IO\{1}’ J(S)_ JO\{1} — .

wz PR wb

By moving all the factors involving wls out from the Cauchy-type product, and using the
assumption of s that it is the largest index satisfying 7¢~1 x J©) £ &, we have

¢ o+1
H C(W1(w)>§ W;wtlg)
=1

©5 k) T —w)
Mieson® ™ —w)
e)) (@) (=1, y7(s) (s) (s+1) (m—=1), y5,(m
C(W s w (2)) C(W](Ys—l) ’ WJS(S))C(W ) w S(H—l)) ’ 'C(W]’(?n—l) ;W (m))
where / is a polynomial defined by

[T @ -w), ifter®,
h(wgs)): ielO\(1}

1, if 1isnotin I,
We remark that there is no denominator factor coming from C(Wl(fs)); W}Y(stll;) since 1) x
J6+D = g by our choice of 5. This implies C(W {); W) = hw(”) - (W D) i)

and further (65). We also remark that (65) does not contain any pole of w%v)

(s—1)

within the

contour I';z | = {w : [g(w)| = |Zs|} since all the points w;
the assumption that |Z;_1| > |Zs].
This notation above and formula (65) will be used later in this section.

are outside this contour by
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6.2.1. Reformulating G. We first need to reformulate G such that the resulting formula is

suitable for induction hypothesis. This could be done by evaluating the summation of wgs) €

R, . Recall that

G(0s-oZm) = Y [T J( (@)] HWD, W™z, zmn)

(0) 1<iy<ng
w; GR% =0=m

1<lg<ng
1<t<m
with
H(W(l)7 MR W(m); Z07 ceey Zm—l)
"I erw© . D
- |:H C(Wm)’ WJ(Z+1))1| A(W(l)’ e WOz, e Zm—1)
=1
for some function A which is analytic for each wl.(f) e Q\{0}and (zo, ..., Zm—1) € D(rmax) X
D=1, This assumption, together with the fact that ]_[2”:_1l C(WI((%; W(f;:lg) does not have any
pole for wis) inside I'; |, imply that H(W®D, ..., W™ zo, ..., z,,_1) is analytic for wis)

inside the contour I'}; | except for the point 0.

By applying the formula (63) for wis) € R:,, we have

S T HWD, W™z, z)

(S)ER,
®) ®)
(wy”) dw

Plzsite Q(wl ) — Zs 71
(s) (s)

—q(w;") dw
+/ )—1 (W(l)""’W(m)§ZO,---,Zm—1) > L
Tles)—e q(wl ) —Zs i

for some sufficiently small € > 0. By the discussions above, we could deform the second

contour sufficiently close to 0. Note that we assume q(wls)) dominates H at w(s) 0 in the
proposition setting. Therefore, the second contour integral vanishes and only the first one

survives. We could further deform the first contour to be sufficiently close to I'), . . Such a
contour deformation gives the residues of wgs) = wl.(sfl) fori =1, ..., a. Therefore, we have
Z J(wis))H(W(l), ... W(m), 200+ e Zm—l)
(S)GR
(66) = HI(W(I)’ L] W(S)a ceey W(m); ZO’ ) Zl’l’l—l)

a
+ ZHz,k(W(l), Cey W(s)"“’ W(m); Z(),...,Zm_l),

k=1
where
H](W(l), e W(S), R W(m); 205 .- -, Zm_1)
©7) o) ) dw!")

Crimax —04 Q(wl ) - Zs 2mi
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with rmax —0+ denotes a number sufficiently close to 7y, from below, and

H27k(W(1), ey W(S), LW, 205 -5 Zm—l)
(s)
—qw') _
= Res( I HWO Wz z ) =)
(s)

for 1 < k < a. Recall that the notation W) = (wy”, ..., ws).
We could further evaluate H; ; more explicitly by using the formula (65) and write

Hy (WD, WS w0 z)

M. w® (=1 .y YAC) IR 7ACE V) (m=1), yy,(m)
= C(Wm)’ WJ<2>) : ”C(Wns—l)\{ky W](S))C(W](S)’ W](S-H)) : “C(Wl(m—l) ) Wj(m))

(68)

1 _
(=R (D) AW, WOz )

| ) _ -1
1 —2z5_1 Wy =wy

Here the factor (—1)?** comes from evaluating
L ? s—1
M@ —wi) - AW

s—1 s b s—1 f s—1
M@ = o) T (™ = wfH AW, )

9
wis):wlix—l)

1
—Zs—1

and i comes from

1 Bl g

I —z5—1 B Zs—1— s B q(wgs)) —Zs

w§S):w]SY7I)

Now we insert the formula (66) to the definition of G and write

a
G202 2m-1) =G1(20. .- Zm) + Y _ G2.x(20. - - Zm—1)

k=1
with
G1(20, -+ > Zm—1)
= ) I1 J(wi(f))]-Hl(W(l),...,W(s),...,W(m);z(),...,zm_l)
e, e
(ie,O)#(L,s)
and
G2,k(z0s -5 Zm=1)
= ¥ I J(w§f>)}.Hz,k(wﬂx...,Wm,...,W<m>;zO,...,Zm_l)

w-(()ERA 1<iy<ng,1<€<m
iy ¢

(ig.OF(1,9)

I1<ig<ng,1<l<m

(i, O)F(1,5)

for 1 <k < a. We will show that both G| and G are both suitable for induction hypothesis.
We will verify these in Sections 6.2.2 and 6.2.3.
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6.2.2. Analyzing G by using induction hypothesis. Now we claim that G is suitable for
induction hypothesis. We need to check all the assumptions of Proposition 4.3 with different
settings and smaller ZZ’;II [1® x JE+D| We consider the following modification of the
settings in Proposition 4.3:

1 L—->Q={weQ: lg(w)| < Fmax }»

2) ng —>ns—1,

3) W& — W = {wés), cee, w,(li)},

(4) 19 — [ON\(1}, J© — JO\ {1}, A

S) AWD WM izg Lz > AW WO Wz ),
6) HWWD .. oWz zme) = HHWD WS W g ),

where

AI(W(I), cee W(S)’ LR W(m),ZOa ---sZm—l)

‘_/‘ q(wis)) h(w%“)) : H?:z(wﬁ-‘v) - w%“))

T ? ~ —1 f

Crimax —04 Q(wgv)) — s Hiel(s—l)(wi(s ) w?))
dw%s)

AWD W .
( 20, Zm1) 7

Note that by using the formulas (65), (67) and the definition of H function, we have

M. w® (s=1), yi,(s) () G+ (m—=1), yy,(m)
Hy = C(Wl(l)’ WJ(Z)) e C(Wlfs—l) ’ st(s))C(W]fs)’ WJS(H—I)) o 'C(leln—w > W]’an))

AW WS W gz ).

Thus H; has the same form of (35). Considering the facts that |Z5| = |20 - - Zs—1| < rmax and
that z; depends on zo, ..., zZ,—1 analytically, and using the assumption that A is analytic for
each z;, we know that both A and H; are analytic for all (zo, ..., zZm) € D(rmax) X D1 by
their formulas above. Moreover, by using the assumption that A is analytic for each wl(f) €
Qp, we know A is also analytic for each wl-(f) e Qo :=Q\ {0}

Moreover, we still have g (w) dominates H; at w = 0 by using the facts that any Cauchy
chain in Hj is a Cauchy chain in H and that A; has the same singularities as in A for any
coordinates wl-(f) within €2. Here (i¢,2) # (1,s).

Finally, since we reduced |1 x J6+D| by [J6+D| = b > 1, we could apply the induction
hypothesis on the above new setting.

By applying the induction hypothesis, we know that G; is analytic for (zo,...,2m) €
D(rmax) X D™—1. Moreover, we have

GI(O, Zl? ---aZm—l)

{4 ¢ 1
[ L LS L
1 —z¢—1 Jeir 2mi 1 —zg—1 Jegw 2mi =171 2mi

1<i;<ng
2<l<m

(ie,0)#(1,s)
. H](W(l), el W(s), el W(m); 0, z1, ...,Zm_1)

£ £ 1
[ 1 / dwi(Z) e / dwl-([)] 1’2[ dwl.(])
1 —zo—1 zin 2mi 1—2zo_1 Tout 2mi i=1 », 27i

I<ig<ng
2<f<m
(ie.O)F(1.9)



MULTIPOINT DISTRIBUTION OF TASEP 1301

dw'®
/F 2—nliH(W<1),...,W(m);O,zl,...,zm_1).

rmax —04

Here we remark that the above contours of integration are restricted in €2 since we applied

the induction hypothesis for 2. Now we deform the contour of wis) to the contour T (such

(s) (s)
1 1

deformation will not pass any poles of w,"’ since the outermost poles of w;"’ are on the

contours X U Ein_l which is inside M), we obtain

Gl(()? Zl’ 5Zm—1)

¢ ¢
- T [ f e e
I<iy<ny 1 —z¢—1 Jeir 2mi I —zg—1 Jepu 2mi

(69) 2<f<m
(i, O)F(1L,9)

no dw® d®
- Af —L WD, WM 0,z1, . zm).
z

¥, 2mi out 277]

i1=1

6.2.3. Analyzing G by using induction hypothesis. We claim that G j is suitable for
induction hypothesis. Similar to the case of G|, we need to make a few modifications in
Proposition 4.3. These changes are:

(1) ng—>ny—1,

Q) WO 5 WO =@, wd),

(3) 19 - IO\ (1}, JO — JO\ {1},

(4) 167D — J6=D (&},

5) AWD WMo z) = Agp (WD WS WO 0 ),

© HWO, oWz zme)) = Hyp (WD, WS W g
Zm—1)>

where

Az’k(W(l), cees W(s)’ cees W(m); 205+ Zm—l)

1 _
= (=DFt e h T AW D, W0 )

(s) (s=1) .
1 —z51 |w1 =Wy

All the other assumptions in Proposition 4.3 with the above setting are easy to check, except

the assumption that g (w) dominates H;  at w = 0, which we verify below.
&) . (L+1) ()

Consider any Cauchy chain Wi, s Wiy s Wy in the above setting. We need to verify
that
(70) Q(w) : AZ,k(W(l), ceey W(S)a ) W(m)a 205+ Zm—1)| 0)__ (l+l)_,..— (l/)_
ig _wi(+1 - i(/ -
is analytic at w = 0, for any fixed other w-variables in ¢, and fixed (zg,...,2Zm—1) €

D(rmax) x D"1If w,((s_l) does not appear in this Cauchy chain, then the analyticity of
(70) follows from the fact that

q(w) - A(W(l), el W(m); 205 - Zm—1)|w(€)_ ED_ @y

ig T Vigyl i T
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is analytic at w = 0 by the proposition assumption. If w,gs_l) appears in this Cauchy chain, it
must be the last variable in the path since k does not appear in ¢~ \ {k}. Then

1
(70) = (= D)*F?. T w)
(71) — Js—1
cqw) - AW, W20, )] o

e

~-=w,§s‘“=w§”=w'
On the other hand, (k, 1) € 716~V x J©&)_ Thus wi(f), e w,((s_l), wis) is a Cauchy chain in the
original proposition setting. By the assumption of the proposition, (71) is analytic at w =0
since g (w) dominates A at w = 0. This finishes the verification of the analyticity of (70).
We also note that |/¢~1 x J©)| after modification becomes (1D \ {k}) x (J®\ {1})]
which is smaller. Thus, we could apply the induction hypothesis for each k. These imply that

G2.x(z0, - -, Zm—1) is analytic for (zo, ..., Zm—1) € D(rmax) X D1 and
G2x0,21, ..., Zm—1)
(£) ) (D
(72) I<iy<ny 1 —z¢—1 Jeir 2mi I —zp—1 Jegn 2mi =17 2ri
2<i<m

(ie. O)F(1,s)
CHy (WD WS W0, 20, 2.

Thus, their sum ) ; G is also analytic for (zo, ..., Zm—1) € D(rmax) X D™=!. Moreover,
by inserting the formula (68), it is direct to show

HZ,k(W(l)7 LR} W(S)’ LR W(m)soa Zlv ,Zm—l)

1 _
=———Res(HW®D, ..., wm;0,z1---, 1), w}s) = w,(f 1)).

1=z
Note that
1 a
T, ReS(H(W(l), ceey W(m); 0,21, mel), wis) _ w}({s—l))
(s) (s)
= - HWD, w0 720,z
|:1 — 3s—1 /;%n 27‘[1 1— Zs—1 ‘/;:.?m 277:1 ( 1 m 1)

D

provided all wl.(s_ variables are on the contours Elivn_l U E;’Etl since these two contours lie

between " and Ein. By plugging the above calculations in the formula (72), we have

a
Z G2,k(0, Z15 e Zm—l)
k=1

|2 4 1
B l_[ [ 1 / dwi(()_ Z0—1 /‘ dwl.(z)} 1’2[ dwl»(l)
I<iy<ny 1 —z¢—1 Jeir 2mi I —zg—1 Jepn 2mi f—171 2mi
(73) 2<l=<m
(ie,0)F#(1,5)

[ 1 / dwgs) 1 /‘ dwgs)]
I —zg—1 Juin 2mi I —zg—1 Jyouw 2mi

. H(W(l), ey W(m), O, 1 7Zm—l)'
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6.2.4. Finishing the inductive step. Now we combine the results in Sections 6.2.2 and
6.2.3. We know that G(zo, ..., zm—1) = G1(20, - - -, Zm—1) + 24— G2k (20, - - -, Zm—1) is an-
alytic for (zo, ..., Zm—1) € D(fmax) X D™=, Moreover, by the formulas (69) and (73) we
have G(0, z1, ..., Zm—1) equals

¢ ¢ 1
I [ 1 / dwl'(g)_ Ze—1 / dwi(():| ﬁ dwi(l)
I<iy<ny I =z Jeir 2mi I —zg—1 Jegn 2mi f=17 %1 2mi

2<l<m

' H(W(l)’ ey W(m)v 07 10 aZm—l)

for any nested simple closed contours E%Ut, e Eg‘“, >, i Ei,rl‘ in Q enclosing 0.
By using the analyticity of H for wl(f) in ¢, we could deform these contours freely to ¢

without changing their orders. This finishes the induction.

7. Proofs of Theorems 2.19 and 2.22. We first translate the height function of TASEP
into the language of particle locations. It is known that they have the following equivalence
relation:?

(74) HnT)za <= xea(T)zn

for any integers a and n with the same parity, provided the initial height function is defined
such that

(75) Hn,0)>a <+— x%(O)Zn.

The proof of this equivalence relation can be found in, for examples, [5, 7]. Here in order
to avoid confusion we use xx(t), instead of xi(¢), to denote the location of the particle with
label k at time ¢.

We first assume 1] < --- < 7. In this case we only prove Theorem 2.19, the proof of
Theorem 2.22 is similar. The only difference is that we need to use Proposition 2.16 for the
flat case instead of Theorem 2.1 for the step case.

We consider the step initial condition defined by (22). This corresponds to, by using (75),

yi=2%0)=—i, i=12,....
Note that the desired probability, by using the relation (74),
m(HQxT?3,20,T) — T n
IEDstep((j{ 713 Shé} :Pstep m{xkg(tﬂ) Zae}

=1 =1

with3

1 1
(76) a€:2xZT2/3, kgzitzT—xZTzﬂ—ihngB, te =2t,T.

2There is a freedom to decide the particle or empty site corresponding to H (0, 0), hence the equivalence relation

may have different formulations upon a translation. More explicitly, for any fixed integer C and C’, we could

formulate the equivalence relation as H (n, T') > a <= %a—n , «(T) Zn+C ’ by simply translating all the particle
z

locations by C’ and their labels by C from the beginning, as long as the initial height function matches the particle
locations H(n,0) > a <= za—n  (0)>n+ C’.
2

3To be precise, we need to assume that all the numbers k; and a, are integers or use their integer parts [ky]
and [ay] in the argument. However, in the asymptotics an O (1) perturbation on the ay or ky does not change the
desired limit. Hence, we just use k¢ and a, with the formula (76) in the argument without assuming that they are
integers.
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Now we take N = max{k, : £ =1, ..., m}. The above probability only depends on the
initial locations of the particles with labels less than or equal to N. Thus,

Pstep(ﬂ {#h, (10) > az}) =Py, (ﬂ {#h, (20) > ae})

=1 =1
with
Ystep: (yl, ---,yN) =(—-1,-2,...,—N) e Xy.
By applying Theorem 2.1, it is sufficient to show that

lim f 55 m : det(l — Ky )51 421
T—o00 1 —z¢ Whe’s iz 2izm
(77)
—yg ?5 det(] — K Kygp) S2 ... _dam-1
1— 2y 1Dstep 2 lzl ZJTiZm,]’
where we used the Fredholm determlnant representation for DYslep (z1, ..., 2Zm—1) in Sec-
tion 2.1.3.2.

Recall that f;(w) is defined in terms of F;(w) in (9), and by Proposition 2.11 the Fredholm
determinant det(/ — ICIICYstep) is unchanged if we replace F;(w) by

2 )= Fi(w)
=Ry
Hence, we could replace f;(w) by
~ e (-1,
(78) fiwy =3 F1t)
—, Qr\ {0
) w € Qg \ {0}

without changing the Fredholm determinant. Then we apply a conjugation for the kernels and
reduce (77) to a new equation

m—1
Tlgnoof%[lj
— dzm—1
= det(I — K4K . )
% %[E{ l—zJ et ! Step)2mz] 2nizm_1

where the new kernels
V fi(w \/ fiw)
w’
K (w, w') = (5:() + 8 (j + (= 1D))) fjw _wa’

forallwe (;LUX;r)NSiand w' € (XL UX;r) NSy, and

- JEEVT(©)
S +8:i—(-D)H)XH——"nruu
(6j()+6;(i — (=D)) ¢

VE VI

;=7

le dZm—l

det(I — K1K
- J U= ) aiey ™ 2tz

(79)

Koy (', w) = (8;()) +8;(i — (=1)7))

020),

Q1))

Kstep(é‘,»é) = QZ(i)v

Ki(¢,¢') = (8 () +8(j + (=DY) Q1(j),
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forall ¢ € (C; LUC; r) NSy and ¢’ € (C; L UC;r)NS,. The reason we do these conjugations
is to ensure the kernels decay sufficiently fast on each variable. We also remark that the choice
of the branch cut of the square root does not affect the product of two kernels since each
square root term will appear twice when one evaluates the Fredholm determinant.

The proof of (79) follows from the two lemmas below.

LEMMA 7.1. Assume the scaling (76). For each n and fixed 71, ..., zu—1 € D={z € C:
|z| < 1}, we have
lim Tr(K;Ky,,,)" = Tr(KiKgep)".
T—o0

LEMMA 7.2. Assume the scaling (76). There exists a constant C which does not depend
on T and n such that

/sd“(wl)'”/s dpe(wp) det[ (K1 Ky wi, w7 | < C".
1 1

The proof of both lemmas are standard. Below we just provide the main ideas and neces-
sary calculations, and omit most of the details. 3
We analyze the function f;(w). Recall (78), f;(w) is defined by F;(w) functions with

wk[ (w + 1)_ai_kiefiw

B = Sy aein

By inserting (76), we have

- 1 1
F,-(w) = exp((itiT —x,-T2/3 — EhiTl/g)) 10g(—2w)

1 1
— (y,-r +x, T3 — Eh,-T1/3) logRw +2) + 27, T (w + 1/2)).

A direct calculation shows that the critical point of F;(w) is w = —%. Moreover, by using
Taylor’s expansion, we have

F(—l + i) ~Fi(¢) :exp<—1r§3 +xi0° +h-z)
l 2 2T1/3 l 3 l l l .

Here the function F;(¢) is defined in (27). Now we deform the contours E,‘;‘”L, e Eguﬁ,
2L, EiZI}L, e Ei}l"L to be sufficiently close to —1/2 (and still enclosing —1), such that
near the point —1/2 after the chaqge of Variable w= —% + 2TCT these contours locally
converge to C,‘jft s Cg“ﬁ, CiL, Gy, ...,Cy 1, respectively. We similarly deform the con-
tours Z,%LftR, o Eg}lﬁ, TIRs Eizr}R, o E,i;:,R to be sufﬁeiently clese to —1/2 such that near
—1/2 they locally converge to C;’nutR, .. Cg“}‘{, CiR, C‘2 Ry C;g g respectively. Note that
the orientations of Cj R contours are reversed compared to X7 p contours. Here x represents
the superscript out or in or empty superscript. This reversed orientation will contribute to the
different signs between the kernels ICYgtep and Kgep.

With the above deformations, it is easy to check that fl (w) =~ fj(¢) for ¢ € S; US,. Thus
locally we have Iqutep(w w) ~ 2T 13K step(g ¢) and IC1(w w') &~ 2T1/3K1(§ ¢’ for

w = 2 + > and w' = 2 + On the other hand, it is direct to see that the ker-

2T1/ ZTW
nels /Cymp and K; decay super-exponentially fast when w, w’ is away from —1/2 along the
contours in Sy and S,. Hence the main contribution of Tr(K 1I€ymp)” comes from a small

neighborhood of —1/2. This heuristically implies Tr(/%lliymp)n ~ Tr(f(lf(step)". The same
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argument heuristically implies the boundness Tr(K 1/€Ystep)” . By using these facts, it is stan-
dard to prove both lemmas we list above. This proves Theorem 2.19.
Finally, we address the general case for t; < --- < 1, with x; < x;41 when 7; = Tj41.

Note that the limiting field Ii HOP D) _ i i
g field limr_, — 173 = H(x, 1), the KPZ fixed point [35], is

continuous in both x and z. On the other hand, we have shown Dy, and Dy, are continuous
on the parameters hg, x¢, T¢, £ = 1,...,m in the domain 7y < 7441 or all £ and xp < Xx¢4
for ¢ satisfying ¢ = 7¢41. Hence, Fgep and Fpye as we defined in Theorems 2.19 and 2.22
are both continuous on these parameters in this domain. By the continuity of the KPZ fixed
point, we immediately obtain the limit theorems for the general case.

It is also possible to prove the general case directly. Below we provide the ideas of the
proof but ignore the technical details.

For the step case, there is no change in the proof if we use the contours EE R EZ“}{,

2 <{ <m, and X g with the new angles e300 since the functions f; still decay super-

exponentially fast along these new contours. For the flat case, we need to rewrite the trace
or determinant in Lemmas 7.1 and 7.2 as an expansion of a combination of integrals as in
Dh, vy, 1n (20). Then we do the same rewriting as in (29) and (30). We end with 2n2t et nm
possible integrals of the structure

(5) n (1)

Z 1_[ /Wt 2mi l.l_[./zlL ll

some iy

(80) t22
() () (1)
T L S L ) T 5
Yl 1 —zp—y Juin, 2mi 11—z zow 2mi fi=1 VIR 2mi

Here we ignored the integrand similarly as in (30). With the assumptions on the contours, we
have (80) converges to (30). Adding these combinations gives Lemma 7.1. For Lemma 7.2
it follows from the fact that the integrand decays super-exponentially fast along the contours
for each possible expression (80). So we have the a bound of C" - 22+ +m_On the other
hand, the expansion of det[(/@lﬁmep)(u}i, w j)]:f =1 only involves terms D, y,,, satisfying
ny+---+ny, =n. Thus C" . 22T +m < (2C)" and Lemma 7.2 follows immediately.

8. Proof of propositions. Before proving the propositions in Section 2, we introduce
one lemma.

LEMMA 8.1. Suppose m > 1 is an integer, and ny, ...,n, > 0 are m nonnegative in-
tegers. For each 1 < { <m, w® = (w(e) wnl)) € C™ is a vector of ny complex vari-
ables. Assume Q2 is a simply connected domam in C and a e Q is a point in Q. Suppose
FWW . W) is a function analytic for each variable w e \f{a}, 1 <ip<ne, 1<
L <m. Suppose t and j; are two fixed numbers such that 1 <t < m,n; > 1,and 1 < j, <ny.
Assume F satisfies the following analyticity property' For any chain of variables starting or

ending at w( ). w(s), wi D , w;T ) with t = s <s'ors <s'=t, j; being fixed but each jy

Js Js+1 77T
L#£1) could be an arbitrary number such that 1 < j; < ng, the function
F(W(l) . W( ))| @y 6+D_ 6"
Wi _w/Hl - Js =w

is analytic at w = a when all other variables in Q \ {a} are fixed. Then

dw;" duy, TT cw®: wey | pw, .. wo
m m
27 2i |:€ lC ):| ( IEEEE )=0»
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where the contours of integration could be any order of nested contours enclosing a in Q.
The function C is the Cauchy-type product defined in (33).

PROOF. The proof follows from a simple calculation. We first integrate the function
[]_[T:_l1 CW®, w1 FwD | .., W) with respect to w(-t). Since this integrand as

a function of w'” is analytic at a except for possible poles from the Cauchy-type fac-

tors, after this 1ntegra1 only the (possible) residues survive. Now we evaluate the residue

at w(t) — "D (if the wi™ contour is inside the wﬁ)

Ji+1 Jt+1
we integrate this residue with respect to wﬁ”l)

at wﬁfjll) = wﬁfjf) may survive.* We repeat this procedure and integrate the residue with re-

spect to the variable w! 12) After finitely many steps we stop at some point that the integrand
no longer has residues. Thus after thls procedure, we end at zero. Similarly, the evaluation of
() (r—

the possible residue at w; =w; glves zero as well. This proves the lemma. [J

contour). By the assumption, if

it is zero again except that some residues

8.1. Proof of Proposition 2.3. The proof of this proposition depends on Theorem 2.1 and
Proposition 2.17.

We prove it by using induction on |/].

When |I| =0, it is Theorem 2.1.

Suppose the statement holds for smaller |/|. We consider the case of |/| > 1. Let s be an
element in /. It satisfies 1 <s <m — 1. We consider the following three objects:

:Py((ﬂ{xkj(fj) Zaj}) ﬂ( ﬂ {xr (1) <ai})),

jel i€l\{s}

=]P’y(( N {xkj(tj)zaj}>ﬂ( N {in(li)<ai})>,

jeJU{s} iel\{s}

= IP’Y((ﬂ {xe, ) = aj}) N <ﬂ{Xk,- (1) < ai}))-
jeJ iel
Note the event considered in P is a union of the two disjoint events considered in P, and Ps.
Therefore we have P = P, + Ps.
On the other hand, since |/ \ {s}| < |/| we could apply the induction hypothesis to / and
11. We have

[I—1 dz; dzs—1 dZS+1 dzpm—1
P =(~1) =g = AR
2miz] 2mizg—1 J 2mizgyq 212, —1
1
° 1_[ 1 DY(Z17---7ZS*17ZS+17"'aZm71)
1<t<m—1 -~ %
L#s
and
11]-1 dz; dzs—1 dz dZs—i—l dzm—1
Py =(-1) — . . . .
2mizy 2mizg—1 J 2mizg J 2mizgyq 2mizm—1
|: l_[ 1 i|DY(Z17""ZS—lvz.YaZS—l-]v"'azm—l)’
1<t<m—1- %t
“4Here we remind that there are no residues of type wﬁfjll) = wy,) since wx:l) 5 ) does not appear in the

Cauchy-type factor after our previous evaluation of residue at wﬁ-t) = wg:l).
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where the contours of integration are circles centered at the origin. The radius of z; contour is
larger than 1 in both Py and P, if i € I\ {s}, otherwise it is smaller than 1. We remind that in
the term Dy (21, ..., Zs—1, Zs+1, - - - » Zm—1) Of Py, the parameters are ag, k¢, tp for 1 <€ <m
but £ #£ 5. This is also consistent with Proposition 2.17.

Now we apply Proposition 2.17 and obtain

le dZm—l |: 1

P — Py = (=1l —]Dym,...,zm_l),

2mwiz) 2m1Zm—1 l<é<m_1 1=

where the contours are circles centered at the origin. The radius of z; is larger than 1 if i € I,
otherwise it is smaller than 1. This is equal to P; by our argument at the beginning of the
proof. This finishes the induction.

8.2. Proof of Proposition 2.10. We will prove the proposition by using the following
lemma.

LEMMA 8.2. Suppose %, X, EI" are three nested simple closed contours in C. Let
Q be an open region containing these three contours and all the points between them. As-

sume UM = (u(l) unl)) and U® = (u(z) uf,zz)) are two vectors of variables. Here
ni,ny > 0. We also assume that F(UWD, U (2)) is an analytic function on Q" 2. Then for

each 7 # 1, we have
e 5 %
Pl 1—zJyow 271 1—zJgn 27i

au®
1—[/ iy S D,y F(uD, u®)
2 9 b

2
Al S ]
N 1 —zJgin 2mi 1—z Jgouw 2mi
au®
1—[/ 211 cwO; U UM, u?),

(81)

where C(W; W') is the Cauchy-type factor defined in (33).

We will first use Lemma 8.2 to prove Proposition 2.10, then prove Lemma 8.2.
Consider Proposition 2.10. By using the series expansion formula, it is sufficient to show

that for any n = (ny, ..., n,) € (Z=0)™, we have
(o) £) (D
ﬁl‘[[ / dlz_ -1 f dllﬂ],ﬁ/ du;,
=21, 1—2z41 zin 2mi 1 —zo—1 oy 2mi f=17%1L 2mi

-1
: ﬁ_[ c(u®Y; U““))] FU®,...,um)

=1
(82) ©) (£) (m)
A Sk, S LS
_e L 1—2z oy 2mwi 1—2z sin 2mi il Sr 27l

-1
: [ni_[ c(u®; U“*”)] CF(UW, ... um™),
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where F is any function analytic for each variable u in Qr \ {—1}. The vector U® =

(u(z) .. une)) for £ =1,...,m. Recall that 0% ,..., ngﬁ, 2L, Z2ins - - Z‘“L are
nested, and Z‘f“ﬁ, e 2;’1_1 L» Zm L, Em LLoees X", are also nested.

We prove (82) by induction.
If m =2, we need to show that

du®

1
ﬁ[ 1 f dulgl)_ 21 / ,1}
1 1—21 =9y 2mi 1—21 iif?L 2mi

1=

n @
1—2[ / ‘h‘_igc(U<1); U PO, U®)
S 2

Pl i

2) (2
_ 1_[|: / du i + 1 / du in i|
1—2z oy 2mi 1 —z =i 2mi
ni (1)

Hf d“il_ cuO; U P, u?),
YL 2mi

i1=1

This follows from Lemma 8.2 by deforming the contours appropriately.

Suppose (82) holds for m — 1 with m > 3. We want to show that it holds for m. Without
loss of generality, we assume that Eou is outside of all the contours E?‘}f, and Zm 1 Is inside
all the contours Z;Z?L' We first fix all other contours but just apply Lemma 8.2 case for the
variables U™ U ™—=1 and the contours i%uil’]_, Em L, Em .- This gives

du (m)

_ ¢
Wi_ll ﬁ[ 1 / d”z(z) L / du (e):| ln_m[ / im
=1 ip=1 T A e

m

-1
. |:ni_[ C(U(Z); U(£’+1))i| . F(U(l), o, U(m))

(=1
m=2 ny w® qu®q e 4y
12 u;
83 - [ [ ] / du,
( ) Zl_ll l}_[1 - 2t igl{ 27[1 - < Ean 27[1 i l_[ Zm,L 7T1
T, o A df::)]
im=1 I_Zm—] 2~:iirrtl—1,L 2mi I_Zm—] i’?ﬂulqu 2mi

-1
: ﬁ_[ c(u; U(Hl))} CFU®,...,um),

=1

Then we deform the f);”ﬁl Lto EO”L and 2“‘ 1L to yin m.L- The integrand does not encounter
any poles during the deformation since the variables of U ™"~ is on Em,L which lies between
ifnuil’L and f)ifl‘_LL. Then we apply the induction hypothesis for all other variables in U
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for £ # m and all other contours i?uﬁ, e i%uiz,u Tl i,if;—z,L» o, f]il‘}L, and obtain
m—2 ng ©) (£) -1 (m—1)
[ L S s L S T L =
=14, I —zg Jspy 2mi 11—z sin 27l i=17EmL 2mi

—1
: ﬁ—[ cw®; U<z+1>)} F(UD,... U™
=1

m—1 nyg

0) (] (1
ST L S S L 5
I —ze—1 Jeiy 2mi l =z Jugy 2mi f—1 /1L 2mi

—1
: ﬁ—[ cw®; U(ﬁ+1>)} F(UD,... Uy

for any fixed U™ on (EO‘“ U Zm )" . Together with (83) and the discussions above, we
immediately obtain (82). This ﬁmshes the induction.

Below we prove Lemma 8.2. We use induction on n;. If n; = 0, the equation becomes
trivial: it follows by writing (here we omit the integrand)

2 2 2

dul? / duy 2 / du”

2 21 1—zJsin 27i 11—z )xow 2mi
since the integrand is an analytic function of ug) € Q. We remark that we used such a de-
composition before in Section 6.1. See the last two equations on page 1295 and the following

discussions.
Suppose the lemma holds for n1 — 1 for some n| > 1, we want to prove the case for n.

Consider the integral over u ). We write
1 / duy) 2 f duy _/ duy) M U duy _/ duf,ll)]
1—zJsow 27i 1 —zJgn 271 Jyow 270 1 —z[/you 27i sin 27i |

Then

() (@)

[ 1 / dunf _z / dun} ]C(U“);U(Z))F(U(l),U(z))
1 —z Jxout 27i 1—zJsin 271

duy)
- ! C(U(l); U(Z))F(U(l)’ U(Z))
sout 2771

n
Y Res(CUD U PO, UP), ufh =u?).
.

By plugging the above equation into the left-hand side of (81), we obtain

ny
(84) LHS of 81) = $1 + —— > %2,
J 1

el L S ]
1_. 1 —z Jyou 271 l—z win 271

i1=l1

where

) (1
Y S p——
s 27i sout 2771
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and

= M1l b S 5]
2J= . 11—z Jxout 27i l—z win 271

i1=1
du®
T, S R0 0, 0% ) =),

Below we consider Sy and S ; separately.

For §1, we first deform the contour of u ,(lll) to some larger contour Eﬁ“t in 2 which encloses
> Then we apply induction hypothesis for other contours and obtain

2
e[ )
VoAl = Jee 2w T 1=z S 27

O] 1)
dujy / bt o0, @)V FU D, U @),
s 271 Jyzgw 2mi

i1=1

By deforming the contour of u, ) to X, we have

Z
85 S1 = RHS of (81) — T;
(85) I of (81) 1—sz

with

@ &) @
T; = H |: 1 / duiz_ Z / dui2:|,/ du ;
Pt L=z )em 2mi 1=z )y 27i | Jsow 2ni
=ip=np
i2#]
n=1 gy o
i 1). 2 1 2 1
]‘[/ 21 Res(CUV; UP)F(UD, UP),ul) =u).

i1=1

For 8 ;, it is easy to verify that the function
D. 772 1 2 1 (@)
Res(C(U; UP)F(UD, UP), u) =u?)

_ (_1)n1+n2+j—lc(f](l); ﬁﬁ))F(U(”, U(Z))|u(ll)—u(2)'
T

Here the notation U1 := (u; (1) e (1) 1) is obtained by dropping the variable unl) from the
vector UV, and U (? = (u(z) e, u&z_)l, uﬁal, .. unz)) is obtained by dropping the variable

5-2) from U®. The above expression implies that we could deform contour of u? to yout,
and apply the induction hypothesis for other contours in S ;. This gives S, ; = T;. Together

with (84) and (85), we obtain (81). This finishes the induction. We finish the proof of the
lemma.

8.3. Proof of Proposition 2.12. We only prove the proposition with condition (1). The
case for the other condition is similar.
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It is sufficient to show Dy y(z1, ..., Zm—1) does not change if we replace /cﬁ"“)(v, u) by
ICg/eSS)(v, u) + K™ (v ) in (16). This further reduces to prove

[, S5 )

=2 ip=1 b 2mi 2mi iR 2mi 2mi

(86)
I (D () [HC (’3);U(“]))C(V“);V(”l))}F(U“),...,V(m))

forany 1 <i, j <nj. Here the function C(W; W’) represents the Cauchy-type factor defined
in (33). The function F(UWD, ..., vm) = F(U(l), o, Vmy. [T/, fg(V(e)) for some func-
tion F which is analytic for each vl.(f) € Qg when £ > 1. The symbol * represents any choice
of “out” or “in” in the contours of integration X7 and X7 p.

The proof of (86) is a slight modification of that for Lemma 8.1. We provide the details
below for the completeness.

We consider the double integral with respect to v ) and u5 ). Recall the formulas of fi

defined in (9). We have f| (vl.(l)) = (vi(l)) ki (vi(l) + 1)“1“‘16_’l ; . By applying the condition

&)

(1) of nglu“), we know that the double integral with respect to v; * and uy) equals zero if the

contour of vl.(1 could be deformed sufficiently small to 0. Thus, the original double integral

)] )]

with respect to v;  and u only gives the possible residues at v; * = vl(,2 ), By evaluating this

residue, we obtain a new integrand IC(““11)(U(2) (1)) fl(v(Z)) fz(vi(/2 ))] multiplied by some

@
other factors. Note that fl(v(z))fz(v(z)) = (vl-(,Z)) ky (vl-(/z) 1)%2tk2o 2% Thus, the double

(@) @ 2

integral with respect to v;;” and u;  equals zero if the contour for v;;” could be deformed to

sufficiently close to 0. We only need to evaluate the possible residues for v(,2 = v(,%) After
finitely many steps, there are no poles of this type within the contours and the last double
integral becomes O.

8.4. Proof of Proposition 2.13. By inserting the definition of ngf’SS) (v, u), it is equivalent
to prove

1 dv _i Iy
yg fo+ 1% o u)m— =—u""(u+ 1),
0 2

where A1 > -+ > Ay = Anyg1 =---=0. Now we fix 1 <i < N and assume the integral
contour is small enough such that |v| < |u|. It is sufficient to show, by approximating the
integral using summation

M

1 - . . y ‘
@) im g7 L) 08+ o (08 1) = —u G 1Y,

1
vE/ —u
where & = e%.

We first reformulate the factor 1/(v&/ — u). By applying the Vandermonde determinant
formula, we obtain

det[(vEY) Plaz; + u—ﬂ1a=,-]g{5:1_vM [Towe (u — vEY)

detf(vE®) A1, _, UM g (08 —vEY)’
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Moreover, by using the property of &, it is easy to see

M_ .M . Y MoM
[Te—ve) =" — g T8 — v = M) ==
oaFEj a#j
Thus we have
| M uM det[(vE*) P 1y +u_ﬁ1a=j]24ﬂ=1
(88) =T o P S
Ué —u Ué u — v det[(v%— ) ]a,ﬂ=1

On the other hand, by applying the Cramer’s rule, we have

%(vsf)ﬂ'(vgf + 1) det[(vE®) P (VE* + DM L) +uF (u+ D 1ozl 5
det[(vEY) P (vEX + 1))"‘3]2{,3:1

j=1

=u" w4+ DM,
Thus if M > |A|, by using the formula of o (VES, 1) in (13) we obtain
M detl(vE*) P lagj +uPlo=jll 5,

j\—i J 41 Ai, Iou) -
(89) ;(US) 874 D 00 ) det[(vE¥) =P (vge + 1)1 5,

=u " (u+ DM
Now we combine (88) and (89) and get

> (we!) T (ue! + 1)

j=1

g _uxx(vsj,u)

. MuM  det[(vEY) P (vEY + 1)MHIM
— —Mﬁl(u + 1))” . uM u . A=

— oM det[(vEX) =PI 5,
—i A MuM
=—u"(u+ 1" Tl

det[(vE) P (wE“+1)"BIM |
det[(vEN)~PIM 5|
with the fact that v™ /uM — 0, we obtain (87) immediately.

for M > |\|. Here we used the fact that = xa(v,v) = 1. Together

8.5. Proof of Proposition 2.14. In order to evaluate IC%:; st), we need to consider the func-
tion XA (Ypr) (v, u). Recall the formula (14), we write

Xty (0, 1) = G (1, vE, . 0EN T + 0N (v, ),

2mi/N

where £ = e ,and ry (v, u) is some polynomial. It turn out that

20+ 1 <u+1
u+v+1 v+1

for some function r;(v, u) which is analytic for (v, u) satisfying |v| < {1/2, |u + 1|}. By
)

N
(90) Grrop (u, vE, ... vEN 1) = ) + N (v, u)

combing the above two equations and using the definition of Kgf:fs we prove the proposition
immediately.

It remains to prove (90). We show it below.
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Note that the function A (Ypf) = (A1, ..., An) with &; = (y; +i) — (yv + N) = N —i. Thus
det[w; /(1 + w)N=/1¥

ij=1
—JI N '
detfw; “1i =

Gy Wi, ..., wN) =

By applying the Vandermonde determinant formula, we have

wj(wj+ 1) —w;(w; + 1) _ 1—[

gx(Ypf)(wl,-~-,wN)=l_[ : . (w; +w; +1).
i<j wj — Wi l<i<j<N
As aresult, Gy (y)(u, v§, ..., vEN=TY can be expressed as

1 J . )
OD G vE,....ve" =[] utltvs’ [T (& +ve/ +1).

=
1<jen VHIHVES oy

We remark that our assumption of |v| < 1/2 guarantees v + 1+ vEJ = 0 for each j. Note that
the last product is invariant under v — v&/ for any j, therefore

(92) [T & +ve/ +1)=140"r3(")
O<i<j<N-1

for some polynomial r3. Moreover, the following two identities hold since & is the root of
unity:

N-—1 N-1
[T+1+vE) =@+ D" =)V, [T+ 1+v&) =@+ DN = (=v)".
j=0 j=0
Thus
I u+1+vg/
©3) 1§j§N71U+1+U§j
20+ 1 DN — ()N 2041 N\
_ v+ '(u-i-) (—v) _ v+ .<u+> -(1+er4(v,u)),
u+v+1l W+DN—(=v)V u+v+1 \v+1
where

DY @+ DY —@+ DV
w+ DN (+ DN = (—v)N
is also analytic in |v| < min{1/2, |u + 1|}. (90) follows from combing (91), (92) and (93).

rqa(v,u) =

8.6. Proof of Proposition 2.15. In this section we prove Proposition 2.15. The proof is
based on a Cauchy chain argument similar to that of Lemma 8.1 and a deformation of contour.
As we discussed before the proposition, we could combine Propositions 2.14 and 2.12 and

replace the original kernel IC;?S) (v, u) by the following kernel:

2 1
KD (0, ) = ———
b v—w@+to+1)

if we choose the contours described below. The contours %, ..., L%, X r, 2P, ...,

ﬁ,if;R are nested contours within the region D(1/2) = {v : |v| < 1/2}, and the contours
f],‘,’lftR, e, ﬁ)g,”ﬁ, ﬁ]],R, ﬁ)izrfR, e 2}}1‘3 are nested contours around —1 satisfying EA)LL is out-
side of =1 — ¥ r ={—1—v:ve X r}and X} isinside —1 — Xy Rr.
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Now we evaluate Dn,ypf below

m
Do vy @1, - 2 1)—1‘[]‘[ e “)/ djaz (v7)

=1i,=1
AUWD; vy
AUD)AVD)

m (A(U(Z)))Z(A(V(ﬁ)))z
(AU O; Oy FoUO) fo(v®)

_(_1)n1(n1+l)/2

ss, 1 1 1
S AR

L{=1

S AUO; vED) AW ©; U(Hl))(r )ne(l : )nm
L Au@ e aye; vt T 2 '

Recall that we assume a; + ki < 0 in this proposition. Therefore the function fj(u) =

ukt (u+ 1)~@ k1114 j5 analytic at u = —1. After we integrate u i along El L, only two types

of residues survive: u( ) = 511) 1 for some 1 < j; <nyp, or u(l) (2)

1 <i» < n». These two types of residues come from the term IC(ess D 5.11), (1)) and
u:. —Uu;
1 2
respectively. We claim that the second type of residues contribute a zero. In fact, after evaluat-

ing the residue at u(l) (2) , the integrand has the form IC(egg D (v(.l), (2)) fi (u(z)) 12 (u(z))
(2

€ Em for some

times some functron analytic for u;;” inside the region bounded by the contour

1
A(U(Z) U®)
- This integrand again is analytic at u( ) —l since f1(u) fo(u) = uk2 (u + 1)~k ptau

and az + ko <0 by our assumptron Hence, we only need to evaluate the residues of u(z)

Now due to the assumption that E L is inside —1 — X R, there is only one type of res1dues

1(22) = u( ) for some i3. We repeat th1s procedure and finally will stop at some step when no

residues are inside the contour. This procedure ends with no nonzero contribution. Thus, the
claim is true.

Now the above argument implies that the integral with respect to ull)
(1) (l) _ 1 from (ess D (1)’

only gives the
residues at u; (1)) Therefore, this 1ntegral is the same as an
integral along -1 - 21 R With the kernel IC(esg 1)( (1), (1)) replaced by §(— v(l) 1, ullll)).
Therefore, D, y,; does not change if we replace the contour 21,L by —1— E1,R and the kernel
IC(eSS 1)(v, u) by §(—v — 1, u). These replacements also do not change Dypf. With this new
kernel we are free to deform the contours ZA]LR, f?}‘?R, ﬁ];’}ﬁ and ﬁ]}‘}L, f]z"if, 2<{<m,to
iR, Zi0 V'Ro EO‘“ and Ee z Eg‘” 2 < £ < m, respectively. This finishes the proof.

8.7. Proof of Proposition 2.17. By using the series expansion of Dy in Definition 2.7,
we only need to show

Z 1 [% dz, _% dzs:| lD @ . )
(4 DOD2 Wy 1<1 27wizy Jiogj=1 2izg J 1 — g Vb omed

ns4+1>0
%94)
=Dﬁ7Y(Zlv . --’Zs—l’Zs—l—l’ . --’Zm—l; (alaklatl)’ R} (as—l,ks—lats—l)a
: (as-l-lv ks+lats+l)» R (am’ kﬂ% tm))-
Here the vector nn := (ny,...,ng, ng42,...,Ny) is the vector obtained by removing g

from n. We also list the parameters (ag, k¢, t¢) (£ # s) to avoid possible confusion.
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By dropping common factors in the series expansion formula of both sides of (94), it is
sufficient to show

w2 (s )D? Uizt 2mizs - Jizy)=1 2miz

Rgq1 (s+1) (s+1)
1_[|:/ dui N _Zsf . dui N ]
i=1 ;‘}H L 2mi Egil,L 2mi
Rgt1 (s+1) (s+1)
(95) _ ﬁ [f dv; B / dv; . ]
im1 ?11 R 2l DR 2l

(1= zg) T T g T — gy g) e
-C(U(s); U(S_H))C(V(s); V(H_I))B(U(S), U(S+1); V(S), V(S-H))
=(1—- Zs—i—])nSB(U(S), U(S); V(S), V(S))

for any function B(U®, U6+D; v v +Dy which satisfies (a) it is analytic for u(Hl) be-
tween the contours Ef’“tl 1 and yin SH1Ls and v(YH) between the contours Eoml R and $in

s+1,R>
1 <i <ns41, and (b) it is anti-symmetric for u(vﬂ), u,(fill ), and anti-symmetric for
vi”l), s v,giill) In other words, exchanging two variables u(s+l) and u§s+l) in B only

gives a sign change, and so is the exchanging of vi(Hl) and U§S+l). The function C(W; W)
is the Cauchy-type factor defined in (33).

We write the summand on the left-hand side of (95) as (1 — z541)"+! - B
(95) follows from the following identity:

ns+1- Lhe equation

_ B(U(S‘), U(V), V(S)’ V(S‘))’ nS+1 = ny,

96 B
°6) Mot 0, otherwise.

It remains to prove (96). We prove it by considering all the three cases below.

Case (1). ng41 < ng.

This case is trivial. The z; integral is zero since the integrand is analytic at z; = 1: there is
no pole between the contours |z5| < 1 and |zg]| > 1.

Case (2). ng41 > ng.

zs = 1 is a pole of order ns1 — ng 4 1. Thus, the integral of z; gives

S = L VT )

s+1,L s+1,L= ;=1 s+1,R s+1,R

B

Ns+1

dits+17 "

’ Ng41—Ng
dZs Zs

. (_l)ns—ns+lc(U(s); U(s-t—l))c(v(s); V(S'H))B(U(S), U(s-t—l); V(S), V(‘H_l))

for some constant ¢ = - . Here for the sake of saving space, we omit the
ot )((”s+l)!) (ns41—n5)! o

integral symbols du 21711 in the integrals fzin o and onm E and dzm ‘n fE;‘Lrl ) and

fzout . Note that there are 2ng, | integrals of the form fzout —Zs fzm for A € {L,R}.

After the ns+1 — ng times of differentiation with respect to Zs, there are still at least
2ng41 — (ng41 — ng) = ng + ng4 integrals of the form fzoitl R — Jxin s survive (with
s+1, s+1,

Zs = 1). On the other hand, each integral fzeui — fzinA is either zero or equals some residue
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at u(s+1) l(s) or v(s+]) l.(,s ) Tt is easy to count the maximal possible numbers of these
residues from C(U(S) UG*DYyand C(V®); v6+D) are both min{ny, ns 1}. With our assump-
tion, ng + ngy1 > 2min{ng, ng11}. Thus, there exists at least one integral fzout — Jsin

s+1,A
which survives from the z; differentiation, does not contribute any residue from the Cauchy-

type factors. This integral is zero. Thus B, ,, = 0.
Case (3). ng41 = ng. Similar to the Case (2), we have

5 B ”ﬁl |:/. du§s+1) / du§s+1)i|
”°‘+1_<<ns+1>')2 mon 2mi o Jzow o 2ni

s+1,L
nﬁl |:/ dvi(s—i-l) / dvi(s_H)]
i1 §"+| g 2mi U R 2mi

. C(U(Y)’ U(Y+1))C(V(?), V(Y+1))B(U(€)’ U(S+1); V(S), V(S+1)).
The nonzero contributions come from the residues of
Res(C(U(S); U(s+1))C(V(s); V(S+1))B(U(s), U(S-H); V(S), V(S_H)),

U(s+1) — O‘(U(S)), V(s+1) — O_/(V(s)))

for some permutations o,0’ € S, ,,, where o (W) denotes the permuted vector W by o.
More precisely, if W = (wy, ..., w,) and o € §,, then o (W) := (Ws(1), - - . » Wo(n)). More-
over, we used a more general notation of the residue. It could be understood as a composi-
tion of taking residues one by one. For example, Res( f (w1, w2), w1 = c¢1, w2 = ¢3) means
Res(Res(f(wy, w2), wy =c1), wa =c2).

Since B(U®, UG+, v© y6+Dy is anti-symmetric on the coordinates of U+ and
on the coordinates of V ¢+ it is a direct to verify that the residue (97) is independent of the
choices of o and o’. There are ((n,,1)!)? choices of o and ¢”. Thus

B

o7

Ns+1
= (=1)¥+1 Res(C(UW; USTY)C(VvW; vEtD) g(u® yb+h; v ys+h)

— B(U(S), U(S); V(S), V(S)).
This finishes the proof.

8.8. Proof of Proposition 2.18.  'When s = m, note that

(1 = z2m—1)""""Diy(z1,...,2m-2) =Dny (21, -, Zm—1)
with n = (ny,...,n,-1,0) and n = (ny,...,n,—1). Thus, we just need to prove that if
Ny > 1
m m (1)
M1 [l L, . }n/
L et bh 2711:| /ZlL [ iR 2711 iR
(98)

—1
. |:"i_[ C(U(Z); U(€+1))C(V(€); V(€+l)):|F(U(1), s V(m)).

Here the function C(W; W) represents the Cauchy-type factor defined in (33). The function

(1) YN+N
F U(l) V(m) - F U(l) V(m) . r +1\ - U(E) V(ﬁ)
i1=1 =1
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for some function F which is analytic for each ul(f) € Q. and each v[(f) eQr,l=1,...,m.
The symbol * represents any choice of “out” or “in” in each integral contour £7; or X7 . By
the definition of f; and the assumption that a,, + k,,, = min{a; + k¢ : 1 <€ <m} < yny + N,
we know that F is analytic at —1 along any chain of variable u J) u(SH), ey uE’Z) with

s 0 s
Jjm = 1 and any j, satisfying 1 < j, < ny for s < € < m. More explicitly, *

F(U(l), cees V(m))|u(s) LD

Js Js+1 Jm

is analytic at u = —1 when all other variables are fixed. Thus, we could apply Lemma 8.1.
(98) follows.
When s < m, after applying Proposition 2.17, we only need to prove

dzu—1
f f H 1_. DY(Zl,...,Zm 1) e =0
27‘[1Z1 27‘[1sz1

if the radius of z; contour is greater than 1.
By using the series expansion formula of Dy, it is sufficient to prove

1 dz
(99) ¢ Dy (21, 2o =0
lzsl>1 1 — 25 2mizs
forany n = (ny,...,ny) € (Z>0)". By using the formula (16), we write
Dn,Y(Zla ) Zm—l)
) (0 (1)
ST [ S s L ) T 5
(=2 ip=1 l—zpy ey 271 1—zp—y Jugy 2mi i1/ 27i
(0 ) 1)
T [t [, e e L] T
Pl e 1 —zg—1 Jsing 2mi Cl—ze T 2mi i1 ZLR 2mi
ny . N m—1
[fe o] [Fewowen)
i1=1 (=1

" Lym+ (1) (m)
‘(1_Zs)s 1_Z_ 'F(U 7"-7V ’Zla"'1ZS—1’ZS+1”“9ZI’I’I—1)7
N

where the function F is analytic for each ul(f) € QL.
Below we will use an argument similar to Lemma 8.1. We evaluate the integral with respect

to each u( 91 < iy < ng. Note that the function f; (u( )) is analytic at u( 9 = 1 by the as-

sumption that a5 + ks = min{ay +kg 1 < ¢ < m}. Therefore only the residues at u(s) ul(::rll)

(é+1) € yin (s) -D
-1

1
for some u; and, if u ) e EO‘“, the residues at u; = u(s 1 ) for some u €

s+1,L>
E;“ LY E i 1 L survive. Here we used the nesting order of the contours. We claim that the

second type of residues does not contribute after we integrate over u(

ering the fact that f; (u(s 1)) fs1 (u(s )) is still analytic at u(s 11)
(S 1)

B Y In fact, consid-
—1 by our assumption

that ag_» + ky—p > ag + k, the 1ntegra1 with respect to u;_ " only leaves a further level of

residues u( B b ul(: > This procedure will end at u(s) (:_11) ”z(: ) Do...= 1(11) At

the last step, the integral is O since (ui1 + 1IN [T)—; fe (ulg1 )) is analytic at ul(l) = —1 due
to the assumption that yy + N > a; + k. This proves the claim. Therefore, only the first
type of residues survive for each ul(j) integral. Note that there are ng such integrals, therefore
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Dny =01if ng > ney1. When ng11 > ng, we only need to consider the case when there are at

least n, variables ulgjjll) chosen from ZirerL.
. . (s+1) in . . .
Note that every time we have a variable u i € X% L in the expansion of the integrals,
we get a factor ﬁ We also have a factor (1 — z5)™ in Dp y. Thus the surviving terms
A

in Dy y are of order O (zs "“+"“) = O(1) when z; is large. We immediately obtain (99) by
deforming the z; contour to infinity.
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